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Abstract—Due to measurement uncertainty, often, instead of which, under reasonable assumptions,
the actual valuesz; of the measured quantities, we only know the

intervals x; = [z; — A4, 2; + A;], where z; is the measured value Sn(x1,. . xn) — C;

and A; is the upper bound on the measurement error (provided,

e.g., by the manufacturer of the measuring instrument). These (€.9.,s(21,...,z,) — C with probability 1).

intervals can be viewed agandom intervalsi.e., as samples from For example, to estimate the medh = E[gg] of the

the interval-valued random variable. In such situations, instead (istribution. we can take. as the corresponding statistic, the
of the exact value of a sample statistic such as covariandg, ,, arithmetic average

we can only have an interval C. , of possible values of this
statistic. 14 ...+,

In this paper, we extend the foundations of traditional statistics Sn(21,. 0 T0) = -, (1)
to statistics of such set-valued data, and describe how this
foundation can lead to efficient algorithms for computing the For distributions with finite variance

corresponding set-valued statistics. 3 def (o - E[J?DQ] < too,

|. STATISTICAL ESTIMATION: .
the difference

AN IMPORTANT REAL-LIFE PROBLEM Tit T, Bla]
In many real-life situations, we have a large population n

whose characteristics vary randomly. For example, the hg: in the limitn — oo, normally distributed with 0 average
mankind is a group of people with different height, weightand variance

etc.; a galaxy is a group of stars with different masses, 9 )

brightnesses, etc. We would like to know certain characteristics E <931 Tt Tn E[ﬂ) ] -2 o
of the corresponding probability distribution: we may be n n
interested in the average height of humans, in the variance
of the star mass, in the correlation between the star's m 32 result, we can conclude. e.g., that for largave have
and brightness, etc.

When the population is small, we can simply compute,
e.g., the average height by simply adding all the heights .
and dividing the result by the total number of people. If thglIth probability 95%.
population is large, we cannot compute the average directly||| T RADITIONAL STATISTICS: PRECISEDEFINITIONS
Instead, we take a sample, and estimate the average (or an¥ .
other desired characteristic) based on the valuges. ., z, Notations.
corresponding to this sample. « In the following text, we will assume that we have fixed

Let us recall how this problem is usually formulated in @ set{2 and ac-algebra.A of subsets of the sét.
precise mathematical terms; see, e.g., [38], [42]. « By a probability distributionP, we will mean a prob-

ability measure on(f2, A), i.e., a o-additive function

[l. TRADITIONAL STATISTICS: BRIEF REMINDER P: A —]0,1] for which P(Q2) = 1.

We have a sequence of independent identically distributege We will also assume that a clags of probability distri-
(ii.d.) variablesz1, ..., zn, ... We are interested in a certain ~ butions is fixed.
characteristia” of the corresponding probability distribution
e.g., in the expected valuB[f(z)] of a given functionf(z)
of the corresponding random variable.

To estimate this characteristic, we selecstatistic i.e., Definition 2. By a statistic we mean a sequendg,, }, of
a sequence of functions,(z1,...,z,) (n = 1,2,...) for functionss, : Q" — IR.

Ty +...+ Ty
n

g

7

—Flz]| <2-

'Definition 1. By a characteristia” of a probability distribu-
tion, we mean a mapping : P — IR.



Definition 3. We say that a statisti¢s,, },, approximatesa X! D X, then the uncertainty in the resulting estimate should

characteristicC' if for every distributionP € P, we have also increase:
Sn(mla e ,Jin) —“n—oo C Sn(X{; ) X;L) 2 Sn(Xl; e aX'n,)-

with probability 1. As a result, we arrive at the following definitions.
CommentHere, for a given probability measufe on 2, we VI. SET-VALUED STATISTICS: DEFINITIONS
define the corresponding probability measure on theQset Notations. In the following text, we will assume that we have
of all infinite sequenceér, ..., z,,...), z; € Qin the usual fixed a classS of subsets of the seX. This class should
way. include all one-element se{s:} wherez € Q.

IV. EXAMPLES Definition 4. By a set-valued statisticwe mean a sequence

i . Sn ., olR _ ifi
o It is known that forQ2? = IR, under reasonable assump%{jl’g}\‘,cin()f tf\:\J/(r)\cu%nsefge.S-S 2 {0} that satisfies the
tions onP, the population average (1) approximates the 9 brop '

meanC = Elz]. « when each of the setle_, S Tn is a one-element set_,
« Itis also known that the population variance then the value of the statistic is also a 1-element set, i.e.,
for everyn and for everyzy,...,x,,
(1 —2)%+ ...+ (v, — 7)?

Sn(wlv'“vxn) = n ) S,,L({a:l},...,{a:n}) = {sn(xl,...,xn)} (2)

where for some real numbes,, (z1,...,z,) depending onc;;
glf Tt Tn o if X1 C X!, XoC X}, ..., andX, C X', then
n

. , C L X))
approximates the variang = E[(z — E[z])?]. Sn(Xtseees Xn) € SnlX1,--0, Xn) 3)

» Similarly, for the case whei2 = IR", the population Comment.According to Definition 4, for every set-valued

covariance statistic {S,,}, there exists a (normal) statisti€s,} that
sn((Z1,y1) - (T, yn)) = satisfies condition (2). We will say that:
_ _ _ _ « the statistic{s, } is arestriction of the set-valued statistic
(@1 —%) - =9+ -+ (@n—2) - (Yo — 7) .
{S.}; and
n « the set-valued statistifS,, } is anextensiorof the statis-

approximates the covariance tic {s,}.

C = E[(z — Elz]) - (y — E[y))]- For set-valued statistics — i.e., in the presence of uncertainty

— we may not get the exact values of the characteristic even
in the limit, but we should be sure that the resulting bounds
contains the actual value of the desired characteristic:

V. INTERVAL UNCERTAINTY
(AND, MORE GENERALLY, SET UNCERTAINTY):
A M ORE REALISTIC SITUATION

In traditional statistics, we implicitly assume that the valuggefinition 5. We say that set-valued statis&, },, approxi-

x, are directly observable. In real life, due to (inevitablefatesa characteristicC' if for every distribution?” € 7, and
every sequence of sel§ > x;, we have

measurement uncertainty (see, e.g., [34]), often, what
actually observe is set.X; that contains the actual (unknown) ¢ ¢ [, 0o S, (X1, - ., Xp), lim
value ofz;. This phenomenon is calletbarsening see, e.g., .

[16]. Due to coarsening, instead of the actual valugsall we With probability 1, where, for every se§ C R of real
know is the setsX, ..., X,, ... that are known the contain Numbers,S means its infimum and means its supremum.
the actual (un-observable) values z; € X;.

In this case, inputs are sefs;. The set uncertainty in the comment.In particular, when the seX is an interval, i.e.,

inputs lead, in general, to a similar set uncertainty in thg — [; 7], then the valuesX and X coincide with the
value of the desired characteristic. As a result, in this cagghdpoints of this interval, i.eX = z and X = 7.

the estimate for the desired characteristics — i.e., the value

Sn(X1,..., X0)]

n— 00

S,(X1,...,X,) of the corresponding statistic — should also VIl. | MPORTANT COMMENT:
be a (non-empty) set. RESULTING DEFINITIONS
It is reasonable to require that when the valugare known OF SET-VALUED STATISTICS
exactly, i.e., whenX; = {z;} for some values;, then the DIFFER FROM THEDEFINITIONS
set corresponding se&f,,({x1},...,{z,}) should become a MOTIVATED BY STATISTICS OF SHAPES
single-value set. Uncertainty is not the only reason why we may want to

It is also reasonable to require that when we increase tbensider set-valued statistics; see, e.g., [14], [27]. For example,
uncertainty, i.e., replace the original sets with larger sets we may be interested in statistics of shapes. In this case, the



sets Xy,...,X,,.... describe different shapes: e.g., differentf we simply artificially “expand” each interval
skull shapes of different proto-humans. In such situation, w#, (X1, ..., X,,) by a factor of two, i.e.:
may be interested in finding out what is the average shape, represent each interved = [S, 5] as [§ _ A,g + A,
what is the range of the deviation between the actual shape where B B
and the average shape, etc.; see, e.g., [1], [3], [8], [13], [24], S S+8 and A — S—-8
[29], [36], [39], [40], [41], [45], [46]. 2 2 7
Let us show that, in general, shape-related problems lead and then replace it with a twice wider interval
to different set-valued statistics than uncertainty-related prob- ~ ~
lems. This difference can be illustrated on the simplest 1-D [S—2A,5+24] 55

example, when all the sets are identical, eXj;, = X, = with the same center,
=X = = [0,1]. _ . then we will probably get the actual valde into the interval
For shapes this equality means that all the objects havg, faster — but the resulting estimate f6rwill be twice wider
exactly the same shape. So: — hence, twice less accurate than before.
« the average shape is exactly the same shi@pe, and To avoid this artificial expansion, it is reasonable to require

« the actual shapes do not deviate from the average shap@t our set-valued statistics ke least uncertainin the
so the variance — the measure of such deviation — shoififdlowing precise sense.
be identically equal to O. Definition 6.

In case ofuncertainty however, we get a completely dif- , \We say that a set-valued statis§i&,,} is less uncertain
ferent result, because it is possible that the actual values are that the statistic{.5/,} if the following two conditions are
different: e.g., we could have, = x5 =25 = ... = Top41 = satisfied:
...=0andzy =24 = 2¢ = ... = o, = ... = 1 1In
this case, the averageis 0.5. The squarér; — z)? of the
difference between the actual valug and the average is
thus always equal to 1/4, so the variance can be equal to 1/4. Sp(X1,..., X)) €8 (X1, X))

So, in case of uncertainty, we can have variance equal to 0
—if all the valuesr; € X; are identical — or we could have the
variance equal to 1/4. Thus, in case of uncertainty, we have an
entire interval of possible values of variance — in contrast to Sn(X1,. o, Xn) # S (X1, 0, X)),
the shape-motivated definitions, where the variance is always,
equal to 0.

— for everyn and for all possible setX 4, ..., X,, € S,
we have

— there exists an integen and setsX,..., X, € S
for which

We say that a set-valued statisti¢ss,,} is the least
uncertainif no other set-valued statistic is less uncertain

than {S,,}.
VIIl. A DDITIONAL REQUIREMENT FORSET-VALUED

STATISTICS: THAT THEY ARE THE LEAST UNCERTAIN IX. MAIN RESULT: FORMULATION

For a traditional statistic, the main request is that it should Our main result is that we can always replace our original

converge to the desired characteristic. The faster it converg%té,t'sm_: W'th thehlefast L_m((:jert;l in one _an_d.retam the property of
the better the statistic. approximating the desired characteristic:

For a set-valued statistic, we also have a similar problenProposition. Let {S,,} be a set-valued statistic that approxi-
« just like the first estimate; (z;) for, e.g., average may Mates a characteristic’ and that is not the least uncertain.

be far away from the actual mean, Then, there exists a statist{’, } that satisfies the following
. similarly, the first interval-valued estimagg (X, ) for the ~three properties: _
average may not include the actual mean.  {T,} is less uncertain thaq S, },

o {T,,} is the least uncertain, and

It is therefore important to know how fast we get an intervals )
o {T,,} approximates’.

Sn(X1,...,X,) that actually contains the desired valGe
Here lies the difference between the traditional (number- X. MAIN RESULT: PROOF

valued) statistics and the set-valued statistics: 1°. We will show that the desired statistic is as follows:
o in the traditional statistics, once the estimate

$n(z1,...,2,) is sufficiently close to the desired Tn(X1,.os Xn) =
characteristicC’, we have achieved our objective — of {sn(x1,...,xn) |21 € X1,..., 20 € X1} (4)
estimatingC; . - .

. on the other hand, for a set-valued statistic, if we Ca\ﬁhefesn($17~-~,wn) is a restriction of the original set-valued

guarantee thaf’ belongs to the intervad,, (X1, ..., X,), statistic{ S}

it may mean that we have achieved our objective, but it It is easy to check that the expression (4) satisfies the
may also mean that the estimate provided by this statispooperties required by Definition 4, i.e., it is indeed a set-
is too wide. valued statistic.



2°. Let us first prove that for every and for all possible sets for all n and for all X;.
Xi,..., X, €8, we have Indeed, let{U,,} satisfy the property (8). In particular, for
To(Xseo. ) X0) C Su(Xi, . Xo). everg(xl,:. {337 x}n. € Q, the formula (8) holds forX; = {z;},

Un({z1}, .. {zn}) CTh({x1}, .- {zn})- (9)

tFor these one-element sets, according to the definition of a
set-valued statistic, we have

Indeed, let ¢ be an arbitrary element of the se
T.(X1,...,X,); let us show that € S,,(X1,...,X,).

By definition of the set-valued statistic, (formula (4)), the
fact thatt € T,,(X1, ..., X,,) means that there exist elements Ul{z1}, .. {zn}) = {un(z1, ..., 20)},

r1 € Xq,...,2, € X, for which ) . _—
where u,, is a restriction of{U,}. By definition of {T,,}

t=sp(1,...,20). (5)  (formula (4)), we know that

Since Tz}, {zn}) = {sn(z1, ..., 20)}-
T € Xl,...,ﬂl‘n € Xn7
Thus, the formula (9) means

we have
{xl} g X17 RN {xn} g Xn un('rla cee 7$n) = 57l($17 R I'n)
Then, due to Definition 4 of a set-valued statistic, formula (§zr allzy,...,z, —i.e., that the set-valued statis§¢, } has
is true, according to which the same restriction as the original set—value;d statissig}
and as the newly constructed set-valued statigfic}.
Sp({w1}, o {zn}) C Su(X1, ..oy Xn). (6) Similarly to Part2° of the proof, we can now show that for

By definition of a set-valued statistic (formula (2)), we haveﬁ\;\e/;yT':gg?? in;:;)rg\g{;i%in;iff Ssi?;:sé .v'vé’ ;(sns’uvr\wl?e d
Sn{z1}, .. {zn}) = {sn(z1, ..., 20)}, that U, (X1,...,X,) C T.(X3,...,X,) (formula (8)), we
conclude thatT,, (X1, ..., X,) = Up(X1,...,X,) for all n

so the formula (6) turns into and for all setsX;, ..., X, i.e., that the statistic$T,,} and

{sp(z1,...,20)} C Spu(X1,..., Xn), {U,} indeed coincide{U, } = {U,}.
) Thus, we have proven that the set-valued statiffig} is
or, equivalently, the least uncertain. In view of Pa3f of this proof, we can
$n(@1,. o 2n) € Su(X1, ..., Xn). (7) thus conclude thafT,} is less uncertain thafs,, }.
By our choice of zy,...,z, (formula (5)), we have 5°. To complete the proof, it is sufficient to prove that
(1, -+ an) =1, SO (7) tUMS iNta € Sy, (X1, ..., Xn). the new ;e_t-valued sftatisti{;Tn_}_approximates the desired
The statement is proven. characteristicC. We will prove it in two steps:

« first, we will prove that the statisti€s,, } — the restriction

3°. Because of the result proven in Paft of this proof, we of the original set-valued statistigS, } — approximates

can conclude that: C
« either{T.,} is less uncertain thafs, }, . from this, we will conclude that the new set-valued
« or {T,,} coincides with{s5,}. statistic {7}, } also approximates’.

We assumed that the original set-valued statifig } is not _ o o
the least uncertain. Thus, if we prove the, } is the least 6°. Let us flrst_pr_ove that the _restrlctlohn} of the original
uncertain, then we will be able to exclude the second case &fdrvalued statisti¢.5, } approximates.

conclude that{TTL} is less uncertain thafS,, }. By Definition 5, if we takeX; = {z;}, then we conclude
Let us prove it. that with probability 1,

4°. Let us first prove that the set-valued statistit, } is the Ce

least uncertain. [fm S, ({1}, {zn}),lim 5, ({21}, ..., {za})] . (10)

We need to prove that no other statis¢/,,} is less £, ona element sets
uncertain tha{T,, }. Specifically, we will prove that i{U,, } is ’

a set-valued statistic for which, for evenyand for all possible Sn{z1}, . {zn}) = {snl(z1,. .. 20)}
setsXy,..., Xn € 5, we have Since the setS, ({z1},...,{zn}) is a one-element set, its

Un(X1,..., Xpn) CT(Xq,..., X0), (8) infimum and supremum both coincide with this same element:
then{U, } is the same statistic 84,1}, i.e., S,({z1}, . {zn}) = Su({a ), . {zn}) =

Un(Xl, . ,Xn) = Tn(Xl, e ,X»n) Sn(l‘l, .. .,$n).



Thus, the condition (10) turns into:

Ce Msn(ml,... 7gcn)]

Since the interval is non-empty, we conclude that

(11)

7xn)71i7m Sn(xh ce

lim s, (z1,...,2,) <lim s,(21,...,7,).
Since we always have

lim s, (21,...,%,) < lm s,(21,...,7,),
we thus conclude that

im s, (z1,...,2,) = lim s, (21,...,7,),

and therefore, that the sequenggzy,...,z,) converges:

XI. RESULTING COMPUTATIONAL PROBLEM

AND HOW TO SOLVE IT

According to our result, the optimal (least uncertain) set-
valued statistic (4) is uniquely determined by the correspond-
ing traditional statistics,,(z1,...,z,) — its restriction to the
case when we know the exact values (i.e., whenX; =
{ai}).

Specifically, once the statistie,,(x1,...,z,) IS known,
we can describe the corresponding optimal stati§fig} as
follows: it assigns, to every sef%y, ..., X,, the range of

X)) &
S Tn € X}

Su(X1, ..
{Sn(.%‘l,...,xn) ‘J]l e Xq,..

of the statistics,,(z1,...,z,) whenz; € X;.

lim sp(21,...,2,) = lim sp(21,...,2,) = So, from the computational viewpoint, the problem of com-
] puting the value of the set-valued statis$ig( X, ..., X,,) can
lim sp (1, 0). (12)  pe reformulated as the problem as the problem of computing
In view of the formula (12), the condition (11) takes the forni€ range of a given functios, (z1, ..., z,) whenz; € X;.
For a practically important case when the séfs are
C e lim sp(z1,...,2,),0m sp(z1,...,20)], intervals, the problem of computing the range is one of the

i.e., the formC = lim s, (z1,...,z,).

Thus, by Definition 3, the restrictiofs,,} of the original
set-valued statistiq S,,} approximates the characteristic.
The statement is proven.

7°. Let us now prove that the new set-valued statigfi¢, }
approximates the desired characterigtic

Indeed, letz; be a sequence of values ande X;. Due to
Part6° of this proof, the statisti¢s,, } approximates” hence
Sn(z1,...,2,) — C with probability 1.

By definition of 7;, (formula (4)), we have,, (z1, . . .
T.(Xy,...,X,); this means that

,Tn) €

I7,,(X1,~~~,Xn) S Sn(l'l,...,lﬂn) S

LX) (13)

FromT, (Xq,... ) < sp(x1,...,z,), we conclude that

LX) <

lim s,(z1,...,2,) = lim s,(21,...,7,) = C. (14)

Similarly, from (13), we conclude that

Sn(@1, .o n) < Th(X1, .., X))

and therefore, that

) =C <lim T,(X1,...,X,). (15)

Ln Sn (];15 <
The inequalities (14) and (15) mean that

C e [lm T, (X1, ..., Xo), lim T (X1, ..., X))

i.e., according to Definition 5, that the set-valued statiTig}
approximates”.
The statement is proven, and so is our main result.

main problems solved bynterval computationq17], [18],
[19], [30]. It is known that in general, the problem is NP-
hard (see, e.g., [22]).

CommentNP-hard means, crudely speaking, that no feasible
algorithm can compute the exact rangesgfz1, ..., z,) for

all possible functionss, (z1,...,z,) (even for all possible
polynomials s, (x1,...,x,)) and for all possible intervals
X1, X

For a specific case whey, is a statistic, this problem been
described, in a general context, in the monographs [26], [43];
for further developments, see, e.qg., [2], [4], [5], [6], [7], [9],
[10], [11], [12], [15], [20], [21], [23], [25], [28], [31], [32],
[33], [35], [37], [44] and references therein.

For example, for the population average
1+ ...+ Ty

7xn> = T>

this function s,, is an increasing function of each of its
variables, hence its range is equal[fg E], where
E- gl—l—...—i—gn, andszflJr"'Jrf”.
n n

For the population varianc®, all known algorithms lead
to an excess width. Specifically, there exist feasible algorithms
for computing the lower endpoirit’ (see, e.g., [10]), but in
general, the problem of computifig is NP-hard [10].

It is also known that in some practically important cases,
feasible algorithms for computinyy are possible. One such
practically useful case is when the measurement accuracy is
good enough so that we can tell that the different measured val-
uesz; are indeed different — e.g., the corresponding intervals
x; do not intersect. In this case, there exists a quadratic-time
algorithm for computing/; see, e.g., [10].

There exist other practically useful cases when efficient
aslgorithms are possible; see above references.

E(l‘l, ce
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