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thesis committee. I greatly appreciate their time and effort while reviewing this paper.

Finally, I am very grateful to my beloved fiancée, Sara Rebeca Taŕın for her support,
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Abstract

By the work of Thurston, any surgery on a hyperbolic knot in the 3-sphere produces a

hyperbolic 3-manifold except in at most finitely many cases. So far, the figure-8 knot seems

to be the best candidate for a hyperbolic knot with the most (8) non-trivial exceptional

surgeries. In recent years, much progress has been made in the classification of hyperbolic

knots admitting more than one exceptional toroidal surgery. In fact, such classification is

known for toroidal surgeries with distance at least 4.

We give a classification of hyperbolic knots in S3 admitting two toroidal surgeries at

distance 3, whose slopes are represented by twice punctured essential separating tori. Such

knots belong to a family K(a, b, n), where a, b, n are integers and gcd(a, b) = 1.
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Chapter 1

Introduction

Surfaces of non-negative Euler characteristic, i.e., spheres, disks, tori and annuli, play a

special role in the theory of 3-dimensional manifolds. Following [20], we call a 3-manifold

that contains no essential sphere, disk, torus or annulus simple. By [17] a 3-manifold M

with non-empty boundary is simple if and only if M with its boundary tori removed has

a hyperbolic structure of finite volume with totally geodesic boundary. On what follows,

3-manifolds are assumed to be compact, connected and orientable, while surfaces in a 3-

manifold are assumed to be properly embedded and orientable, unless otherwise stated.

Perelman’s proof of Thurston’s Geometrization Conjecture [12, 13] asserts that M is sim-

ple if and only if M is either hyperbolic or belongs to a certain class of small Seifert fiber

spaces.

Let M be a 3-manifold with a torus boundary component T0. A slope is an isotopy class

of circles embedded in T0. For any slope r on T0, the Dehn filling of M along r is the mani-

fold M(r) = M ∪T0 Vr, where Vr is a solid torus glued to M via a homeomorphism between

T0 and ∂Vr which identifies r with the boundary of a meridian disk of Vr. The operation of

Dehn filling is one of the central objects of study in 3-manifold topology; specifically, the

study of non-negative Euler characteristic surfaces obtained by Dehn filling on 3-manifolds

has seen great developments in the last twenty years.

By Thurston’s Hyperbolic Dehn Surgery Theorem, there are only finitely many non-

simple Dehn fillings on each torus boundary component of M . Though little can be said in

general about a manifold M from a single non-simple Dehn filling, much information and

even a complete classification can be obtained from two distinct non-simple Dehn fillings

M(r), M(s). It turns out that in such cases the distance ∆ = ∆(r, s) between the slopes
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r and s (i.e., their minimal geometric intersection number) is quite small. In fact, the

least upper bound for ∆ in non-simple Dehn fillings is already determined (see [9] and the

references therein). If M(r) contains a geometrically incompressible closed torus, we say

that M(r) is toroidal and r is a toroidal slope. If M(r) is toroidal, then M contains an

essential many-punctured torus T whose boundary components have slope r on T0; we then

say that T represents the slope r.

By [5], if r, s are toroidal slopes then ∆(r, s) ≤ 8; moreover there are exactly two mani-

folds M with ∆ = 8, one with ∆ = 7 and one with ∆ = 6. More recent work by Gordon

and Wu [10] completes the classification of toroidal Dehn fillings at distance ∆ ≥ 4. We

will work with the case ∆ = 3 but in the following more restricted setting.

Two knots in S3 are said to be equivalent if there is an automorphism in S3 that maps

one knot onto the other. Let K be a knot in S3 and let N(K) be a regular neighborhood

of the knot. We denote by XK = S3 \ intN(K) the exterior of the knot in S3. Thus XK

is a compact, connected, oriented 3-manifold with torus boundary T0; we say that K is a

hyperbolic knot if XK is a hyperbolic 3-manifold. Let µ, λ be a standard meridian/longitude

frame on T0 (see [15]). Any slope on T0 can be represented as a homology class, or as a

fraction a
b
∈ Q ∪ {1

0
}. Such a slope is said to be integral if b = 1, that is, if the slope is

isotopic to K in N(K). For r a boundary slope on T0 we will denote by K(r) the Dehn

filled manifold XK(r). We also say that K(r) has been obtained by Dehn surgery on K

along r.

The classification of hyperbolic knots in S3 admitting two toroidal surgeries at distance

∆ ≥ 4 has been completed in recent years (cf. [10]). Gordon and Luecke proved in [7] that

hyperbolic knots admit only integral toroidal slopes, except for the Eudave-Muñoz knots

k(l,m, n, p), which admit two toroidal Dehn surgeries if ∆ ≥ 5 only; moreover, if one of the

essential punctured tori S, T in XK is nonseparating, K is a knot of genus one by the work

of Gabai [4] and M. Teragaito classified this case in [16]. For these reasons we will assume

S and T are separating tori with integral boundary slopes, so the number of boundary

components |∂S|, |∂T | are even. In this work we will only study the case |∂S| = 2 = |∂T |,
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which is the one expecting to produce the largest families of examples of such knots in S3.

Let K(a, b, n) be the family of knots introduced in Chapter 4. Our goal is to prove the

following theorem:

Theorem 1.1. Let K be a hyperbolic knot in S3 admitting two toroidal surgeries K(σ),

K(τ) at distance ∆(σ, τ) = 3, represented by essential twice punctured separating tori S, T

in XK, respectively. Then K is equivalent to some knot of the form K(a, b, n) where a, b, n

are integers and gcd(a, b) = 1.

Here is a summary of the organization of this paper. Chapter 2 contains the definitions

and fundamental results related to the graphs of intersection produced by two essential

surfaces in M with transverse intersection. We also narrow the options for the graphs of S

and T to only three cases. Due to its relevance with these families of graphs, in chapter 3

we present some basic properties of the genus two handlebody and its fundamental group,

a free group on two generators. The cases obtained in chapter 2 are thoroughly studied in

chapter 4, where we discard one of them. In the remaining two cases the corresponding

pairs S, T are shown to be isotopic while giving rise to distinct graphs of intersection.

Using the results in chapter 3 the geometric realization of these cases are shown to produce

members of the family of knots K(a, b, n) where a, b are relatively prime integers. Chapter

5 presents a direct way to represent each K(a, b, n) by the expansion of the rational number

a
b

in continued fractions. This chapter ends with the proof of Theorem 1.1 and presents

some criteria to identify the elements in this family that represent the knots studied in this

paper. Finally, in chapter 6 we give some directions for some applications of the technique

used in Chapters 4 and 5 to another cases of non-simple surgeries on hyperbolic knots.
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Chapter 2

Graphs of Intersection

2.1 Preliminaries

A 3-manifold M is said to be reducible if there exists a 2-sphere in M not bounding a

3-ball in M . Such sphere is called a reducing sphere. M is ∂-reducible if its boundary,

denoted by ∂M , is compressible in M , in which case a compressing disk of ∂M is also

called a boundary reducing disk of M . Let M be a hyperbolic 3-manifold with a torus T0

as a boundary component. A surface of non-negative Euler characteristic in M is essential

if it is incompressible, ∂-incompressible, and is not boundary parallel; a sphere (resp. disk)

is essential if it is a reducing sphere (resp. boundary reducing disk). We use a, b to denote

the numbers 1 or 2, with the convention that if they both appear in a statement then

{a, b} = {1, 2}.

A slope on T0 is a toroidal slope if M(ra) is toroidal. Let ra be a toroidal slope on T0.

Denote by ∆ = ∆(r1, r2) the minimal geometric intersection number between r1 and r2.

When ∆ > 3 the manifolds M have been determined in [5] and [10], so we will always

assume ∆ = 3. Let F̂a be an essential torus in M(ra), and let Fa = F̂a ∩ M .

Let na = |∂Fa ∩ T0|. Isotope each F̂a so that F1, F2 intersect transversely in arcs and

circles which are essential on both Fa and na is minimal among all essential tori in M(ra).

Denote by Ja the attached solid torus in M(ra), and by ui (i = 1, . . . , na) the components

of F̂a ∩ Ja, which are all disks, labeled successively when traveling along Ja. Similarly let

vj be the disk components of F̂b ∩ Jb. Let Γa be the graph on Fa with the ui’s as (fat)

vertices, and the arc components of F1 ∩ F2 as edges. Similarly for Γb. The minimality of

the number of components in F1 ∩F2 and the minimality of na imply that Γa has no trivial
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loops, and that each disk face of Γa in F̂a has interior disjoint from Fb.

If e is an edge of Γa with an endpoint x on a fat vertex ui, then x is labeled j if x is

in ui ∩ vj. In this case e is called a j-edge in Γa, and an i-edge in Γb. Labels in Γa are

considered as mod nb integers; in particular, nb +1 = 1. When going around ∂ui, the labels

of the endpoints of edges appear as 1, 2, . . . , nb repeated ∆ times. Label the endpoints of

edges in Γb similarly.

Each vertex of Γa is given a sign according to whether Ja passes F̂a from the positive

side or negative side at this vertex. Two vertices of Γa are parallel if they have the same

sign, otherwise they are antiparallel. Following the terminology of [19], if the vertices ui

of F̂a are all of the same parity we will say that Fa is polarized, and that it is neutral if

there are the same number of vertices of either parity. Observe that if F̂a is a separating

surface then na is even and ui, uj are parallel if and only if i, j have the same parity. For

an arbitrary graph G, the valence of a vertex v of G, denoted by val(v,G) is the number

of edge endpoints of G that are incident to v. If G is clear from the context, we simply

denote it by val(v). Observe that for any vertex u of Γa, val(u) = ∆nb.

An edge of Γa is a positive edge if it connects parallel vertices. Otherwise it is a negative

edge. A collection of edges in Γa whose union is a circle in F̂a (where the circle is constructed

in the obvious way, by collapsing the vertices into points in F̂a) is called a cycle. A cycle

in Γa is nontrivial if it is not contained in a disk in F̂a. We call a cycle in Γa consisting of

a single edge a loop edge; notice that since Fa is orientable a loop edge in Γa is positive. If

an edge e of Γa has the same label on its two endpoints we call it a co-loop edge. In other

words, e is a loop on the other graph Γb.

When considering each family of parallel edges of Γa as a single edge ê, we get the reduced

graph Γ̂a on F̂a. It has the same vertices as Γa. Each edge ê of Γ̂a represents a family of

parallel edges in Γa. The number of such parallel edges is called the weight of ê. We shall

often refer to a family of parallel edges as simply a family.

A cycle in Γa consisting of two positive edges e, e′ is a Scharlemann bigon if it bounds a

disk with interior disjoint from the graph, and e, e′ have the same pair of labels {j, j + 1}
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(with j, j +1 well defined mod nb) at their two endpoints. A Scharlemann bigon with label

pair, say, {1, 2} will also be called a (12)-Scharlemann bigon; this is a restricted version

of the more general notion of a Scharlemann cycle, which we will not use here. If {e, e′}

is a Scharlemann bigon in Γa then the subgraph of Γb consisting of these edges and their

vertices is called a Scharlemann cocycle

The following lemma summarizes several fundamental results regarding the properties of

the graphs Γa. The proofs can be found in [10] and its references.

Lemma 2.1.1 ([10], §2). 1. (The Parity Rule) An edge e is a positive edge in Γ1 if and

only if it is a negative edge in Γ2.

2. A pair of edges cannot be parallel on both Γ1 and Γ2.

3. If Γa has a Scharlemann bigon, then F̂b is separating. In particular, Γb has the same

number of positive and negative vertices, so nb is even, and two vertices vi, vj of Γb

are parallel if and only if i, j have the same parity.

4. If Γa has a Scharlemann bigon then the corresponding Scharlemann cocycle on Γb is

essential.

Let u be a vertex of Γa, and P,Q two edge endpoints on ∂u. Let I be the interval on ∂u

from P to Q along the direction induced by the orientation of u. The edge endpoints in Γa

cut I into k subintervals for some k. We follow [10] and define the distance from P to Q on

∂u as du(P,Q) = k. Observe that in general du(P,Q) 6= du(Q,P ), so this is not a metric

since symmetry fails. If P,Q are the only edge endpoints of e1, e2 on ∂u, respectively, then

we define du(e1, e2) = du(P,Q). Notice that for u on Γa, du(P,Q) + du(Q,P ) = ∆nb. The

following is proved in [5].

Lemma 2.1.2 ([5], Lemma 2.4). 1. Suppose P,Q ∈ ∂ui ∩ ∂vk and R,S ∈ ∂uj ∩ ∂vl. If

dui
(P,Q) = duj

(R,S) then dvk
(P,Q) = dvl

(R,S).

2. Suppose that P ∈ ui ∩ vk, Q ∈ ui ∩ vl, R ∈ uj ∩ vk and S ∈ uj ∩ vl. If dui
(P,Q) =

duj
(P,Q), then dvk

(R,S) = dvl
(R,S).

6



Suppose two edges e1, e2 of Γa connect the same pair of vertices ui, uj (we allow ui = uj).

Name pk, qk the endpoints of ek on ui, uj, respectively, k = 1, 2. We say that e1 and e2 are

equidistant if dui
(p1, p2) = duj

(q2, q1) (note that the orders of the edge endpoints have been

reversed). Thus for example a pair of parallel positive edges is always equidistant, but a

pair of parallel negative edges is not unless their distance is exactly half of the valence of

the vertices.

When ui 6= uj the above equation can be written as dui
(e1, e2) = duj

(e2, e1). However,

when ui = uj, dui
(e1, e2) is not well defined, and there are two choices for the pair pk, qk,

but one can check that whether the equality dui
(p1, p2) = duj

(q2, q1) holds is independent of

the choice of pk, qk. We introduce the Equidistance Lemma. It follows from Lemma 2.1.2,

and can also be found in [8].

Lemma 2.1.3 ([8], Lemma 2.8). Let e1, e2 be a pair of edges with ∂e1 = ∂e2 in both Γ1

and Γ2. Then e1, e2 are equidistant in Γ1 if and only if they are equidistant in Γ2.

We will need the concept of jumping number between the graphs Γ1 and Γ2 as introduced

in [5]. Since ∆ = 3, the jumping number is 1, which means that if the ∆ points of

intersection between the vertices ui and vj are labeled consecutively as x1, x2, . . . , x∆ around

ui, then these points appear consecutively around vj in the same order x1, x2, . . . , x∆ when

read in some direction. This is the jumping number one condition or JN1, as referred in

[19].

2.2 Possible cases for Γa

Next we restrict to the case n1 = n2 = 2 and, since F̂a is separating, the two vertices of Γa

have opposite sign. Two graphs in a surface are equivalent if there is a homeomorphism of

the surface taking one to the other. We can explicitly identify the reduced graph Γ̂a and

establish some additional properties of Γa. We start with a well-known result from [5]

Lemma 2.2.1 ([5], Lemma 5.2). The reduced graph Γ̂a is a subgraph of the graph illustrated

7



Figure 2.1: Parallelism classes for Γa

in Fig. 2.1.

Thus Γa is determined by a quintuple (a0; a1, a2, a3, a4) of non-negative integers, as shown

in Fig. 2.1. We write Γa = (a0; a1, a2, a3, a4), a graph on a twice-punctured torus with two

families of loops of weight a0, and four families of edges êi with weight sequence a1, . . . , a4;

and we abbreviate (0; a1, . . . , a4) to (a1, . . . , a4). The weight sequence is defined up to cyclic

rotation and reversal of order. Hence:

(a0; a1, a2, a3, a4) ∼= (a0; a3, a4, a1, a2) ∼= (a0; a4, a3, a2, a1) (2.1)

∼= (a0; a2, a1, a4, a3),

and if a0 = 0:

(a1, a2, a3, a4) ∼= (a2, a3, a4, a1). (2.2)

We are studying the case that each Fa is separating, ∆ = 3 and na = 2, so the two

boundary components have opposite sign. Call the vertices of Γa + and −, a = 1, 2. Let

Γ1 = (a0; a1, a2, a3, a4), Γ2 = (b0; b1, b2, b3, b4). Without loss of generality we may assume

that a0 ≥ b0. The following lemma summarizes the properties of Γ1 and Γ2.

Lemma 2.2.2 ([5], §6). 1. 2a0 +
∑4

i=1 ai = 2b0 +
∑4

i=1 bi = 2∆ = 6;

2. 2a0 =
∑4

i=1 bi, 2b0 =
∑4

i=1 ai;
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3. 2 ≤ a0 ≤ 3

4. ai, bi ≤ 2, i = 1, 2, 3, 4.

5. ai ≡ aj (mod 2), i, j = 1, 2, 3, 4 and similarly for the b’s.

Our next result narrows the options for the graphs Γ1, Γ2.

Lemma 2.2.3. Suppose F1, F2 are neutral punctured tori with n1 = n2 = 2 and ∆ = 3.

Then one of the following holds.

1. Γ1 = (3; 0, 0, 0, 0) and Γ2 = (2, 2, 2, 0) with edge correspondence as in Fig. 2.2.

2. Γ1 = (2; 2, 0, 0, 0) and Γ2 = (1; 2, 2, 0, 0) with edge correspondence as in Fig. 2.4.

3. Γ1 = (2; 2, 0, 0, 0) and Γ2 = (1; 1, 1, 1, 1) with edge correspondence as in Fig. 2.5.

Proof. By Lemma 2.2.2, a0 is either 2 or 3. Assume first a0 = 3. Then Γ1 = (3; 0, 0, 0, 0)

and b0 = 0. Since bi ≡ bj (mod 2), the only possibility for Γ2 is (2, 2, 2, 0), by the symmetries

of (2.1), (2.2). The graphs are as shown in Fig. 2.2.

Figure 2.2: Γ1 = (3; 0, 0, 0, 0) and Γ2 = (2, 2, 2, 0)

The + edges in vertex + of Γ1 are in the order A,B,C. By the JN1 condition, these

edges appear in the same order around vertex + of Γ2. The order of the edges with label

− at vertex − of Γ1 is D,E, F , so this is the same order of the − edges around vertex −

in Γ2. Consider the loops A,E in Γ1. Denote by A±, E± the endpoints of A and E with

label ±. Since d+(A+, A−) = d−(E+, E−), A and E must be parallel in Γ2 by Lemma 2.1.2.
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This determines completely the identification between the edges in Γ1 and Γ2.

If a0 = 2, up to symmetry the only possibility for Γ1 is (2; 2, 0, 0, 0), where clearly b0 = 1.

By Lemma 2.2.2, Γ2 = (1; 2, 2, 0, 0), Γ2 = (1; 1, 1, 1, 1) or Γ2 = (1; 2, 0, 2, 0). We show that

the latter case is impossible.

Suppose Γ2 = (1; 2, 0, 2, 0). Label the edges of Γ1 as in Fig. 2.3. By the parity rule, B

and E represent loops in the vertices + and −, respectively, of Γ2. The rest is determined

by the JN1 condition as above. In Γ1, A and C are parallel positive edges, hence they

are equidistant. However, in Γ2, 4 = d−(A,C) 6= d+(C,A) = 2, violating the Equidistance

Lemma. This rules out the possibility Γ2 = (1; 2, 0, 2, 0).

Figure 2.3: Γ1 = (2; 2, 0, 0, 0), Γ2 = (1; 2, 0, 2, 0) is impossible

If Γ2 = (1; 2, 2, 0, 0) or Γ2 = (1; 1, 1, 1, 1), we label the edges of Γ1 as before. Thus

edges B and E are still loops in Γ2 and so, the JN1 condition determines the rest of the

identification between the edges in both cases, as shown in Figs. 2.4 and 2.5.

Figure 2.4: Γ1 = (2; 2, 0, 0, 0) and Γ2 = (1; 2, 2, 0, 0)
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Figure 2.5: Γ1 = (2; 2, 0, 0, 0) and Γ2 = (1; 1, 1, 1, 1)

Observe that the conclusion of Lemma 2.2.3 holds for exteriors of hyperbolic knots in

arbitrary 3-manifolds, not only in S3.

In chapter 4 we will determine exactly which of these graphs are geometrically realizable

in S3, in the sense that they are generated as graphs of intersection between twice punctured

tori in nontrivial knot exteriors in S3 with boundary slopes at distance 3.
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Chapter 3

Topology of genus two handlebodies

3.1 Basic definitions

In the previous chapter we obtained only three possible minimal graphs of intersection be-

tween essential twice punctured separating tori in the exterior of a hyperbolic knot K. The

topological analysis of these cases relies heavily on the properties of genus two handlebodies.

We introduce such properties in this chapter by means of compression bodies.

A compression body W is a cobordism rel ∂ between surfaces ∂+W and ∂−W such that

W ∼= ∂+W × I ∪ 2-handles ∪ 3-handles and ∂−W has no 2-spheres components. W is a

handlebody if ∂+W is closed and connected and ∂−W = ∅ and W is trivial if W ∼= ∂+W ×I.

When F is a closed surface in a 3-manifold, a compression body for F is, by definition, a

compression body W in the 3-manifold for which ∂+W = F .

Let M be an irreducible 3-manifold. By [2], there exist a compression body W ⊂ M for

∂M , unique up to isotopy, with the following properties.

1. M \ W is irreducible and ∂-irreducible.

2. ∂−W is incompressible in M .

3. Every surface in M that consists of disks can be isotoped inside of W .

4. Every compression body W ′ ⊂ M for ∂M can be isotoped inside of W .

Such a compression body W is called a maximal compression body for ∂M .

A complete disk system D for a handlebody W is a disjoint union of disks (D, ∂D) ⊂

12



Figure 3.1: A genus two handlebody and its complete disk system

(W,∂+W ) such that W cut along D is homeomorphic to B3. A genus two handlebody H

along with a complete disk system D = {x′, y′} is depicted in Fig. 3.1.

Note that the duals x, y of the disks x′, y′ constitute a basis for F2 = π1(H) (rel some

base point), a free group on two generators. We now introduce some general properties

about this group.

We write F2 = 〈x, y|−〉. Elements of F2 are called words in x and y. For convenience,

we will denote the inverse u−1 of u by ū and by [u, v] the commutator uvūv̄ of any two

words u, v in F2. We say that u is primitive if, for some v ∈ F2, {u, v} represents a basis;

and u is a power if there is a nontrivial element w ∈ F2 and an integer k ≥ 2 such that

u = wk. We write u ≡ v if u is in the conjugacy class of either v or v̄. The word u ∈ F2 is

cyclically reduced if, for ε = ±1 and z ∈ {x, y}, zε, z−ε do not occur consecutively nor at

the beginning and end in u. Note that u ≡ v whenever v is a cyclic reduction of u or ū.

The following is a characterization of primitive or power elements in F2 = π1(H). It can

be found in [3].

Lemma 3.1.1 ([3]). If an element u in F2 = 〈x, y|−〉 is primitive or a power of a primitive

then there is a basis {a, b} ⊂ {x, x̄, y, ȳ} of F2 and a positive integer n such that either

u ≡ abn−1, u ≡ an+1, or u ≡ abm1 · · · abmk , k ≥ 2, where each mi is either n or n + 1.
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3.2 Companion annuli, roots

In this section we follow closely the discussion in [14, §2.4]. Let M be a compact, orientable,

irreducible and atoroidal 3-manifold with connected boundary, and let γ be a nontrivial

circle in ∂M . Let A be an annular regular neighborhood of γ in ∂M . A properly embedded

separating annulus A′ in M is a companion annulus for γ in M if A′ is not boundary

parallel. By [18], the region cobounded in M by A and A′ is a solid torus. We call this the

companion solid torus of γ in M . Such companion annulus and solid torus for γ in M are

unique up to isotopy. Define the multiplicity µ(γ) of γ in M as 1 if γ has no companion

annuli, and as the number of times γ wraps around its companion solid torus if γ has a

companion annulus. Note that µ(γ) ≥ 2 iff γ has a companion annulus.

Now we present several fundamental facts about circles in ∂H which may represent

primitive or power elements in π1(H). Let γ be a loop in H. Denote by [γ] the element of

π1(H) representing γ rel some base point. A properly embedded disk in H, separating the

manifold into two solid torus components is a waist disk of H.

Lemma 3.2.1 ([14], Lemma 2.3). Let H be a handlebody of genus two and γ be a nontrivial

circle in ∂H.

1. ∂H \ γ compresses in H iff [γ] is primitive or a power in π1(H), in which case there

is a waist disk of H disjoint from γ. In particular, if [γ] is a power in π1(H) then it

is a power of a primitive element.

2. γ has multiplicity n ≥ 2 in H iff [γ] = un for some primitive element u ∈ π1(H).

If a circle γ satisfies condition (1) in the previous lemma, we say that γ is primitive in

H.

By attaching a 2-handle to a genus two handlebody we may obtain the manifold T × I,

T a torus. The following result gives a necessary and sufficient algebraic condition for this.

The result is well known, see for example [14].
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Lemma 3.2.2 ([14], Lemma 2.5). Let H be a genus two handlebody and T be a closed

torus. Let γ be a circle embedded in ∂H and M = H ∪γ N(D) be the manifold obtained by

attaching a 2-handle N(D) to H along γ. Then M is homeomorphic to T ×I iff [γ] ≡ [a, b]

for some (hence any) basis {a, b} of π1(H).

The previous lemma can be generalized to the case of attaching a 2-handle to a genus-two

sub-handlebody of H.

Lemma 3.2.3 ([14], Lemma 2.6). Let H be a genus two handlebody and γ0, γ1, γ2 be disjoint

nontrivial circles embedded in ∂H. Let T denote a closed torus.

1. If A0 ⊂ H is a companion annulus for γ0 with core α0 and corresponding companion

solid torus V0 ⊂ H, then H ′ = H \ V0 is a genus two handlebody, and there is a

common waist disk D of H and H ′ such that

(a) H ′ = W0∪DW1 for some solid tori W0,W1 in H ′ with D = ∂W0∩∂W1 = W0∩W1

and A0 ⊂ ∂W0 \ D.

(b) If β1 is a core of W1 then {w0 = [α0], w1 = [β1]} is a basis for π1(H
′).

(c) If H ′∪γ2 N(D) is the manifold obtained by attaching a 2-handle N(D) along γ2,

then H ′ ∪γ2 N(D) ≈ T × I iff [γ2] ≡ [aµ(γ0), b] for some (hence any) basis {a, b}

of π1(H) such that [γ0] ≡ aµ(γ0).

We say that H ′ was obtained by taking the µ(γ0)-root of γ0 in H.

2. Suppose A0, A1 ⊂ H are disjoint companion annuli for γ0, γ1, respectively, with corre-

sponding cores α0, α1 and companion solid tori V0, V1 ⊂ H. Then H ′ = H \ (V0 ⊔ V1)

is a genus two handlebody, and there is a common waist disk D of H and H ′ such

that

(a) H ′ = W0 ∪D W1 for some solid tori W0,W1 in H ′ with D = ∂W0 ∩ ∂W1 =

W0 ∩ W1, A0 ⊂ ∂W0 \ D, and A1 ⊂ ∂W1 \ D.

(b) {w0 = [α0], w1 = [α1]} is a basis for π1(H
′).
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(c) If H ′∪γ2 N(D) is the manifold obtained by attaching a 2-handle N(D) along γ2,

then H ′ ∪γ2 N(D) ≈ T × I iff [γ2] ≡ [aµ(γ0), bµ(γ1)] for some (hence any) basis

{a, b} of π1(H) such that [γ0] ≡ aµ(γ0) and [γ1] ≡ bµ(γ1).

As before, we say that H ′ is the result of taking the roots of γ0 and γ1 in H.

The process of taking roots in handlebodies will be useful in the next chapter, where the

need to study knots embedded in a genus two handlebody will arise.
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Chapter 4

Geometrically realizable graph pairs

4.1 Introduction

In this chapter we study the geometric realization of the graphs described in Lemma 2.2.3

and discard the cases that do not occur inside S3. From now on, we assume that both

essential tori F1, F2, represented here by S, T , are separating and M = XK for some

hyperbolic knot K.

Let TB, TW denote the closure of the components of XK \ T , the black and white sides

of T , respectively. Define SB and SW similarly. A face of ΓS (resp. ΓT ) contained in the

black (white) side of T (S) is called a black (white) face. Recall that N(K) is the solid

torus in S3 obtained by taking a regular neighborhood of K and T0 is the torus boundary

of the exterior of the knot XK . For Z ∈ {S, T} and ∗ ∈ {B,W}, define the annulus

AZ
∗ = Z∗ ∩ T0; since Z has integral boundary slope, the core KZ

∗ of AZ
∗ is isotopic to K in

S3. For simplicity, all such cores will be denoted by K.

The boundary ∂Z∗ is the surface Z∪AZ
∗ , a genus two surface. The following lemma gives

a sufficient condition for Z∗ to be a genus two handlebody.

Lemma 4.1.1. If the graph ΓS (resp. ΓT ) contains a black (white) disk face D then TB

(TW , SB, SW ) is a genus two handlebody.

Proof. Since XK is hyperbolic and T is essential, TB is irreducible and atoroidal. Assume

ΓS contains a black disk face D; the other cases can be similarly handled. Let W be the

maximal compression body for ∂TB in TB, so that, by Section 3.1, ∂−W is incompressible

in TB. As D is a compression disk for ∂TB, ∂−W is either empty or consists of one or two
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Figure 4.1: K in SB

tori in TB. The fact that TB is atoroidal now implies ∂−W = ∅ and hence that W = TB is

a genus two handlebody.

4.2 The case ΓS = (3; 0, 0, 0, 0), ΓT = (2, 2, 2, 0)

Since ΓT has 3 black disk faces, SB is a genus two handlebody. Moreover, the three disks

are parallel in SB and since S is separating, the disks are separating in SB, that is, they

are waist disks. Since these disks are bigons, the knot K passes two times trough each

disk. Modulo a homeomorphism, Fig. 4.1 shows SB, its waist disks and K, winding m

times around the left solid torus and n times around the right one. Notice we must have

m,n ≥ 2, as otherwise K would be primitive in SB and hence S would compress in SB

by Lemma 3.2.1. Decompose K as the connected sum of circles ζ0, ζ1 disjoint from K, in

the obvious way, where [ζ0] ≡ yn, [ζ1] ≡ xm, where the circles x and y are like in Fig. 3.1.

Let A′
0, A

′
1; V0, V1 be the respective companion annuli and solid tori. Then by Lemma 3.2.3

we can take roots of ζ0 and ζ1 in SB to obtain S ′
B = SB \ (V0 ⊔ V1), which is a genus two

handlebody, and K now winds one time around each solid tori of S ′
B. See Fig. 4.2.

Since the slopes are integral, each component of ∂S, ∂T may be assumed to lie in T0,

up to homeomorphism, as shown in Fig. 4.3; which gives the models corresponding to the

possible signs of the oriented intersection number ∂S · ∂T .

Consider the white hexagon Q disk face in ΓT . Let A′
S = T0\intAS

B be the complementary
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Figure 4.2: K in S ′
B after taking the roots of ζ0 and ζ1

Figure 4.3: The circles ∂S, ∂T in T0

annulus of AS
B in T0. Observe that ∂Q ⊂ S ′

B ∪AS
B

N(K). Therefore, since AS
B and A′

S are

parallel in N(K), we can extend Q via meridian disks of N(K) to a disk Q∗ properly

embedded in S3 \ intS ′
B with ∂Q∗ ⊂ S ′

B.

In general, if the graphs of intersection ΓS, ΓT yield (say) SB as a genus two handlebody,

we can properly embed all the white faces FW of ΓT in S3 \ intSB. The collection of circles

∂FW in ∂SB is called the white spectrum of ΓT in SB and it is obtained as follows. Draw

AS
B in ∂SB with core KS

B ≈ K. Label the intersections of K with the black faces of ΓT

as +,− alternatively. Assign an orientation to ∂S · ∂T . Because of the JN1 condition,

the loop ∂FW follows K until it intersects one of the black faces. Then it continues along

the boundary of the black face according to ∂S · ∂T until reaching another intersection

with K and moving along K until reaching another label with the same sign. The process

continues until the final closed curve ∂FW is complete.

Fig. 4.4 shows the white spectrum in S ′
B for the only white face in ΓT , the hexagon Q∗,
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Figure 4.4: ∂Q∗ in S ′
B

with respect to ∂S ·∂T = −1. Since the other case can be treated along the same lines and

yields the same conclusion, we will only concentrate in this case.

Figure 4.5: K and ∂Q∗ in S ′
B after the twist

Fig. 4.5 shows K and ∂Q∗ after performing one full negative twist along the waist disk

of S ′
B. Observe that ∂Q∗ represents the commutator [x, y] of π1(S

′
B), where S ′

B is identified

with the handlebody in Fig. 3.1. By Lemma 3.2.2, S ′
B ∪∂Q∗ N(D) ≈ T × I, where N(D) is

a 2-handle; equivalently S ′
B ≈ T̃ × I, where T̃ is a once punctured torus and T̃ × 0 = T̃0

and T̃ × 1 = T̃1 are the two once punctured tori separated by ∂Q∗ in ∂S ′
B. We call these

surfaces the lids of S ′
B.

Let {i, j} = {0, 1}. By capping off ∂T̃i with a disk we obtain a torus Ti. Observe that each

annulus A′
i (relabeling it if necessary) lies in Ti. Consider the oriented circles αi, βi ⊂ T̃i
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in Fig. 4.6. Each pair {α0, α1} and {β0, β1} cobound an annulus in S ′
B. Moreover, the

pair of circles {αi, βi} intersect at one point and represent a basis for both π1(S
′
B) and

π1(Ti) = Z ⊕ Z.

Figure 4.6: α0, β0, α1, β1 in S ′
B

Since S ′
B = T̃ × I, any loop γi = aαi + bβi, a, b ∈ Z, gcd(a, b) = 1 in π1(T̃i) represents a

primitive circle γi(αi, βi) in π1(S
′
B). By reversing the orientation of γi if necessary, we can

assume b ≥ 0. Since {αi, αj} and {βi, βj} cobound annuli, γj = aαj + bβj is isotopic to γi

in S ′
B. Isotope K so that it lies in intS ′

B and then attach a 2-handle to S ′
B along γi. By

Lemma 3.2.1 the result is a solid torus Vγi
containing the knot K in its interior; that is:

K ⊂ Vγi
= S ′

B ∪ (2-handle along γi). (4.1)

We now compute the winding number ω(K) of K in Vγi
in terms of a and b. Consider the

intersections of K with αi, βi, according to the outward normal unit vector rule. Clearly

K · α0 = 0, K · α1 = 1, K · β0 = −1, K · β1 = 0. Because of the product structure, γi can

be isotoped to γj in T̃ × I. The winding number ω(K) is the oriented intersection number

between K and the disk bounded by γi in Vγi
, which is the sum of the oriented intersection

number between K and γi in the two lids, i.e. |a(0)+b(−1)+a(1)+b(0)| = |a−b|. Observe

that this is also the winding number of K with respect to Vγj
.
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We will show that each torus Ti is necessarily unknotted in S3, i.e. that each component

of S3 \ Ti is a solid torus. We will need the following lemma.

Lemma 4.2.1. The knot K is not a core of Vγi
for any γi = aαi + bβi,

a
b

/∈ {1
0
, 0

1
}.

Proof. Since ω(K) = |a − b|, if |a − b| 6= 1, K is not a core in Vγi
. We show that K is also

not a core if |a−b| = 1, a
b

/∈ {1
0
, 0

1
} by showing that some surgery on K in Vγi

does not yield

a solid torus. Since K is primitive in S ′
B, then up to homeomorphism K lies in S ′

B as shown

in Fig. 4.7. In the figure, the loops u and v are the duals of the disk of primitivity Dx and

the disk of compressibility Dy for K, respectively, and these loops constitute a basis for

π1(S
′
B). We take the point of intersection between αi and βi as the base point for π1(S

′
B).

Note that the circles α0, β0, α1, β1 represent respectively v, ūv̄, v̄, uv̄. Since K is a core of

the left one handle of S ′
B, any surgery on K in Vγi

can be obtained by first performing

surgery on K ⊂ intS ′
B and then attaching a 2-handle along γi. By Lemma 3.1.1 and since

|a − b| = 1,

γi(αi, βi) = αiβi . . . αiβi︸ ︷︷ ︸
k≥0 times

αi

or

γi(αi, βi) = αiβi . . . αiβi︸ ︷︷ ︸
k≥0 times

βi

Now perform 0
1
-surgery on K. This yields a new genus two handlebody S

′′

B with basis

{w, v} where u,Dy form a complete disk system for S
′′

B and w is represented by Dx. By

looking at the oriented intersections of αi, βi with u, we see that α0 = v, β0 = vw̄v̄wv̄w̄ and

α1 = vwv̄w̄v̄w, β1 = v. This gives:

γ0(w, v) = vvw̄v̄wv̄w̄ . . . vvw̄v̄wv̄w̄︸ ︷︷ ︸
k≥0 times

v = (w̄v̄wv̄w̄v2)kv

or

γ0(w, v) = vvw̄v̄wv̄w̄ . . . vvw̄v̄wv̄w̄︸ ︷︷ ︸
k≥0 times

w̄v̄wv̄w̄ = (v2w̄v̄wv̄w̄)kvw̄v̄wv̄w̄
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Figure 4.7: K and the circles αi, βi in S ′
B after the homeomorphism

Similarly,

γ1(w, v) = vwv̄w̄v̄wv . . . vwv̄w̄v̄wv︸ ︷︷ ︸
k≥0 times

vwv̄w̄v̄w = (v2wv̄w̄v̄w)kvwv̄w̄v̄w

or

γ1(w, v) = vwv̄w̄v̄wv . . . vwv̄w̄v̄wv︸ ︷︷ ︸
k≥0 times

v = (wv̄w̄v̄wv2)kv

The word represented by γi(w, v) fails to be primitive except for the cases γ0 = α0 and

γ1 = β1. For the rest, S
′′

B ∪γi
N(D) is not a solid torus and K is not trivial in Vγi

.

If γ0 = α0, S ′
B ∪γ0 N(D) is obtained by capping off the right solid torus of S ′

B with a

2-handle, and clearly K is the core of Vγ0 . A similar argument shows that when γ1 = β1,

K is the core of Vγ1 .

It is well known that any closed torus in S3 bounds a solid torus on one side and that any

solid torus in S3 nontrivially containing a hyperbolic knot must be unknotted. Without

loss of generality, we may assume that T0 bounds a solid torus Vγ0 away from T × I whose

meridian disk has boundary the circle γ0 = aα0 + bβ0

Corollary 4.2.2. T0 bounds a solid torus in both sides if a
b

/∈ {0
1
, 1

0
, 1

1
}.
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Proof. If a and b are nonzero, the previous lemma shows that K is not a core of Vγ0 . If K

is contained in a 3-ball in Vγ0 , then ω(K) = |a − b| = 0, in which case a = b = 1, since

gcd(a, b) = 1. Thus K is a nontrivial knot in Vγ0 if a
b

/∈ {0
1
, 1

0
, 1

1
} and since K is hyperbolic

T0 must be unknotted in S3.

Figure 4.8: The annuli A′
0, A

′
1

Remark 4.2.3. In light of the above corollary, it follows that any knot K with the afore-

mentioned properties can be obtained from an arbitrary unknotted embedding of the solid

torus Vγ0 in S3 under suitable conditions on γ0 and the embedding. Such suitable conditions

will be discussed in each particular case.

Recall that the solid torus V0 whose boundary ∂V0 is the union of the annuli A0, A
′
0, is

embedded in Vγ0 with A′
0 = V0 ∩ Vγ0 and A0 properly embedded in Vγ0 . Therefore A0 is

parallel to ∂Vγ0 in Vγ0 and hence the meridian disk of V0 extends to a meridian disk of

Vγ0 bounded by the circle γ0 (see Fig. 4.8, where for simplicity Vγi
= Wi). Since n is the

number of times the meridian disk of V0 intersects the core of A′
0, while b > 0 is the number

of times the meridian disk of Vγ0 , or equivalently, the circle γ0, intersects the core of A′
0, it

follows that b = n ≥ 2, so the cases a
b

= 0
1
, 1

0
or 1

1
do not occur.

Since the circle γ0 = aα0 + bβ0, gcd(a, b) = 1, b ≥ 2 represents a primitive element in

π1(S
′
B), there exists a homeomorphism mapping γ0 to the circle shown in Fig. 4.9. Observe
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Figure 4.9: γ0 in S ′
B after the homeomorphism

that in the figure, the pair (Vγ0 , K) is obtained by simply attaching a 2-handle around γ0.

Originally, K is represented by the circles α0, β0 with an addition of a suitable positive full

twist around their point of intersection (Fig. 4.10). Therefore, after the homeomorphism,

K is also obtained by adding a suitable positive full twist around the intersection of the

image of the circles α0, β0.

Figure 4.10: At the left, the knot K; at the right, α0, β0 in with a twist

Note that, in general, such a homeomorphism is not unique. In chapter 5 we introduce a

canonical embedding for each γ0, depending only on the parameters a, b. The pair (Vγ0 , K)

obtained by by this canonical embedding will be denoted by (Vγ0 , K(a, b, 0)). Further
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embeddings of Vγ0 in S3 may then be obtained by full twisting n ∈ Z times the canonical

embedding of Vγ0 , giving rise to the family of pairs (Vγ0 , K(a, b, n)). A classification of the

family of knots K(a, b, n) will be discussed in Chapter 5.

4.3 The case ΓS = (2; 2, 0, 0, 0), ΓT = (1; 2, 2, 0, 0)

In this case the black faces of ΓS consist of two black Scharlemann bigons D1, D2 and

one more black bigon D3, so TB is a genus two handlebody by Lemma 4.1.1. Since the

knot K intersects each Scharlemann bigon two times in the same direction, D1, D2 are

nonseparating in TB and can be either parallel or nonparallel in TB. The latter case will

be seen to produce the graph ΓT = (1; 1, 1, 1, 1) in the following section; therefore D1

and D2 must be parallel in TB. If D3 is nonseparating, then we can draw a circle in TB

intersecting at only one point the black disks, which implies T is nonseparating, contrary to

our assumption. Thus, up to homeomorphism, the scenario is the one shown in Fig. 4.11.

Figure 4.11: K in TB

Let AT
B be the annulus in TB with core KT

B ≈ K. Then ∂TB\intAT
B = T , with ∂AB

T = ∂T .

The circle K intersects exactly two different classes of parallelism between negative edges

in ΓT , confirming that ΓT = (1; 2, 2, 0, 0).

Since K is nonprimitive in TB, it winds n ≥ 2 times around the solid torus on the right

of Fig. 4.11. As in Section 4.2, we decompose K as the connected sum of two circles ζ0, ζ1,

where [ζ0] ≡ yn, [ζ1] ≡ x2 (see Fig. 4.11). Let A′
0, V0 be the companion annulus and torus in
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TB, respectively, for ζ0, and let T ′
B = TB \ V0 be the resulting genus two handlebody after

taking the root of ζ0 in TB. The pair is now equivalent to the pair (TB, K) in Fig. 4.11

with n = 1.

We now construct the white spectrum of ΓS in T ′
B. The white faces of ΓT consist of a

4-gon Q and an annulus AW , which can be properly embedded in S3 \ intT ′
B with ∂Q, ∂AW

as in Fig. 4.12. Analogously to the case of ∂Q∗ in Section 4.2, ∂Q is the commutator of

π1(T
′
B), and hence T ′

B ∪∂Q N(D) ≈ T × I and T ′
B ≈ T̃ × I. Let T̃0, T̃1 be the lids of T ′

B and

define the pair of circles αi, βi ⊂ T̃i as in the previous section. Note that both components

of ∂AW lie in T̃1 and are parallel to β1; in particular, ∂AW is disjoint from α0, β0.

Figure 4.12: ∂Q and ∂AW in T ′
B

As in section 4.2, we define γi = aαi + bβi with gcd(a, b) = 1 and the solid torus

K ⊂ Vγi
= T ′

B ∪ (2-handle along γi). (4.2)

Reversing the orientation of γi if necessary, we may assume b ≥ 0. To compute ω(K) in

Vγi
, first observe that K · α0 = 0, K · β0 = 2, K · α1 = −2, K · β1 = −1. We proceed as

in the previous section and obtain ω(K) = |a(0) + b(2) + a(−2) + b(−1)| = |2a − b|. The

following lemma is analogous to Lemma 4.2.1.

Lemma 4.3.1. The knot K is not the core of Vγi
for any γi = aαi + bβi,

a
b

/∈ {0
1
, 1

1
}.

27



Figure 4.13: K and the circles αi, βi in T ′
B after the homeomorphism

Proof. As in Lemma 4.2.1, we just need to analyze the case |2a − b| = 1. If a
b

/∈ {0
1
, 1

1
}

we will find a surgery of K on Vγi
not yielding a solid torus. K is primitive on S ′

B, so we

take a homeomorphism of this manifold such that K is now like in Fig. 4.13. Let u, v,Dx

and Dy be as in the proof of Lemma 4.2.1. We take the point of intersection between αi

and βi as the base point for π1(S
′
B). The circles α0, β0, α1, β1 represent, in the same order,

uv̄2, v, ūv2, v̄. Again, K is a core in a solid torus of S ′
B, so we first perform surgery on

K ⊂ intT ′
B and then attach the 2-handle along γi. By Lemma 3.1.1 and since |2a− b| = 1,

γi(αi, βi) = αiβi
2 . . . αiβi

2

︸ ︷︷ ︸
k≥0 times

αiβi

or

γi(αi, βi) = αiβi
2 . . . αiβi

2

︸ ︷︷ ︸
k≥0 times

βi

Now perform 1
1
-surgery on K (see Fig. 4.14). This yields a new genus two handlebody

T
′′

B with basis {w, v}. By looking at the oriented intersections of αi, βi with µ′, we see that

α0 = v̄wv̄, β0 = vwv̄wv and α1 = w̄v2, β1 = w̄v̄. This gives:

γ0(w, v) = v̄wv̄(vwv̄wv)2 . . . v̄wv̄(vwv̄wv)2

︸ ︷︷ ︸
k≥0 times

v̄wv̄vwv̄wv = (v̄wv2wv̄w3)kv̄w3
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Figure 4.14: The loop µ′ in T ′
B is the new meridian after the surgery

or

γ0(w, v) = v̄wv̄(vwv̄wv)2 . . . v̄wv̄(vwv̄wv)2

︸ ︷︷ ︸
k≥0 times

vwv̄wv = (v̄wv2wv̄w3)kv̄wv2w

Similarly,

γ1(w, v) = w̄v2(w̄v̄)2 . . . w̄v2(w̄v̄)2

︸ ︷︷ ︸
k≥0 times

w̄v2w̄v̄ = (w̄v2(w̄v̄)2)kw̄v2w̄v̄

or

γ1(w, v) = w̄v2(w̄v̄)2 . . . w̄v2(w̄v̄)2

︸ ︷︷ ︸
k≥0 times

w̄v̄ = (w̄v2(w̄v̄)2)kw̄v̄

Clearly γi(w, v) is not primitive if k ≥ 1, that is, if a
b

/∈ {0
1
, 1

1
}. This completes the proof.

If K is trivial then ω(K) = |2a − b| = 0, so a = 1, b = 2, since gcd(a, b) = 1. Using the

same argument as in section 4.2, we have the following corollary.

Corollary 4.3.2. Ti bounds a solid torus in both sides if a
b

/∈ {0
1
, 1

1
, 1

2
}

Since n ≥ 2 is the number of times the meridian disk of V0 intersects the core of A′
0,

while b ≥ 0 is the number of times the meridian disk of Vγ0 , or equivalently, the circle γ0,
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intersects the core of A′
0, it follows that b = n ≥ 2, so the cases a

b
= 0

1
or 1

1
do not occur. In

section 4.5 we show that this graph pair is equivalent, in some sense, to the one in section

4.2, so the case a
b

= 1
2

was actually studied in the previous section.

4.4 The case ΓS = (2; 2, 0, 0, 0), ΓT = (1; 1, 1, 1, 1) is impos-

sible

Assume now that ΓS = (2; 2, 0, 0, 0), ΓT = (1; 1, 1, 1, 1). Let D1, D2, D3 be as in the previous

section. Then TB is a genus two handlebody. Here the two Scharlemann bigons D1, D2 of

ΓS are nonparallel in TB, so they constitute a complete disk system for TB, and since T

is separating, the remaining disk D3 is also nonseparating. Fig. 4.15 shows TB, K,D1, D2

and D3 up to homeomorphism.

Figure 4.15: K,D1, D2 and D3 in TB

The only two options for the word in π1(TB) represented by K are x2y2 and xyxy = (xy)2.

The latter is a power of a primitive element, so TB compresses along K and this implies

that T̂ is compressible, a contradiction. Thus K represents x2y2. Observe that K never

passes two consecutive times through the same black disk, so there are no parallelisms in

ΓT and ΓT = (1; 1, 1, 1, 1). We construct the white spectrum of ΓS in TB as before, focusing

on the boundary ∂Q of the white 4-gon Q in ΓS. Fig. 4.16 shows the circle ∂Q after a slight
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isotopy in ∂TB, while Fig. 4.17 shows both ∂Q and K after performing a full negative twist

around the left one-handle of TB.

Figure 4.16: K and ∂Q in TB

Since ∂Q represents the word xyxȳx̄ȳ in π1(TB) with respect to the standard complete

disk system Dx, Dy (see Fig. 3.1), it follows that the fundamental group of the manifold

TB ∪∂Q N(Q) is

〈x, y| xyxȳx̄ȳ = 1〉 ≈
〈
X,Y | X2 = Y 3

〉
,

where X = xy and Y = yxy. Therefore the manifold TB ∪∂Q N(Q) is homeomorphic to

the exterior of the trefoil knot, which by [6] admits a unique (up to orientation) embedding

in S3. Since, in the embedding of TB, ∂Q shown in Fig. 4.16, the circle ∂Q bounds a disk

in S3 \ intTB, it follows that the embedding of K in the figure, is the unique possible

embedding of K in S3. But then K is the trivial knot, which is not hyperbolic. This shows

that the given graph pair (ΓS, ΓT ) cannot be geometrically realizable in S3.

4.5 Isotopies between essential tori

Two pairs of graphs of intersection produced by twice punctured tori are said to be equiv-

alent if their geometric realization in S3 produce equivalent knot exteriors.

In this section we prove that the two possible cases for graphs of intersection ΓS =

(3; 0, 0, 0, 0), ΓT = (2, 2, 2, 0) and ΓS = (2; 2, 0, 0, 0), ΓT = (1; 2, 2, 0, 0) for hyperbolic knots

31



Figure 4.17: K and ∂Q in TB after the twist

with two toroidal surgeries at distance 3 are, in fact, equivalent. Thus, we can move freely

between the two realizable cases of graphs of intersection.

Let h be a proper arc on a disk face D of, say, ΓS with boundary on the edges of ΓS.

Replacing two small arcs of ΓS centered at ∂h with two parallel copies of h we obtain a

new graph Γ′
S obtained from ΓS by surgery along h.

Let X(S, T ) be obtained in XK from N(S, T, T0) by capping off its 2-sphere boundary

components with 3-balls. Let F be a face in ΓS and choose an arbitrary boundary compo-

nent ∂0F in F , consisting of edges {ei} and corners of vertices {ci,j}. Two edges ei, ej are

connected by a corner ci,j whose labels at its endpoints are +,− or −, +, according to the

orientation of ∂F . Then ∂0F ⊂ T ∪ T0 consists of edges ei, ej connected by spanning arcs

in T0 going from vertex + to vertex − or viceversa, according to ci,j.

Lemma 4.5.1. ∂0F is essential in ∂TB or ∂TW , for any face F and any boundary compo-

nent ∂0F in ΓS.

Proof. Proceed by contradiction and assume ∂0F bounds a disk D in, say, ∂TB. Isotope D

so as to intersect transversely with the two vertices + and −. The result is a graph ΓD in

D, with edges in {+,−} and endpoints in ∂0F (see Fig. 4.18). Choose an outermost edge e

in ΓD and cut D through e. We obtain a new disk D1 with boundary an edge ei and part

of a vertex + or −, but that is impossible, since all edges are essential in T .

32



Figure 4.18: The edges e1, e2 are not essential in T

Observe that the previous assertion may be generalized to graphs of intersection between

arbitrary surfaces Fa with an arbitrary number of boundary components na.

Lemma 4.5.2. Let K be a hyperbolic knot admitting two essential, separating twice punc-

tured tori S, T with boundary slopes at distance 3. Then ∂X(S, T ) is a union of tori.

Proof. By the previous sections, we see that either ΓS = (3; 0, 0, 0, 0), ΓT = (2, 2, 2, 0) or

ΓS = (2; 2, 0, 0, 0), ΓT = (1; 2, 2, 0, 0). X(S, T ) can be constructed by adding thickened

faes of ΓS to N(T ∪ T0), which has two boundary components of genus 2. In both graphs

of intersection, S has a disk face in each side of T . The boundary of such a disk is an

essential loop in T ∪T0 by the previous lemma. The addition of a 2-handle along this curve

compresses a genus two boundary component to one or two tori. It follows that ∂X(S, T )

is a union of tori.

Consider one of the components of ∂X(S, T ) containing the proper arc h on the white

4-gon face Q of S. We will find a proper arc k in the white side of T such that h ∪ k

cobound a disk D in TW (Fig. 4.19). Therefore we can isotope S through this disk D to

obtain a new surface S ′. The new intersection graph Γ′
S is obtained by surgery along h

and then Γ′
S = (3; 0, 0, 0, 0), like in section 4.2. In section 4.3 we proved that the circle ∂Q
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Figure 4.19: A ∂−compression disk in X(S, T )

represents a commutator, so it is a separating circle in ∂TB. Since this is also ∂TW , ∂Q

separates ∂TW .

Lemma 4.5.3. Let D be a proper surface in TW . If ∂D separates ∂TW then D separates

TW .

Proof. Every surface in intTW is nonseparating, so H2(TW ) = 0. The inclusion i : (D, ∂D) →

(TW , ∂TW ) induces a map between two long exact sequences of homology groups. Since ∂D

separates ∂TW the induced map i∗ : H1(∂D) → H1(∂TW ) is the zero map. Thus the map

between long exact sequences is as follows:

. . . → H2(TW ) = 0 → H2(TW , ∂TW ) → H1(∂TW ) → . . .

↑ ↑ i∗ ↑ 0

. . . → H2(D) = 0 → H2(D, ∂D)
≈
→ H1(∂D) → . . .

By exactness of the upper sequence, the map i∗ is also the zero map. Therefore D separates

TW .

The same exactness of sequences can extend this lemma, but we will not need that. This

gives that Q separates TW into two once-punctured tori and, up to homeomorphism, Q

is a waist disk of TW . One of the punctured tori contains the white annulus AW of the

graph ΓS. Since any two disjoint loops in a once-punctured torus are parallel, the boundary

components of the annulus are parallel in TW . In section 4.3 we proved this using the white

spectrum in T ′
B. Furthermore, we concluded that ∂AW is in the lid disjoint from α0. Since
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the latter circle is in the right side of TW separated by Q, we can draw AW in the left

side. Each boundary component consist of edges and one corner of a vertex in ΓS. Thus K

passes one time through each boundary component in TW . These loops represent a (p, q)

torus knot in the punctured torus, and since K is not primitive, |q| ≥ 2. Since Q is a

4-gon, |K · Q| = 4. In the other punctured torus, the two arcs must be parallel, either

because of ΓT or simply because the arcs in the other side are nonparallel. Moreover, each

arc must wind at least one time along the right solid torus, since otherwise the number of

intersection points between K and Q is not minimal in TW .

Figure 4.20: K in TW

Gathering these results, TW is like in Fig. 4.20, where for simplicity, K only winds one

time in the right solid torus. We need to label the edges according to ΓT . Observe that the

black annulus AB in ΓT is in the right side of TW and has the circle θ as its core. Clearly θ

is either a primitive or a power of a primitive loop in TW . Each component of AB consists

of the edges C,D,B and E and C,D must be parallel. With this, we label the edges as in

Fig. 4.20 and draw an arc h from B to E in Q and another arc k from B to E in AB. It is

easy to see that h∪ k bound a disk in TW iff θ is a primitive element; we just need to slide

the primitivity disk of θ through parallel copies of θ (see Fig. 4.21).

Since TW and TB have common boundary, after removing a companion solid torus V1 in
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Figure 4.21: A ∂−compression disk is equivalent to a primitiviy disk for α0

TB to obtain T ′
B, θ represents the word α0 in this manifold (see Section 4.3). To return to

the original manifold TB, we need to reattach the companion torus V1 in T ′
B. In the white

side, this represents the invert process: remove a solid torus which converts θ = α0 to a

primitive element in TW (see Fig. 4.22). Therefore there exists a ∂−compressible disk in

X(S, T ) between h and k and we can isotope S by performing a surgery on ΓS along h (see

Fig. 4.23). This proves:

Figure 4.22: α0 as part of TB, T ′
B and TW

Lemma 4.5.4. Suppose S, T are essential twice punctured tori in a hyperbolic knot exterior
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Figure 4.23: The arcs h and k in ΓS, ΓT respectively

in S3 which produce the graph pair ΓS = (2; 2, 0, 0, 0), ΓT = (1; 2, 2, 0, 0). Then S and T

may be isotoped so as to produce the graph pair ΓS = (3; 0, 0, 0, 0), ΓT = (2, 2, 2, 0).

Now assume ΓS = (3; 0, 0, 0, 0), ΓT (2, 2, 2, 0). Using a similar argument we prove that, in

fact the process can be reversed and this reduces to ΓS = (2; 2, 0, 0, 0), ΓT = (1; 2, 2, 0, 0) by

isotopies of S and T . By Lemma 4.5.2 ∂X(S, T ) is a union of tori. According to Fig. 2.2,

ΓT only has a white hexagon Q. Since ∂Q represents a commutator in ∂SW , it separates

∂SW . By the same argument of Lemma 4.5.3, Q separates SW and is thus a waist disk.

Since ΓS has only two families of parallel edges, each with weight three, we must have two

families of three parallel arcs each in ∂Q ⊂ SW . To construct K in ∂SW , we draw the

parallelism between three edges as in Fig. 4.24.

Figure 4.24: Parallelism in SW between three arcs in Q

Observe that by cutting SW by Q and these arcs we obtain two annuli. The endpoints

l1, l2 and l3, l4 lie in different annuli and in each case, they lie in one boundary component.
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Since Q separates SW , we need to join the endpoints l1, l2 and l3, l4 and since each pair lie

in one boundary component of an annulus, such arc must be parallel to the rest. Fig. 4.25

illustrate this, up to homeomorphism. We label the edges in SW as follows. Choose any

family of three parallel arcs in ∂Q and set them to {A,B,C}. Only one of these arcs forms

part of two bigons in SW . Label this arc as B, according to ΓS. The other family of arcs are

the edges {D,E, F}, and the edge D is uniquely determined by a similar argument. Orient

∂Q in SW and label the rest of the edges according to ΓT . Analyzing ∂Q in ΓT , the pairs

{A,F}, {C,E} appear consecutively, regardless of the orientation of ∂Q, thus for the two

annuli A0, A1 in ΓS we can construct arcs h0, h1 from A to E and from C to F respectively.

We can apply the same argument as in Lemma 4.5.4 since the cores of A0, A1 represent

powers of α0 or β0 and in this case we are reattaching companion tori in both circles in

S ′
B. Performing surgery on ΓS in either of these arcs gives ΓS = (2; 2, 0, 0, 0), due to the

symmetry given by formula (2.1). Fig. 4.26 shows the arcs h1, k1 in ΓT , ΓS, respectively.

We have proven:

Figure 4.25: The ∂−compression disks h0 ∪ k0 and h1 ∪ k1

Lemma 4.5.5. Suppose S, T are essential twice punctured tori in a hyperbolic knot exterior

in S3 which produce the graph pair ΓS = (3; 0, 0, 0, 0), ΓT = (2, 2, 2, 0). Then S and T may
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Figure 4.26: The arcs h1, k1 in ΓT , ΓS respectively

be isotoped so as to produce the graph pair ΓS = (2; 2, 0, 0, 0), ΓT = (1; 2, 2, 0, 0).

By the two previous lemmas we thus obtain:

Corollary 4.5.6. The graphs ΓS = (3; 0, 0, 0, 0), ΓT = (2, 2, 2, 0) and ΓS = (2; 2, 0, 0, 0),

ΓT = (1; 2, 2, 0, 0) are equivalent.

We will focus on ΓS = (3; 0, 0, 0, 0), ΓT = (2, 2, 2, 0) only because the classification of the

knots is simpler in this case. By the final remarks in section 4.2, we conclude that if a

hyperbolic knot K admits two essential twice punctured separating tori S, T in XK with

boundary slopes at distance 3 then K is equivalent to some K(a, b, n). To finish the proof

of Theorem 1.1 we need to define K(a, b, 0). We do this on the next chapter.
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Chapter 5

The knots K(a, b, n)

Here we give a classification of the knots K(a, b, n) introduced in section 4.2. In chapter 4

we proved that all hyperbolic knots K with two essential, separating twice punctured tori

with boundary slopes at distance 3 must be in K(a, b, n). Let γ0 = aα0 + bβ0, gcd(a, b) = 1

be as in section 4.2. By the remarks in that section we can assume b ≥ 2. We need to

choose a canonical homeomorphism of S ′
B to define K(a, b, 0). Each γ0 determines a frac-

tion a
b
∈ Q; as we will see, it is possible to use the theory of continued fractions to produce

the desired canonical homeomorphism of S ′
B. Below we give a brief exposition of continued

fractions; for a detailed exposition and the proofs of the following lemmas, see [11].

5.1 Continued fractions

Lemma 5.1.1. Any rational number a
b
, gcd(a, b) = 1 can be represented by a finite simple

continued fraction

a

b
= a0 +

1

a1 +
1

a2 +
1

. . . +
1

aN

,
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where each ai is an integer (i = 0, . . . , N) and, for i ≥ 1, ai is positive. The integers ai are

obtained by Euclid’s algorithm:

a = a0b + k1 (0 < k1 < b),

b = a1k1 + k2 (0 < k2 < k1),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

kN−2 = aN−1kN−1 + kN (0 < kN < kN−1),

kN−1 = aNkN ,

kN = 1

To make the notation shorter, we write a
b

= [a0, a1, . . . , aN ]. We call a0, a1, . . . , aN the

quotients of the continued fraction and

[a0, a1, . . . , an] (0 ≤ n ≤ N)

the nth convergent to [a0, a1, . . . , aN ]. These convergents are calculated easily by means of

the following lemma.

Lemma 5.1.2. Define pn, qn by

p−2 = 0, q−2 = 1, p−1 = 1, q−1 = 0, (5.1)

and, for 0 ≤ n ≤ N ,

pn = anpn−1 + pn−2, qn = anqn−1 + qn−2. (5.2)

Thus

[a0, a1, . . . , an] =
pn

qn

.

Observe that if a
b

= [a0, a1, . . . , aN ] then a = pN , b = pN .

Lemma 5.1.3. The convergents to a simple continued fraction [a0, a1, . . . , aN ] are in their

lowest terms; i.e., gcd(pn, qn) = 1 for 0 ≤ n ≤ N . The integers pn and qn satisfy

pnqn−1 − pn−1qn = (−1)n−1.
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We call

a′
n = [an, an+1, . . . , aN ] (0 ≤ n ≤ N)

the nth complete quotient of the continued fraction [a0, a1, . . . , aN ]. Hence

a

b
= a′

0 = a0 +
1

a′
1

or, more generally,

a

b
=

a′
npn−1 + pn−2

a′
nqn−1 + qn−2

(0 ≤ n ≤ N).

Lemma 5.1.4. If a
b

is representable by a simple continued fraction with an odd (even)

number of convergents, it is also representable by one with an even (odd) number.

Proof. Indeed, if aN 6= 1, it is easy to see that

[a0, a1, . . . , aN ] = [a0, a1, . . . , aN − 1, 1],

and if aN = 1, [a0, a1, . . . , aN−1, 1] = [a0, a1, . . . , aN−2, aN−1 + 1].

Apart from this ambiguity, the representation of a rational number with a continued

fraction is unique:

Lemma 5.1.5 ([11]). A rational number can be expressed as a finite simple continued

fraction in just two ways, one with an even and the other with an odd number of convergents.

In one form, the last partial quotient is 1, in the other it is greater than 1.

5.2 An algorithm for K(a, b, n)

We return to our analysis of the hyperbolic knots K in S3 with exterior XK admitting two

essential twice punctured separating tori with boundary slopes at distance 3. In chapter 4

we proved that such a knot K can be obtained from a genus two handlebody S ′
B by attaching

a 2-handle along a circle γ0 = aα0 + bβ0, a and b are integers with gcd(a, b) = 1, b ≥ 2.
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Figure 5.1: A homeomorphism for γ0 = 2α0 + β0 in S ′
B

Consider the circle γ0 = mα0 + β0. Fig. 5.1 shows the case m = 2. This loop is a

primitive element in π1(S
′
B). We can “lift up” 2 of the feet of the handlebody and start

a homeomorphism of S ′
B, by sliding one of the feet along γ0, and modifying the circles

α0, β0 accordingly. At the end of the homeomorphism, each lid T̃i is mapped into itself,

mα0 + β0 reduces to −α0, α0 and β0 are now β0 and −α0 − mβ0, considered as elements

in π1(T0) = Z ⊕ Z with basis {α0, β0}. Thus the homeomorphism yields an automorphism

Am : π1(T0) → π1(T0) represented by the matrix

Am =


0 −1

1 −m


 ,m ∈ Z

By abuse of notation, we will sometimes refer to the homeomorphism also as Am, if there

is no room for confusion.

Similarly, using the loop γ0 = α0 + nβ0 we produce a homeomorphism of S ′
B mapping

each lid onto itself, and the circles α0 + nβ0, α0, β0 to α0, α0 − nβ0, β0 respectively. Again,
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this induces an automorphism Bn : π1(T0) → π1(T0) with matrix representation

Bn =


 1 0

−n 1


 , n ∈ Z

Here we will also refer to the homeomorphism itself as Bm, if the context is clear enough

to distinguish it from the actual automorphism.

Thus the image of an arbitrary loop ζ = aα0 + bβ0 under any of the homeomor-

phisms above is given by matrix multiplication Am





a

b





 =


0 −1

1 −m





a

b


 =


 −b

a − mb


,

whereas Bn





a

b





 =


 1 0

−n 1





a

b


 =


 a

b − na


.

Our goal is to systematically apply these homeomorphisms on S ′
B so that the loop

γ0 = aα0 + bβ0 is reduced to either ±α0 or ±β0. After attaching the 2-handle along

γ0 we have K in the solid torus Vγ0 . In chapter 4 we showed that K is obtained by find-

ing the final images of the circles α0, β0 under this homeomorphism and adding a positive

full twist. Fig. 5.2 illustrate this when these images are the circles −2α0 − β0 and β0,

respectively.

By the above remarks, the concatenation of homeomorphisms translates into a compo-

sition of automorphisms at the π1(S
′
B) level, which in turn become matrix multiplications.

Let γ0 = aα0 + bβ0, gcd(a, b) = 1 be the attaching curve for the 2-handle. Recall that we

can impose b ≥ 2.

Let ⌊x⌋ be the greatest lower integer function and let [a0, a1, . . . , aN ] be the continued
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Figure 5.2: The process of drawing the images of α0, β0 and adding a positive full
twist to obtain K(a, b, 0) in S ′

B

fraction expansion for a
b
, with the quotients ai obtained from Euclid’s algorithm:

a = a0b + k1 (0 < k1 < b),

b = a1k1 + k2 (0 < k2 < k1),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

kN−2 = aN−1kN−1 + kN (0 < kN < kN−1),

kN−1 = aNkN ,

kN = 1,

kN+1 = 0,

where we can define k0 = b.

Lemma 5.2.1. If a0 6= 0, then

A(−1)nan
. . . A−a1Aa0





a

b





 =


 (−1)⌊

n+2
2

⌋kn

(−1)⌊
n+1

2
⌋kn+1



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for 0 ≤ n ≤ N .

In particular,

A(−1)NaN
. . . A−a1Aa0





a

b





 =


(−1)⌊

N+2
2

⌋

0




Proof. If n = 0 then

Aa0





a

b





 =


 −b

a − a0b


 =


−k0

k1


 =


(−1)⌊

0+2
2

⌋k0

(−1)⌊
0+1
2

⌋k1




Assume now that

A(−1)n−1an−1
. . . A−a1Aa0





a

b





 =


(−1)⌊

(n−1)+2
2

⌋kn−1

(−1)⌊
(n−1)+1

2
⌋kn


 ,

for 0 ≤ n < N . Then

A(−1)nan
. . . A−a1Aa0





a

b





 = A(−1)nan





(−1)⌊

n+1
2

⌋kn−1

(−1)⌊
n
2
⌋kn







=


 (−1)1+⌊n

2
⌋kn

(−1)⌊
n+1

2
⌋kn−1 − (−1)n+⌊n

2
⌋ankn


 =


 (−1)⌊

n+2
2

⌋kn

(−1)⌊
n+1

2
⌋kn+1


 .

The induction is complete.

Lemma 5.2.2. If a0 6= 0, then

A(−1)nan
. . . A−a1Aa0





0

1





 =


(−1)⌊

n+3
2

⌋pn−1

(−1)⌊
n+2

2
⌋pn




for 0 ≤ n ≤ N .

In particular,

A(−1)NaN
. . . A−a1Aa0





0

1





 =


(−1)⌊

N+3
2

⌋pN−1

(−1)⌊
N+2

2
⌋a



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Proof. We check the case n = 0 first.

Aa0





0

1





 =


 −1

−a0


 =


(−1)⌊

0+3
2

⌋p−1

(−1)⌊
0+2
2

⌋p0




Assume now that

A(−1)n−1an−1
. . . A−a1Aa0





0

1





 =


(−1)⌊

(n−1)+3
2

⌋p(n−1)−1

(−1)⌊
(n−1)+2

2
⌋pn−1


 ,

for 0 ≤ n < N . Then

A(−1)nan
. . . A−a1Aa0





0

1





 = A(−1)nan





(−1)⌊

n+2
2

⌋pn−2

(−1)⌊
n+1

2
⌋pn−1







=


 (−1)1+⌊n+1

2
⌋pn−1

(−1)⌊
n+2

2
⌋pn−2 − (−1)n+⌊n+1

2
⌋anpn−1


 =


(−1)⌊

n+3
2

⌋pn−1

(−1)⌊
n+2

2
⌋pn


 .

Lemma 5.2.3. If a0 6= 0, then

A(−1)nan
. . . A−a1Aa0





1

0





 =


(−1)⌊

n+1
2

⌋qn−1

(−1)⌊
n
2
⌋qn




for 0 ≤ n ≤ N .

In particular,

A(−1)NaN
. . . A−a1Aa0





1

0





 =


(−1)⌊

N+1
2

⌋qN−1

(−1)⌊
N
2
⌋b




Proof. Proceed by induction as usual. For n = 0 we have

Aa0





1

0





 =


0

1


 =


(−1)⌊

0+1
2

⌋q−1

(−1)⌊
0
2
⌋q0




Suppose now that

A(−1)n−1an−1
. . . A−a1Aa0





1

0





 =


(−1)⌊

(n−1)+1
2

⌋q(n−1)−1

(−1)⌊
n−1

2
⌋qn−1


 ,
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for 0 ≤ n < N . Then

A(−1)nan
. . . A−a1Aa0





1

0





 = A(−1)nan





 (−1)⌊

n
2
⌋qn−2

(−1)⌊
n+3

2
⌋qn−1







=


 (−1)1+⌊n+3

2
⌋qn−1

(−1)⌊
n
2
⌋qn−2 − (−1)n+⌊n+3

2
⌋anqn−1


 =


(−1)⌊

n+1
2

⌋qn−1

(−1)⌊
n
2
⌋qn


 .

For any two matrices


a

b


 ,


c

d


 , a, b, c, d ∈ Z, let

Am





a c

b d







denote the 2 × 2 matrix with columns the images in Am of


a

b


 ,


c

d


 in this order. By

Lemma 5.1.4, we can impose the condition N odd or N even. Let I denote the 2 × 2

identity matrix. Combining these results and the properties of the greatest lower integer

function, we have the result

Lemma 5.2.4.

A(−1)NaN
. . . A−a1Aa0(I) =





(−1)
N+2

2


−qN−1 pN−1

−b a


 N even, a0 6= 0

(−1)
N+1

2


qN−1 −pN−1

−b a


 N odd, a0 6= 0

We now classify the case a0 = 0. It is no surprise that the results and proofs are very

similar to the previous case.
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Lemma 5.2.5. If a0 = 0 then

A(−1)NaN
. . . Aa2Ba1





a

b





 =


(−1)⌊

N
2
⌋

0




A(−1)NaN
. . . Aa2Ba1





1

0





 =


(−1)⌊

N+3
2

⌋qN−1

(−1)⌊
N+2

2
⌋b




A(−1)NaN
. . . Aa2Ba1





0

1





 =


(−1)⌊

N+1
2

⌋pN−1

(−1)⌊
N
2
⌋a




Proof. All the statement are proved by induction and using the same argument as the

previous lemmas.

Again, by properties of the greatest lower integer function, we have the following

Lemma 5.2.6.

A(−1)NaN
. . . Aa2Ba1(I) =





(−1)
N
2


−qN−1 pN−1

−b a


 N even, a0 = 0

(−1)
N+3

2


qN−1 −pN−1

−b a


 N odd, a0 = 0

To make the notation shorter, let Ca
b

denote either A(−1)NaN
. . . A−a1Aa0 or A(−1)NaN

. . . Aa2Ba1 ,

according to the continued fraction of a
b
. Then the following corollary summarizes our pre-

vious results.

Corollary 5.2.7. Let γ0 = aα0 + bβ0. Let a
b

= [a0, . . . , aN ]. Then the homeomorphism Ca
b

49



maps γ0 to ±α0 and Ca
b
(I) is one of the following

(−1)
N+2

2


−qN−1 pN−1

−b a


 N even, a0 6= 0; (−1)

N+1
2


qN−1 −pN−1

−b a


 N odd, a0 6= 0

(−1)
N
2


−qN−1 pN−1

−b a


 N even, a0 = 0; (−1)

N+3
2


qN−1 −pN−1

−b a


 N odd, a0 = 0

By Lemma 5.1.3, all these matrices lie in SL2(Z). Note that, since any fraction has

an odd and an even continued fraction, for any loop γ0 = aα0 + bβ0, gcd(a, b) = 1 there

are two possible definitions for Ca
b
. Since b ≥ 2 only one of this expansions has a last

quotient aN different from 1. We set this Ca
b

as the canonical homeomorphism for the pair

(S ′
B, γ0) and its associated knot K as K(a, b, 0). Thus the knot K = K(a, b, 0) in Vγ0 is

obtained by taking the images of the circles α0 =


1

0


 , β0 =


0

1


 under the appropriate

Ca
b

and adding a full positive twist in the intersection point of the circles. Corollay 5.2.7

shows the four possibilities of these images according to the continued fraction expansion

a
b

= [a0, . . . , aN ]. Moreover, any two different homeomorphisms involved to transform γ0

to ±α0 will give a knot K(a, b, n), obtained from K(a, b, 0) by n full twists in Vγ0 . Hence

the previous continued fraction algorithm gives the same family of knots if the expansion

is even or odd. We have proven that K is equivalent to some K(a, b, n). This completes

the proof of Theorem 1.1.

Consider a matrix Ca
b
(I) in any of the 4 cases in Corollary 5.2.7. To this matrix we

can associate a knot K(a, b, n) as in the previous paragraph. It is easy to see that the

matrix −Ca
b
(I) produces the same knot K(a, b, n) but with its orientation reversed. By

our definition of equivalent knots, the two knots are equivalent. Thus we can disregard

orientations and work in the projective special linear group PSL2(Z) = SL2(Z)/{±I}. We

assume this in what follows. For any M ∈ SL2(Z), let M = {M,−M} denote its image in

PSL2(Z). The following corollary is then obvious.

50



Corollary 5.2.8. Let γ0 = aα0 + bβ0. Let a
b

= [a0, . . . , aN ]. Then the homeomorphisms

Ca
b

maps γ0 to ±α0 and Ca
b
(I) is one of the following


−qN−1 pN−1

−b a


, N even ;


qN−1 −pN−1

−b a


, N odd.

Given two loops ζ1 = cα0 + dβ0, ζ2 = eα0 + fβ0 in T̃0 such that

M =


c e

d f


 ∈ SL2(Z),

we can determine if these circles (modulo orientation) represent an element Ca
b
(I) yielding

a valid knot K with the aforementioned properties, for some fraction a
b
. We will see that

there is a symmetry in the constructions for a
b

and −a
b
, but first we need some preparatory

lemmas. Recall that one of the topological constraints is that b ≥ 2. This implies that the

continued fraction expansion for a
b

has N ≥ 1 quotients.

Lemma 5.2.9. Let 1 ≤ a
b

= [a0, a1, . . . , aN ]. Then 0 < b
a
≤ 1, with continued fraction

expansion [0, a0, a1, . . . , aN ]

Proof. Since a0 ≥ 1

b

a
=

1

a0 +
1

a1 +
1

. . . + 1
aN

= [0, a0, a1, . . . , aN ]

Lemma 5.2.10. Let a
b

= [a0, a1, . . . , aN ], N ≥ 1 and a1 ≥ 2. Then −a
b

= [−a0 − 1, 1, a1 −

1, a2, . . . aN ].

Proof. Let −a
b

= [b0, b1, . . . , bM ]. Let a′
1 = [a1, a2, . . . , aN ] be the first complete quotient of

the continued fraction. Since a1 ≥ 2, a′
1 ≥ 2. Thus a′

1 − 1 = [a1 − 1, a2, . . . , aN ] ≥ 1 and
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0 < 1
a′

1−1
≤ 1. By the previous lemma, 1

a′

1−1
= [0, a1 − 1, a2, . . . , aN ]. Since

−
a

b
= b0 +

1

b′1
= −a0 −

1

a′
1

= −a0 − 1 + 1 −
1

a′
1

and 0 < 1 − 1
a′

1
< 1, b0 = −a0 − 1 (note that this equality does not require a1 ≥ 2),

b′1 = 1 + 1
a′

1−1
= [1, a1 − 1.a2, . . . , aN ]. Therefore, −a

b
= [−a0 − 1, 1, a1 − 1, a2, . . . aN ].

Corollary 5.2.11. Let a
b

= [a0, a1, . . . , aN ], N ≥ 1 and −a
b

= [b0, b1, . . . , bM ],M ≥ 1. Then

either a1 ≥ 2 or b1 ≥ 2.

Proof. By the previous lemma, b0 = −a0−1, regardless of the value of a1. Write a
b

= a0+
1
a′

1

and −a
b

= −a0 − 1 + 1
b′1

. Then, after adding both terms and simplifying we get

1 =
1

a′
1

+
1

b′1
.

Thus either a′
1 ≥ 2 or a′

1 ≥ 2, which gives a1 ≥ 2 or b1 ≥ 2.

Lemma 5.2.12. Let a
b

= [a0, a1, . . . , aN ],−a
b

= [−a0 − 1, 1, a1 − 1, a2, . . . , aN ] and let

pn

qn

= [a0, a1, . . . , an], 0 ≤ n ≤ N ;

rm

sm

= [−a0 − 1, 1, a1 − 1, a2, . . . , am−1], 2 ≤ m ≤ N + 1.

Then

sn = qn−1, rn = −pn−1, 1 ≤ n ≤ N + 1

Proof. For n = 1 we have r1

s1
= [−a0 − 1, 1] = −a0, so r1 = −a0 = −p0 and s1 = 1 = q0. If

n = 2 then r2

s2
= [−a0 − 1, 1, a1 − 1] = −a0a1−1

a1
, so r1 = −a0a1 − 1 = −p1 and s2 = a1 = q1.

For 3 ≤ n ≤ N + 1 the nth quotient of −a
b

is the (n− 1)th quotient of a
b
. By the recursive

formula (5.2), the statement follows.

Corollary 5.2.13. By relabeling if necessary, we have

Ca
b
(I) =


−qN−1 pN−1

−b a


, C−a

b
(I) =


qN−1 pN−1

−b −a


 N even

Ca
b
(I) =


qN−1 −pN−1

−b a


, C−a

b
(I) =


qN−1 pN−1

b a


 N odd
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In all cases, Ca
b
(I) and C−a

b
(I) differ by a factor of −1 in the diagonal.

Proof. By the topological constraint b ≥ 2, the number of quotients N in any of these

continued fractions is at least one. Up to relabeling, the previous results show that

a

b
= [a0, a1, . . . , aN ],−

a

b
= [−a0 − 1, 1, a1 − 1, a2, . . . , aN ].

Let pn, qn, rn, sn be as in Lemma 5.2.12, so sn = qn−1, rn = −pn−1, 1 ≤ n ≤ N + 1. If N is

even then N + 1 is odd and viceversa. Assume first that N is even. Corollary 5.2.8 gives

Ca
b
(I) =


−qN−1 pN−1

−b a


, C−a

b
(I) =


qN−1 pN−1

−b −a


.

And if N is odd,

Ca
b
(I) =


qN−1 −pN−1

−b a


, C−a

b
(I) =


−qN−1 −pN−1

−b −a


 =


qN−1 pN−1

b a


.

Summarizing, let M =


c e

d f


M∗ =


−c e

d −f


 ∈ PSL2(Z). By Corollary 5.2.8, if M

represents some knot K(a, b, n) then a = ±d, b = ∓f . Since b must be positive, the fraction

a
b

is completely determined, so we just need to check the even and odd cases of Ca
b
(I) and

compare them with M . By the previous corollary, M represents the knot K(a, b, n) iff M∗

represents the knot K(−a, b, n).
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Chapter 6

Future Work

The final part of the previous section showed us that only certain elements in PSL2(Z) yield

knots K(a, b, n) with two twice-punctured tori with boundary slopes at distance 3 in their

exterior. It remains to determine in which cases such tori are essential in both the white

and black sides and finally, which knots in the family K(a, b, n) are hyperbolic. If the knot

K(a, b, 0) is trivial in S3 then the work of Motegi et al. [1] shows that K(a, b, n), obtained

by twisting the solid torus Vγ0 |n| ≥ 2 times has positive Gromov volume so K(a, b, n) is

either hyperbolic or a satellite knot. Further work must be done to discard that K(a, b, n)

is satellite. If K(a, b, 0) is nontrivial then a topological analysis may show that for a, b and

n large enough the tori S, T are essential in XK and K(a, b, n) is hyperbolic, as desired.

The hypothesis of the knot embedded in S3 was only used in two steps: when we showed

that the torus Ti bounds a solid torus on one side or the other in Section 4.2 and when

we embedded Vγ0 in S3 in a unique fashion (modulo full twists). It is possible to extend

our results to knots in arbitrary hyperbolic manifolds, but this task may turn to be quite

intricated.

The construction developed in chapters 4 and 5 are so general that they may be applied

to the case ∆ < 3, whenever a spectrum gives a proper disk in one of the sides of an essential

torus such that its boundary represents a commutator after, if necessary, removing suitable

companion tori (see sections 4.2, 4.3). Finally, the case that one of the essential torus has

more than two boundary components may be analized in a similar fashion, as long as the

other essential torus has still two boundary components.
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