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Abstract — This paper presents a domain-theoretic
model for measurements and measuring instruments, by
making explicit in simplex-domain structures two important
aspeds of measurement processes: the notion of standard
representation relation, established between the (physicd)
values that are being measured and the meanings of the
readings (semartic values) of the measuring instruments
used to measure them, and the time underlying every meas-
urement process in a way that it is possble to tracethe
history of every measuring process We dso present the
modelling o measurements performed by combined
measuring instruments g/nchronized in time. Findly, the
domain-theoretic modelling of a sample measuring process
is presented to illustrate the gproach.

Keywords: qualitative domains, simplex domains,
measuremert instruments, fusion processes

1. INTRODUCTION

Scott and Strachey [1] introduced Domain Theory
as a mathematica framework for the semantics of
programming languages. The main idea is that pro-
gramming language semantics can be formally sped-
fied in terms of objeds of domains, conceved as par-
tidly ordered sets of objeds with cetain properties
such tha the order (cdled information order) models
the notions of approximation between objeds and the
objeds themselves modd partia results of computa
tion steps. This means that (partially computed) ob-
jeds can be compared by the quality of information
they cary with resped to some totaly computed ob-
jed (a maxima ohjed in the domain, cdled total
objed). In this ®nse, if an object X approximates
ancther objed Yy, then y contains at least the same
information caried by x. The least element or bottom
(required for every domain) models the absence of
information, representing the beginning of any
computational step; in contrast, total objeds represent
the final result of afinite computation or alimit, when
they are produced by infinite cmputations.

The main subjed addressed by Domain Theory is
predsely the modelling of computations performed
over objeds that can only be produced by infinite
proceses. Therefore, it becane the ided structure for
modelli ng computations over the red numbers [2] and
red intervas [3]. Since then, domain-like structures

have been used in severa applications, most of them
in the ontext of computation and mathematics [4].

Those feaures of Domain Theory support the main
intuition behind our work, the posshility of develop-
ing a domain-theoreticd model of uncetainty in
measuring instruments and processs. In [5], we intro-
duced the simplex and simplicial complex domains —
qualitative domains whose objeds are, respedively,
simplexes and simplicial complexes that are wherent,
in a cetain sense —, dlowing a domain-theoreticd
modelling of measurement processes based on those
domains. We showed that quditative domains of co-
herent simplexes can be used to model the steps of
(posshbly infinite) measuring processes. In [6], we
used the same gproach to mode a simple competitive
sensor data fusion [7]-[8], where several subsequent
perceptions obtained by a single perception module
are fused. In both papers, time is not considered ex-
plicitly in the domain-theoretic model.

In this paper, we etend the initial work [5]-[6]
done on simplex domains, where the notions of quali-
tative domains and simplexes’ were firstly combined.
We introduce ageneral model for a measuring instru-
ment (measuring device, sensor etc.) as a simplex
domain whose objeds are @nstructed from reading
evats, labelled with temporal information and inter-
preted over a semantic domain®, alowing for the defi-
nition of atemporal order between them, in addition to
the information order. A standard representation
relation between sources of physicd values and s
mantic domains is defined, so tha the notion d a
cdibrated measuring instrument for ead set of physi-
cd values can be defined, showing constructively
(step-by-step) how information events about a physi-
cd value ae gathered and interpreted in the semantic
domain. An exponentia constructor is introduced for
modelli ng the histories of measuring processes.

The new feaures introduced in this paper can sup-
port the definition of some timed simplex-domain

! see [8] for standard definitions and results concerning Domain
Theory, [10] for qualitative domainsand [11] for Smplexes.

The dements of the semantic domain model the set of posshle
final measurements that shall be taken into consideration by the
user. For ingtance, in agents (or robas), they model the internal
representations (internal data structures) used for making dedsions
or coming to conclusions[7]-[8].



constructors that alow the modelling of composed
measurement instruments that are @le to synchronize
and to produce fused measurements with less meas-
urement uncertainty.

The paper is organized as follows. Section 2 pre-
sents basic definitions and summarizes previous work.
Section 3 introduces the notion of measuring instru-
ment and the cdibration procedure. Realing processes
are discussed in Sedion 4, allowing tempora informa:
tion. The eponentiad constructor is introduced in
Section 5. Section 6 discusses measuring processes
performed by combined instruments. A sample of a
measuring processis presented in Sedion 7 and Sec
tion 8 comes with the Conclusion.

2. SIMPLEX DOMAINS

A qualitative domain D=(D,0) is acolledion of
sets D, ordered under the inclusion relation O, such
that: (i) D is non-empty: the enpty set 0 0D isthe
battom of D; (i) D is closed under direded® unions:
O0SOD(Sdireded 0 USOD); (iii) D is downward

closed: Oa,b(adDObOal bOD). The informa-
tion order is the inclusion relation. The information
unity is cdled token and the set of tokens is given
by|0 ={af{a} 00} =UD. A set x0|D| is sid to be
coherent if xOD.

A simplex ¢ is a @untable set. A simplex o’ of
dimension p is afinite set of p+1elements.c® repre-
sents a simplex of infinite dimension and ¢° is the
empty non-dimensiond simplex’. A simplicial com-
plexis a muntable set K of simplexes guch that if o is
in K so are dl its faces (subsets). The dimension of K
isthe largest of the dimensions of its the simplexes.

Let B be a ountable set of tokens having an as-
ciated interpretation in a semantic domain given by a
complete lattice $=(S,C,,0,,T,), where O isthe
leest element, T, isthe gredest dementand O #T, .

i:B - S is sidto be atoken interpretation func-
tion if and orly if OBOB(i(B) 20, Oi(B)#T,).
The notion of coherencein B is defined in terms of a
token interpretation function i, that is, a simplex of
tokens 0 ={B,,B,,..} OBis sid to be coherent if

and only if u{i(8)0S=|B00}#T,, where U
means the supremum of the indicated set. The ollec
tion of (partial or total) coherent simplexesinduced on
B by the interpretation i is denoted by ConSmp(B,i).
The interpretation of a ®@herent simplex
o OCohSimp(B,i) is given by the simplex interpreta-

3 A direded st isa partially ordered set where eah two elements
always have asupremum.

* The nation o simplicial complex [11] was extended in [5] to
cons der both denumerable and non-dimensional simplexes.

tion function i:CohSmp(B,i) S,
i(o)=u{i(B)Os=z|p0a}.
Theorem 1. [5] (CohSmp(B,i),0) isaquditative

domain, cdled the smplex domain induced on B by an
interpretation functioni. M

defined by

3. MEASURING INSTRUMENTS AND
CALIBRATION FUNCTIONS

The set of physicd values is conceved as cpo’
V=(V,C,.0,), with eements represented by val-

ues laying in a semantic domainS. It is possible to
defined many different relations between S andV ,
but one of them shdl be mnsider as a standard for
cdibration procedures. To define such standard rela-
tion, denoted by <0 S xV, consider the sets:

V., ={vOV|sa>},S,, ={sOS|s<>V}, (1)
Vyoe ={vOV|OsO X (s<> v}, @
Syy ={sOS|vVOY (s> v)}. €)

Definition 1. A standard representation relation
for VinS isareation <0 SxV such that:

i. Every well-defined physicd value vOOV has a
well-defined representation in S, that is:

OvOV(v£00 508 (s#0, Os#T, Os<ax v)). (4)
ii. <> satisfiesthe strict-like properties:
Os(s<>0,0 s=0,);0v(0,<>vO v=0,). (5
iii. <> satisfies the order-preserving properties:
Os,s08(V, 200V, #0055, 5,0

OvV, v, 0V, (v Ey vz)); (6)
Ov,v, OV (v, Cy v, O
008,508, (sCs s)). ()
iv. <> satisfiesthe continuous-like properties:
OX OS(u X £T, DOsOX (V, #0) 0
V, direded O U X <LV, ); (8)
Oy ov(us, asuY). 9)

Given a cpo of physicd vaues V and a semantic
domain S, a measuring instrument for V in S, de-
noted by M(W) , is any smplex doman
Mgy =(CohSimp(M,i),0) , where the countable set

M is cdled the token internal scale with respedive
interpretation function i : M - S. A coherent simplex

°A cpo (or a mmplete partial order) isapartially ordered set having
aleast element, where eab direded subset has a supremum.



0 0Mg ) is cdled coherent simplex of readings, or
coherent reading, for short. The set of dl (partial or
total)  coherent realings is denoted by
Cohdmp(M,i). The wmherent realings are inter-
preted in the semantic domain S by the simplex inter-
pretation function i:CohSimp(M,i) - S.If o isa

possble mherent readingin M

8,V

) then its interpreta-

tion i (o) OS iscaled the measurement given by o .

An important task is to know weaher or not a
measuring instrument is cdibrated so that a measure-
ment can be reliable aswciated to a physicd value. In
this ®nse, a measuring instrument is considered cdi-
brated if it is capable to interpret its coherent readings
acording to a standard representation relation.

Definition 2 A measuring instrument is cali brated
for the standard <> SxV if and only if the foll ow-

ing conditions hold:
00 OMey VOV (i(0) <> v),
OvOVOo OM, ., (i(0) < V).

(10
(11)

A calibrated measuring instrument isdenated by M, .
Considering a standard <> SxV and gven a
mezsuring instrument M ., =(CohSimp(M,i),0) , a
cdibration procedure for <> is any operator
C,:[M -8]-[M -s] thatisableto adjust the
scdeinterpretation scde i, such that

0o OM, VOV (i, (o) <> V), (12)

0o OM, VOV (i, (o) <> V), (13)

where i@(a):l_l{(cqboi(ﬁ))DSE|ﬁDa} is the

cdibrated simplex interpretation function. Any meas-
uring instrument is liable to be cdibrated if and only
one succedls in finding such a cdi bration procedure.

4. READING PROCESSES

The two fundamental notions of Domain Theory
are those of partial objects and the approximation
relation. Partial objeds represent partia information
abou a subject, and the gproximation relation orders
such oljeds acwrding to the degree of completeness
of their information content. Given an approxi mation
order between the partid coherent readings in a meas-
uring instrument, a direded set of such objeds can be
understood as a reading process where eab realing
in the directed set can be seen as resulting from a
particular step in the progressve process of accumu-
lating information about the physicd value v.

Definition 3 Let T={t,t,.} be a(possbly infi-

nite) sequence of discrete instants of time. A reading
processof physicd vdue vOOV with time duration T,

performed by a measuring instrument M, is a func-

tion 1), :T - (M O{e}), with ' (t)=¢ = t=t,,
where M is the token internd scele and t,, istheinitial
time of the process

We use the notation B, to say that 1} (t) = ..
B, is cdled the reading event that occurs at the time
t 2t, and ¢ isthe null information event that occurs at
the beginning o every realing process at the initial
time t,. The set of readings events that occur at any
timet#t, isdenoted by M, .

The reading process interpretation function
i, :M_, - S, indwed by the interpretation function

T
i:M - S of the meauring instrument M,_, on a

reading process 1", is given by i, (B,)=i(B). It
follows that a simplex of readings o, 0 M, is coher-

ent with resped to areading processinterpretation i,
if and only if { 8, OM |2 0T (8, O, )} isa wherent

reading with resped toi. Then, it is reasonable to use
the standard representation relation of the measuring
instrument M, to olain a subset of partia coherent

readings that are relevant for the reading process 7.
abou agiven physicd value vOOV :

Definition 4. A nonempty coherent reading
o, OM, issidto be av-reaing if i(o)<> v, for
o :{ﬁk OM |07 (B, Dar)} . The enpty simplex
o iscdled anull-reading. They are denoted by ¢ .

The subset of realing events that are reevant for
the reading process of v is given by

My ={B, OM, |0o"(B,) 00"} OM, . The set of v-
readings together with the null-reading is denated by
Cthimp(MTV,ir) . The time duration of any partial v-

reading g’ IZICthimp(MTV,iT) isthen given by

H] ifo=0°,
r(o¥)= %ﬂax{t OT|B, 00"} -t if 0 # 0* isfinite,
E}Jndeﬁ ned otherwise.
(14
Theorem 2. M :(Cthier(MTV,ir),D) is a

gualitative domain — the Domain of v-realings in-
duced on the cdibrated measuring instrument M, by

areading process ) abou aphysicd vauev. n

A v-reaing smplex in the domain M’ isatotaly
temporally ordered set representing the order of occur-
renceof itsrealing eventsin the reading process .

Define an equivalence relation ~ on M) as
B ~ By = K'=k". For each B, OM inthe scale



M, , the set

0

XY :{Bm|Et 0T (B DMTV)} is an equivalence dass

of the cdibrated measuring instrument

in M. Denote by X ={X} #0|B, OM} the mllec
tion of non-empty equivdence dasses. Observe that
Xz0,sinceT-{t,} 20 foranyr (1 #71°).

The duration 'y =X -~ T of a X;OX is de
fined as I‘(X;):max{tDTV?kt ng}—to. For each

B, OM such that X #0, it is posshle to define its
maximal oceurrencetime "y, :M T by

My (B)=ma{toT|, oM}

Consider an interpretation function defined on X
asiy:X - 8, sothat iy (X})=i(B,). It follows that

(15)

Theorem3. X! =(CohSmp(X.i,),0) isaquali-
tative domain of coherent simplexes isomorphic to a
sub-domain N# = (CohSimp(N M|, ),0) of the

caibrated measuring instrument M. NY' =X’ s

cdled the v-measuring instrument induced by a read-
ing process ;" on the measuring instrument M, .

N[‘VN} represents the part of a measuring instrument
that shall be involved in a measuring process of a
certtain physicd value v. From Theorem 3, it is poss-
ble to asxciate, to ead token B, ON , an information
abou the time of itslatest occurrence, using (15).

5. TRACING MEASURING PROCESSES

The exponential constructor is used to model the
measuring processes in time, generating the set of al
possble histories of dl measuring processes. It is
esentiad, eg., to model sensor data fusion [6][7][ 8],
in order to alow the synchronizaion of successve
and/or paralel sensing processes performed by sev-
eral sensors.

For a cdibrated measuring instrument M, , con-
sider a finite K 0 CohSmp, (M,i). A simplicia
complex K is sid to be coherent if and only if
{BY{B}OK DO i(B)ui(B')=T,. The set of coher-

ent complexesis denoted by CohComp(M ,i).
Thorem4.! M, =(CohComp(Mi),0) isaquali-
tative domain, cdled the exponential of M, . r

The eponentiad doman ! M, of coherent sim-

plicid complexes represents the measuring processes
of physicd vdues V. Any coherent smplicial com-

plex of CohComp(M,i) shows the history of the
approximation of its maximal elements in M, . The

totd objeds in ! M, are wherent complexes repre-

senting complete histories of measurements; partia
objeds indicaes measurements partially performed.

6. COMBININGINSTRUMENTS

In this ction, we briefly show some examples of
how to oltain a modelling for measuring processes
performed by combined measuring instruments (like,
for example, in sensor data fusion), based on some
spedal constructors of domains of coherent simplexes
that were defined on the basis of the standard coher-
ence spaces constructors [12].

6.1. Competitive Measurements

Competitive measurement processes perform the
fusion of partially redundant information abou the
same aped of the subject, obtaining the information
using different instruments, in order to simulate a
more acerrate measuring instrument (by reducing the
uncetainty, mainly systematic erors, limited resolu-
tion etc. present in the individuad measuring instru-
ment).

<>, <>,[0SxV are said to be compatible stan-
dard representation relations with resped to a standard
relation <0 SxV if and only if <>, <>,0<> and

Ov,v, 0V 0s,s, 08
(s <p, v Os, <o, v, O0(v, U y,) OV O
suUs <>V LV,). (16)

Two cdibrated measuring instruments M, and M,
are said to be compatible if and only if their standard
representation relations <>, <>, are @wmpatible with
resped to some standard <> . Consider then the dis-
joint union of the token scdes M, and M,, given by

M, OM, =({#xM,)0({2} xM,) and an asdiated

interpretation  function  of  indexed  tokens
(i,,i,):M,OM, - S, defined by
. A.(B) ifn=1
’ 1 = 1
(1) () g8, (B) ifn=2 (9

A competitive simplex ® O (M, OM,) is coher-
entif U{(i,.i,)(n, B)|(n. B)D®} T, anditsinterpre-

tationis i, (®) ={(i,.i,)(n. B)|(n. B) D P} .
Theorem 4. The competitive cmbination of cdi-

brated measuring instruments M, and M, is given by

a doman M &M, =(CohSmp(M,0OM,),(iy.i,))

which isalso cdibrated for the standard <> . M
6.2. Complementary Measurements

Complementary measuring processs perform the
fusion of independent information about separate



aspeds of a subjed, obtaining the information using
different measuring instruments, in order to smulate a
larger, multi-faceed measuring instrument.

Consider two cdibrated measuring instruments M

and M, and the catesian product of their token scaes
M, xM,, with and an assciated interpretation func-
tion ‘M xM, - §;x8,,  defined by
(ilxiZ)(ﬁl'ﬁZ):(il(ﬁl)'iZ (ﬁz))v where S, xS, is
the semantic domain. A subset W O (M, xM,) is a
coherent complementary simplex if

{(i%1,) (BB )| (B B,)OW} # (T, T, ) and its

interpretation is given by
L (@) 2{(E) (B B)I(BB)DYY g

Theorem5. The complementary fusion of the
measuring instruments M, and M, is the domain

M OM, =(CohSimp(M, xM,), (i, xi,)), in
component cdibrated for the standards <>, <>, .

I X1,

eath

6.3. Cooperative Measurements

Cooperative measuring processes perform the fu-
sion of independent information about separate as-
peds of a subject, obtaining the information using
different measuring instruments, in order to estimate,
a the interpretation level, a single measurement that
derivates from the origina ones. Becaise of ladk of
space we omit here further details of its formulation.
See Sedion 7for a mntextuali zed example.

7. A SAMPLE MEASURING PROCESS

Consider the cae of a box of which we want to
measure the height H, the width W and the area A of
its frontal face’. To obtain a standard for cdibrating
measuring instruments for H and W, consider a se-
mantic domain of red intervas given by

s={[x;x,][0 % <x, <50} 0{0}, ordered under
the reverse inclusion relation (meaning that the least
diameter, the best information), with [=[0,50]
(meaning no information) and T=0 (meaning con-
tradictory information). The standard representation
relations between S and the height H and the width W
of the box are given by s<> H(W) « HW)Os.
Asaume that we have three cdibrated instruments
M, M,, M, that we want to combine competitively
(M & M,) to meesure the height H, complementarily
(M &M,)0 M, to measure dso the width W. We dso

shall combine them cooperatively to oltain the area A,
a the interpretation level. Each instrument M, can

6 Hand Wlay inaflat cpo d real numbers r <50.

produce readings (tokens) B!, Bl,... that are inter-

preted in the semantic domain . The interpretation
functions of the instruments M, are shown in Table .

Table Il shows one possible reading process for
ead instrument M, , operating during the time instants

T={t,,t,.t,,t;}, the maximal simplexes of coherent

readings and the respedive best semantic values that
such processes produce d time t, .

TABLE I. Interpretation functions i, for tokens B) of
measuring instruments Mj

B; B Bs B
Lo [29] [36] [47] [5:8]
i, | 1559 | [254.2] | [3843] | [L565]
iy | [0515] | [0.818] | [1L121] | [1424]

TABLE II. Reading processes for instruments Mj and

best resuits at time t,

. Best
VR I A BT S II\QAea;jlinrqgals ssq;al:gc
M| - B B B | (BB B} | [4050]
M| - | B2 | B | B2 | {B2.BL.BL) | 38472
Mo - | B B | B | {BBsB) | [L42]]

The maximal coherent simplexes of readings ob-
tained at time t, are registered by ead exponentia
domain! M; in the maximal simplicial complexes that
represent the mmplete histories of the reading proc-
eses ending a time t, in ead instrument M, . For

example, for the instrument M, in the exponentia
domain ! M, we find that the initial fragments of the
history of measuring H are given by the simplicid
complexes shown in Table lll. The maximal coherent
complex among them has time duration t,—t,. It
represents the mplete history of the measuring proc-
ess and the interpretation o its maxima simplex
{B:.B:,.B3,} (dso shown in Table Il) represents the
best information gathered about the height H, when
using orly the measuring instrument M,.

The maximal coherent competitive simplexes pro-
duced by the fusion process performed by the combi-
nation M & M,, a each time instant, and the respec

tive interpretations in the semantic domain S, are
shown in Table IV. In Table V, we present the maxi-
mal coherent tensor simplexes produced by the fusion
process performed by the complementary combination
(M &M,)OM,, at eat time instant, and the respec

tive interpretations in the semantic domain S xS .




TABLE Il1. Initial fragments of the measuring process
of the instrument M,

Time Simplicial Complex

t, {GS}

t {or {BL}}

N {o {81} {82} {8 8L}

{o°{BL} {82} {BL. B} { 8L}
{:. B2} {8 B} (B 8L B )

TABLE IV. Competitive fusion processin the domain
M & M,, for measuring H

Time Maximal Competitive Interpretation
Fusion Simplex (in<a>H)
t ot 0=[0:50]
t, { BL. ﬁ;h} [2.5:4,2]
t {BL,.B5,.B5,. B2} [384.2]
| {BL.BL B, B, BaBR) [4.0:4.2]

TABLE V. Complemetary fusion frocessin the domain

(M&M)OM,
T Maximal Complementary Interpretation
Fusion Simplex (ix <> (H W))
o (0°,0°) 0=([0;50],[0;50])

B {(mas) (s ) (2542 [1x21))

{(B.82).(82.82)
(B B2.) (B2, B2 )}

—
N

([38:4.2.[r12.4)

{(84.82).(B2.B2). (B, B2.):
(B2, 53.). (B, B, ). (82,82, )}

—
w

([4.0:4,2],[1,4:2.1])

Table VI shows the moperative measurement
process performed in the domain (M & M,)OM,,

obtaining the frontal areaA using, a the interpretation
level, the interval operation [13] f:SxS - S, de

finedby f(H,W)=H W, that estimatesthe aea A.

TABLE VI. Cooperative fusion processin the domain

(M &M,)0M,, where i, <> A

8. CONCLUSION

This paper introduced a domain-theoretic frame-
work to model measuring processes. We define the
notion of cdibration of measuring instruments and
developed the necessry formal machinery to alow
the modelling of measuring processes performed by
combined instruments. Such instruments can operate
in parald, and synchronized in time, to attend dfferent
kinds of requirements: to oltain better results by re-
ducing the uncertainty; to reduce systematic meas-
urement errors; to simulate amulti-faceed instrument
etc. A sample (competitive, complementary, and co-
operative) fusion process was modelled, to help figur-
ing out in a concrete way how the dements of the
various domains look like in the @nstructions of the
forma moddl.
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