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Abstract

Many statistical characteristics y = f(x1,...,2») are continuous, sym-
metric, and either concave or convex; examples include population vari-

ance
n
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S = — > p; - log(pi), and many other characteristics. In practice, of-
i=1

ten, we often only know the intervals x; = [z,,7;] that contain the

(unknown) actual inputs z;. Since different values z; € x; lead, in

general, to different values of f(x1,...,%,), we need to find the range

def . .
y = {f(z1,...,2n) : 1 € X1,...,Zn € Xn}, i.€., the maximum and the

minimum of f(z1,...,z,) over the box x; X ... X X,. It is known that
for convex functions, there exists a feasible (polynomial-time) algorithm
for computing its minimum, but computing its maximum is, in general,
NP-hard. It is therefore desirable to find feasible algorithms that compute
the maximum in practically reasonable situations. For variance and (neg-
ative) entropy, such algorithms are known for the case when the inputs
satisty the following subset property: [z,,T:] ¢ (z;,7;) for all i and j. In
this paper, we show that these algorithms can be extended to the case of
general symmetric convex characteristics.

1 Introduction

Many statistical characteristics y = f(z1,...,2,) are continuous, symmetric —
in the sense that

f(l'l,...,xi,1,$i,$i+1,...,$j71,$j,xj+1,.. .7l'n) =



f(xla ey L1, Xy L1y e v oy Lj—1y Ty Tjp 1y - - - 7£Un)

for all x1,...,x,, i, and 7 — and convex, i.e.,
flarzi+(1—a)-24,...,a- 2, +(1—a)-2)) <

a-f(x,...,zn) +(1—a)- f(2),...,2))

for all 1,...,2, and for all @ € [0,1]. Some characteristics are concave, i.e.,
f(a'x1+(170[)'x/13~-~7a'$n+(1*a)'w;1) >

a-f(x,.. . z0) +(1—a) f(2),...,2])

for all z1,...,x, and for all « € [0,1].
Examples of such characteristics include population variance

1 n
V:E~;xffE2

n n
(where E = % . le), Shannon’s entropy S = — > p; - log(p;), and many
P} i=1
others. Many important physical quantities outside statistics are also convex (or
concave); see, e.g., [1, 2, 13, 16]. Some of these convex or concave characteristics
are also symmetric.
In practice, often, we often only know the intervals x; = [z;,Z;] that contain
the (unknown) actual inputs z;; see, e.g., [12]. Since different values z; € x;
lead, in general, to different values of f(z1,...,2,), we need to find the range

- def
y:[yvy} é {f(xlw-'amn):mlExlw-wxnexn}a

i.e., the maximum y and the minimum g of f(z1,...,z,) over the box x; X
... X Xp; practical examples of such situations are given, e.g., in [10, 11, 14, 17].
It is known that for convex functions, there exists a feasible (polynomial-time)
algorithm for computing its minimum (see, e.g., [2, 15]), but computing its
maximum is, in general, NP-hard [15]; it is even NP-hard for population variance
[5, 6]. It is therefore desirable to find feasible algorithms that solve the maximum
in practically reasonable situations.

For variance [4, 8, 9] and entropy [7], such algorithms are known for the case
when the inputs satisfy the following subset property:

Definition 1 We say that intervals x1 = [21,T1], .- ., Xn = [&,,, Tn] satisfy the
subset property if [z, T;] ¢ (z;,7;) for alli and j.

This property makes sense, e.g., in the measurement situations when the
only information that we have about the (unknown) value z; of the measured
quantity is that it cannot differ from the measured value z; by more than the
bound A; provided by the manufacturer. In this case, possible values of z;



form an interval [Z; — A;, Z; + A;]. A measuring instrument can have different
accuracies on different parts of the scale, so values A; corresponding to different
measurement z; can be different; however, when we measure all the values
Z1,...,T, with the same measuring instrument, we cannot have two intervals
contained in each other.

In this paper, we show that these feasible algorithms can be extended to the
case of general symmetric convex characteristics, such as the higher even central

n

moments > (z; — F)?¢, where d = 2,3,... and generalized entropy functions

i=1
n
> 9(pi)-
i=1
In this generalization, we consider two cases: the case (similar to population
variance) where there is no constraint on the possible values of z;, and the
n

case (similar to entropy) where there is a constraint > z; = ¢ on the values

i=1
x; € X;; in the entropy case, the variables are probabilities p; and the constraint
n
i=1

2 Computing 7y

In this section, we solve the following problem: we know a symmetric convex
function f(z1,...,2,) (given as an algorithm or, equivalently, as a computer
program), and we know the intervals x; = [z;,T;] that satisfy the above subset
property. Our objective is to compute the value

y=max{f(x1,...,Zn): T1 EX1,..., Ty € Xp}.
A function f(x1,...,x,) is concave if and only if the function
fxy,.. . zy) def —f(x1,...,2,) is convex. Thus, if we know how to compute

the upper bound 7 for symmetric convex functions, we can compute the exact
lower bound y for symmetric concave functions, by first computing the exact
upper bound 7’ for the function f’(z1,...,%,), and then computing y = —7'.
Our algorithm (and algorithms presented in the following sectionsj calls the
function f several times. So, we can gauge the computation time required by

our algorithm by counting how many times it calls f.

Theorem 1 There exists an algorithm that computes the maximum ¥ of a given
symmetric convex function f(x1,...,2,) over a given box X1 X ... X X, for all
the cases in which the intervals x; satisfy the subset property; this algorithm:

e calls the function f n+ 1 times, and
e uses O(n -log(n)) computational steps in addition to these calls.
Comment. So, if the algorithm for computing the function f is feasible, i.e.,

requires a polynomial time ¢ < P(n) for some polynomial P(n), then computing
7 requires time < P(n) - (n+ 1) + O(n -log(n)) — i.e., also a polynomial time.



Algorithm. First, let us first describe the algorithm; it consists of the follow-
ing steps.

e First, we sort n intervals x; in lexicographic order
X1 Slex X2 Sleg - -+ Slex Xn,
where [a, @] <., [b,b] if and only if either a < b, or a = b and @ < b.
e Second, for each k from 0 to n, we compute

def _ _
Fk é f(glw"vgkvxlwklwu7xn)~

e Finally, we return the largest of n + 1 values F}, as 3.

Computational complexity. The above algorithm requires O(n - log(n))
steps for sorting (see, e.g., [3]), n + 1 calls to f (to compute n + 1 values
Fy,...,F,), and O(n) steps to find the largest of these n + 1 values. Thus,
the overall computational complexity of all the additional computational steps
(beyond the calls to f) is O(n -log(n)) + O(n) = O(n - log(n)).

Proof. Let us prove that this algorithm indeed computes 7. Let us assume
that the intervals x; are already sorted in lexicographic order.

1°. Let us first prove that in this order, the lower endpoints and the upper
endpoints are also sorted, i.e., z; < x,,; and T; <T;4 for all 4.

Indeed, the inequality z; < x,,, directly follows from x; <jex X;41 and the
definition of the lexicographic order. To prove that T; < T; 1, we will consider
two cases:

e the case when z; =z, ;, and
e the case when z; <z, .

In the first case, the desired inequality T; < T;y; follows from x; <jex Xji1
and the definition of the lexicographic order. In the second case, this inequality
follows from the subset property: indeed, if this inequality was not true, we
would then have Z; > ;41 and hence, [z;,,,Ti41] C (z;,T;) — contrary to the
subset property.

The statement is proven.

2°. To prove that the algorithm is correct, we must prove that the maximum
of the function f is attained at one of the points z = (z1,..., &y, Tht1,-- - Tn)
and, thus, that max f = Fj, for some £k =0,1,...,n.

Indeed, since f is a continuous function on a bounded closed set x; X ... X
x, € IR", its maximum is always attained at some point x = (z1,...,2,). Since
f is a convex function on a convex polyhedron x; X ... X x,, the maximum of
the function f is attained at one of the vertices of this polyhedron [2, 13, 16],



i.e., in this case, when each variable z; attains either the values z, or the value
Ti.

There may be several such vertices x at which the maximum is attained.
The coordinates z; of the maximizing point z may start with a sequence of

lower bounds z, ..., x;, or its first element x; may be an upper bound z; = 7
— in which case we can say that we have an initial sequence of lower bounds of
length 0.

Out of all maximizing vertices x, we choose a one with the largest length
of the starting sequence of lower bounds. We will denote this length by k; this
means that the chosen point s has the form s = (zy,..., 25, Tht1,.-.), 1€, it
starts with k lower bounds and then has an upper bound at the (k+ 1)-st place.

Let us prove, by reduction to a contradiction, that for this point s, all the
components s; for [ > k + 1 are upper bounds, i.e., that this point s has the
desired form © = (21, ..., 2k, Tkt1s-- - Tn)-

Indeed, let us assume that for some [ > k + 1, the component s; of the
chosen point is a lower bound: s; = z;. We will then show that there exists
another point s’ at which f also attains its maximum and which has a longer
starting sequence of lower bounds — which contradicts to our choice of s. We
will construct this new point s’ in two steps; on each step, we will keep all the
components of s unchanged, except for the (k + 1)-st and I-th components.

Our procedure for producing s’ will depend on the relation between the half-

widths of the intervals Xg+1 and x;. Let us denote the half-width of each interval

_ def T3 — ZL;
Xi:[gi,xi] byAlé Z2 Z.

2.1°. Let us first consider the case when Agi1 < Ay.

2.1.1°. Let us first prove that the maximum of f is also attained at an auxiliary

point

S// == (21, e ;gkazk.}.la Sk42y--+5,81—-1,Ly + 2Ak+1; Sl41y- s Sn)

(which differs from the original point s by only (k4 1)-st and I-th components).
Since Ag41 < Ay, we conclude that z, +2A,11 < T; and therefore, that the

point s” belongs to the original box x1 X ... X X,,.

Indeed, since the function f is symmetric, we conclude that f(s") = f(z"),
where 2" = (z,..., 2y, ) + 2041, 8k425 - -5 SI—1, Ly 1, 8141, - - -, Sp) 15 @ point
in which the (k+ 1)-st and I-th components of the point s” have been swapped.
(To avoid confusion, it should be mentioned that the point z” is a purely aux-
iliary point, it does not necessarily belong to the original box x; X ... X x,.)

The chosen point s can be represented as a convex combination of the points
s"” and 2. Indeed, since k + 1 < [, then, due to Part 1 of this proof, we have
Zp 1 < z;. If we add 2A,4; to both sides of this inequality, we conclude that
Trt1 < 27 + 2Ak41, hence, that

Tpyq S Tyr <2+ 28541



This means, in turn, that there exists a real value « € [0, 1] for which T, is a
convex combination of z; ; and Tp41 < 27 + 2854 1:

Tpi1 = g + (1 —a) - (2 +28841).
Subtracting both sides of this inequality from
Tpy1 + 2 = 2441 + (27 + 28p41),
we conclude that
r=a- (2 +280k41) + (1 — @) -2y

Since all other components of s, s”, and z” are identical, we get

s=a-s"+(1—-a) 2"
The function f is convex, hence f(s) < a- f(s"”)+ (1 — ) - f(z”). We already
know that (due to symmetry) f(z") = f(s"),so a- f(s")+(1—a) - f(z") = f(s")
and hence, f(s) < f(s").
By our selection of the point s, the value f(s) is the largest value of f in
the box: f(s) = max f(z). Since s” belongs to the same box, we thus have

f(s") < f(s) hence f(s") = f(s) = max f(z), i.e., the function f indeed attains
its maximum at the point s”.

2.1.2°. Let us now prove that the maximum of f is also attained at an auxiliary
point 8" = (zy,...,2,Zp 1, Sk42,...). This will contradict to our assumption
that k is the largest length of the starting sequence of lower bounds in an optimal
vector x.

Similarly to the previous part of the proof, since Agy; < Ay, we have x; <
x; + 2Ak+1 <7. Thus,

+ 2801 =02+ (1-0)-7
for some 3 € [0, 1], and therefore, s” = 3-s~ + (1 — 3) - sT, where

_ def .
s = (§17 s a£k7§k+178k+27 sy SI—1,L, Sl41, - - 'asn)a

+ def 7
8T = (Lyy e By Ty 1y Skg2s - -3 SI—15 Tl SI41y- -+ 5 5n)-

Since the function f is convex, we have f(s”) < - f(s7)+ (1 —3) - f(sT).

Since the function f attains its maximum at the point s”, we have f(x) <
f(s") for all x from the box, in particular, we have f(s7) < f(s”) and f(sT) <
f(s"). If we had f(s7) < f(s”) and f(sT) < f(s”), then we would be able to
conclude that f(s”) < B-f(s7)+(1—=0) f(sT) < f(s”) and f(s") < f(s") —a
contradiction. Thus, at least one of the values f(s~) and f(s™) must be equal
to the maximum value f(s”). We can thus take s’ € {s~,s"} to be equal to the
point for which f(s") = f(s").



Each of the points s~ and st has a starting sequence of lower bounds of
length > k + 1, which contradicts to our selection of the sequence s.

2.2°. To complete our proof, we must show that the same contradiction appears
when Ak+1 > A

2.2.1°. Let us first prove that the maximum of f is also attained at an auxiliary

point

8" = (Zyy o Thy Tt — 20, Skt 2y ooy 811, Tl Stly -+ Sn)

(which differs from the original point s by only (k+ 1)-st and I-th components).
Since Ap11 > Ay, we conclude that Ty — 24; >z, and therefore, that

the point s” belongs to the original box x; X ... X X,,.

Indeed, since the function f is symmetric, we conclude that f(s") = f(z"),
where 2" = (1,..., T, Tiy Sk12y -5 Si—1, Thp1 — 201, Si41,- -+, Sp) 1S & point in
which the (k 4+ 1)-st and I-th components of the point s” have been swapped.
(Similarly to Part 2.1.1 of this proof, the point z” is a purely auxiliary point, it
does not necessarily belong to the original box x1 X ... X x,,.)

The chosen point s can be represented as a convex combination of the points
s and z”. Indeed, since k + 1 < [, then, due to Part 1 of this proof, we have
Trpt1 < Ty Thus, Tip1 — 24; < Tq1 < 7;. This means, in turn, that there
exists a real value « € [0, 1] for which T is a convex combination of Ty 1 —24,
and 7;:

Tpy1 = Q- (f}ﬁ.l — 2Al) + (1 — a) - Iy.

Subtracting both sides of this inequality from
Try1 + 2y = (Tp1 — 280) + 7,

we conclude that
g =a-T+ (1 —a) Tk — 24).

Since all other components of s, s”, and z” are identical, we get

s=a-8"+(1—-a) 2"
The function f is convex, hence f(s) < « - f(s"”) + (1 —a)- f(z"). We already
know that (due to symmetry) f(z") = f(s”),so a- f(s")+(1—a)- f(z") = f(s")
and hence, f(s) < f(s").
By our selection of the point s, the value f(s) is the largest value of f in
the box: f(s) = max f(z). Since s” belongs to the same box, we thus have

F(s") < f(s) hence f(s") = f(s) = max f(z), i.e., the function f indeed attains
x

its maximum at the point s”.

2.2.2°. Let us now prove that the maximum of f is also attained at an auxiliary

point s = (zy,...,%y, Ly 41, Sk+2,-.-). This will contradict to our assumption

that k is the largest length of the starting sequence of lower bounds in an optimal
vector x.



Similarly to the previous part of the proof, since Ag;1 > Ay, we have 2, | <
Tpt1 — 28] < Tg41. Thus,

Tpp1 — 200 =Bz + (1= B) T
for some 3 € (0,1), and therefore, s = 3-s~ + (1 — 3) - sT, where

_ def .
s = (§17 v a£k7§k+178k+27 sy SI—1,L, Sl41, - - 'asn)a

4 def _
ST = (L, o s Zgs Thog 1y Skt 2y« + s SI—1y L)y SIfls -+ - » Sn)-

Since the function f is convex, we have f(s”) < 8- f(s7)+ (1 =08) - f(sT).

Since the function f attains its maximum at the point s”, we have f(x)
f(s") for all x from the box, in particular, we have f(s7) < f(s”) and f(s™)
f(s”). If we had f(s7) < f(s”), then, since 3 > 0, we would be able to
conclude that f(s”) < B f(s7)+ (1 —08)- f(s7) < f(s”) and f(s") < f(s") -
a contradiction. Thus, f(s7) must be equal to the maximum value f(s”). We
can thus take s’ = s7.

The point s’ = s~ has a starting sequence of lower bounds of length > k+1,
which contradicts to our selection of the sequence s.

<
<

In both cases Agt1 < A; and Agyg > Ay, we get a contradiction. Thus,
our assumption — that in the maximizing vector s, the longest sequence of lower
bounds z,,...,z; can be followed eventually by one of the lower bounds z;, [ >
k+1 —is false. So, the optimizing sequence s with the longest possible starting
sequence of lower bounds has the desired form s = (zq,..., 25, Tht1,-- -+ Tn)-
Hence, to find the maximum, it is sufficient to test all n 4+ 1 such sequences.

The theorem is proven.

Computing 7 for easy-to-revise functions. For the variance V', the above
algorithm requires n calls to computing V. Since computation of V' takes linear
time O(n), this means that the above algorithm requires time (n + 1) - O(n) +
O(n -log(n)) = O(n?).

In the case of variance, we can actually compute its upper bound faster,
in time O(n - log(n)). This can be done if we take into consideration that we
only need to compute variance for the points s(*) = (Zyy. e Ty Thog1y -5 Tn)
for k = 0,1,...,n. Computing V(5(?)) requires linear time; when we go from

5% to s+1) we only change a single component of the point s. If we keep the
n

det 1 = 2 1 .
values M = o ;xl and £ = o ;mz, then updating each of these two
values requires a constant number O(1) of arithmetic operations (independent
on n), and then computing V = M — E? also requires a constant number of
operations. Thus, overall, we need O(n) time to compute V(s(?)) and time
n-0(1) = O(n) to compute n values V(s(V)), ..., V(s(). So, overall, we need
time O(n) + O(n) + O(n -log(n)) = O(n - log(n)).

This idea can be applied to any situation in which the symmetric convex
function f(z1,...,x,) is easy-to-revise in the following precise sense.



Definition 2 We say that a function f(z1,...,z,) is easy-to-revise if there
exist auxiliary functions f1,..., fm and the following two algorithms:

e an algorithm for computing f that first computes the values of the auzxiliary
functions f1,..., fm and then uses these values to compute the value of f,
and

o an algorithm Af that revises the values of each auziliary function f; when
only one of the components x; changes, and then computes the new value
of f based on the updated values of f1,..., fm.-

Of course, this definition makes practical sense only when a revision algo-
rithm Af is faster than the algorithm for computing f. For example, for the
variance, computing requires time O(n), but an update requires a much smaller
time O(1).

The auxiliary functions do not have to be different from f: e.g., the mean
FE is also easy-to-revise, with f; = f.

For such functions, we get the following result:

Theorem 2 There exists an algorithm that computes the mazimum 7y of a given
symmetric convex easy-to-revise function f(xi,...,x,) over a given box x; X

. X X, for all the cases in which the intervals x; satisfy the subset property;
this algorithm:

e calls the function f once,
e calls the revision algorithm Af n times, and

o uses O(n -log(n)) computational steps in addition to these calls.

Proof. We have already proven, in Theorem 1, that the maximum of f is
attained at one of the points s*) = (z,,..., 2, Tps1,...,Tn) for k=0,1,... 7.
So, to find the desired maximum 7, we first apply the algorithm f and compute
the values of the auxiliary functions f; and of f for 59, Then, for each k from
1 to n, we apply the algorithm Af to revise the values of f; from x = s to
z = s, and compute f(s)).

Thus, we use one call of f to compute f(s(o))7 n calls to Af to compute n
values f(s(M), ..., f(s(™), and O(n-log(n)) additional steps to sort the interval
and to find the largest of the n + 1 values f(s(*)). The theorem is proven.

3 Computing 7 under the constraint % ri=c

i=1
In this section, we solve the following problem: we know a symmetric convex
function f(z1,...,z,) (given as an algorithm or, equivalently, as a computer
program), we know the intervals x; = [z;,Z;] that satisfy the above subset



n

property, and we know the number ¢ for which we should have > z; = ¢. Our
i=1

objective is to compute the value

n
yzmax{f(a:l,...,xn) BRG] EX1,..-,$nEXn,Z$i:C}.
=1

An example of such a problem is computing the maximum of negative entropy

—S under interval uncertainty about probabilities p;; in this case, ¢ = 1.
Similarly to the previous section, we can use the algorithms for solving this

problem to compute the exact lower bound y of a symmetric concave function

f(z1,...,x,) under the constraint > x; = ¢. Namely, we first compute the
exact upper bound 7’ of the function f'(x1,...,2,) = —f(x1,...,2,) under the
constraint Y z; = ¢, and then compute y = —7’. In particular, we can thus find

the exact lower bound for the entropy function under interval uncertainty.

Theorem 3 There exists an algorithm that computes the mazimum 7y of a given
symmetric convex function over a given boxr X1 X ... X X,, under the constraint
n

> x; =c, for all the cases in which the intervals x; satisfy the subset property;
i=1

this algorithm:

e calls the function f once, and

o uses O(n) computational steps in addition to these calls.

Comment. So, if the algorithm for computing the function f is feasible, i.e.,
requires a polynomial time ¢ < P(n) for some polynomial P(n), then computing
7 requires time < P(n) 4+ O(n) — i.e., also a polynomial time. In particular, for
Shannon’s entropy, P(n) = n, so we can compute its exact lower bound in linear
time.

Algorithm. The proposed algorithm is iterative. At each iteration of this
algorithm, we have three sets:

e the set I~ of all the indices 7 from 1 to n for we already know that for the
optimal vector z, we have x; = x;;

e the set I of all the indices j for which we already know that for the
optimal vector x, we have z; = T;;

e the set I = {1,...,n} — I~ — I" of the indices i for which we are still
undecided.
In the beginning, I~ = IT =@ and I = {1,...,n}. At each iteration, we also
update the values of two auxiliary quantities £~ e > z; and ET e > T;.
iel~ jer+
In principle, we could compute these values by computing these sums, but to

10



speed up computations, on each iteration, we update these two auxiliary values
in a way that is faster than re-computing the corresponding two sums. Initially,
since I= =17 =0, we take E~ = ET = 0.

At each iteration, we do the following;:

e first, we compute the median m of the set I (median in terms of sorting
o+ T
by & = =—);

e then, by analyzing the elements of the undecided set I one by one, we
divide them into two subsets X~ = {i : 7; < Z,} and X* = {j : 7; >
Tm};

e wecompute e” =FE~ + > z,andet =FEt + Y T

i€X— iexX+

e if e~ 4+ et > ¢, then we replace I~ with - UX~, E~ with e~, and I with

Xt

o if e~ + et +2A,, < ¢, then we replace IT with IT U X+, ET with et,
and I with X,

e finally, if e +eT < c < e +eT +2A,,, then we replace I~ with I~ U
(X~ —{m}), I with I UX™, I with {m}, E~ with e” —p ., and E*
with et.

At each iteration, the set of undecided indices is divided in half. Iterations
continue until we have only one undecided index I = {k}, after which we return,
as 7, the value of the function f(x1,...,z,) for the vector z for which z; = z;
forie I, x; == forj €It and x = c— E~ — E* for the remaining value k.

Comment. If some intervals x; are degenerate, i.e., X; = [;, x;], then we need
the following modifications to the above algorithm:

e first, as the initial set I, we take the set of all indices corresponding to
non-degenerate intervals;

e second, we pre-compute the sum e of all the exactly known values x;
(corresponding to degenerate intervals);

e third, on each iteration, instead of comparing ¢ with the sum e~ +e¥, we
compare ¢ with the sum e~ + et +e.

Computational complexity. At each iteration, computing median requires
linear time; see, e.g., [3]. All other operations with I require time ¢ linear in the
number of elements |I| of I: ¢t < C - |I| for some C. We start with the set I of
size n; on the next iteration, we have a set of size n/2, then n/4, etc. Thus, the
overall computation time is < C'-(n+n/2+n/4+...) < C-2n, i.e., linear in n.
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Proof. Let us prove that this algorithm indeed computes 7.

1°. Due to the subset property, as we have shown in the proof of Theorem 1,
we can sort the intervals [z;,T;] in lexicographic order, in which case their lower
endpoints z;, their upper endpoints T;, and their midpoints z; are also sorted:
z; <2y, Ty < Tig1, and T; < T4 Let us thus assume that the intervals are
thus sorted.

Since f is a continuous function on a bounded closed set

(xlx...xxn)ﬂ{x:in:c}, (1)
i=1

its maximum is always attained at some point = (z1,...,z,). Since f is a
convex function on a convex polyhedron (1), the maximum of the function f is
attained at one of the Vertices of this polyhedron. Points on the polyhedron are

determined by the equality Z x; = c and by 2n inequalities z; < x; and x; < T,

1=1,2,...,n. A vertex is Where n of the original equalities are inequalities are
equalities. Slnce we already have one original equality, this means that we must
have n — 1 inequalities turn to equalities, i.e., that for at least n — 1 values x;,
we must have x; =z, or x; = T;.

So, the maximum ¥ is attained when for n — 1 out of n variables x;, we have
either z; = z; or z; = 7;.

2°. To prove that the algorithm is correct, we must prove that the
maximum of the function f is attained at one of the points =z =

(Zyy-- 3Tp_15 Tk Tht1, - - -, Tp); here, the value z;, € [xk,fk] can be uniquely
k=1
determined from the condition Z x;=casc— Yy, x; — Z T;.
i=1 =1 i=k+1
Indeed, we have already proven that the maximum is attained at one of the
vectors © = (z1,...,%y,) at which > n — 1 values z; take endpoint values z; and
T

There may be several such vertices x at which the maximum is attained.
Out of all such maximizing sequences, we choose a one with the largest length
of the starting sequence of lower bounds. Let us denote this largest length by
k—1.

If there are several such sequences, with the same (largest) length of the
starting sequence of lower bounds, then for each of these sequences =, we can
find the largest value [ for which x; # T;. We will then select the sequence for
which this index [ is the smallest possible. In other words, we have s; = Z; for
all o > L.

Let us denote the selected sequence by

s = (glw"7£k7178ka"'78l7§l+17”'7xn)'

We will prove, by reduction to a contradiction, that this sequence s has the
desired form s = (21, ..., L1, Thks Tht1s -+ Tn)-

12



Indeed, let us assume that the selected sequence s does not have this form.
This means that s; # T; for some t > k + 1. We have already denoted the
largest index with this property by [. This means that s; # §; for this value [,
and s, = T, for all u > [.

Since s; € [z;,T;], we conclude that s; < 3.

According to our choice of the sequence s = (z4,...,2Z5_1, Sk, - . -), the value
k—1 is the largest possible length of the starting sequence of lower bounds. This
means that the k-th element s; of this sequence is not a lower bound: si # x.
Since s, € xj, we thus have s > ;.

Similarly to the proof of Theorem 1, we can conclude that since f(x1,...,z,)
is a symmetric convex function and s is maximizing sequence, with f(s) = 7,
we get f(s') =7 for

S = (Tyy TSk — D Skt1y ey S1-1,851 + A, Tys1, .o, Tp)
for every A > 0 for which s — A > z;, and 5, + A < 7.

We will construct the vector s’ corresponding to the largest possible A. The
largest value A for which the first inequality holds is s — x;, the larger value
A for which the second inequality holds is Z; — s;. Thus, the largest possible
value A for which both inequalities hold is A = min(sy — z,Z; — s1). Let us
consider two possible cases.

If s, — z;, < T; — 51, then we take A = s, — z,, and conclude that f(s') =7,
where

8 =Ty T 1y Thoy Skl e v+ s S1—15 81 + A, Tyg1y -+, Tp)-

In other words, we would then get a maximizing sequence s’ that starts with k
lower bounds. This would contradict to the our selection of k — 1 as the largest
length of the starting sequence of lower bounds in a maximizing sequence.
If s —x, > T; — 51, then we take A = T; — s; and conclude that f(s') =7y
for
8 = (Zyy T 1Sk — D Skt SI—15 Tl Tit1s- -+ Tn)-

In this maximizing sequence, the largest non-upper bound is < [ — which con-
tradicts to our selection of s as the sequence for which the index of the largest
non-upper bound is the smallest possible.

So, we get a contradiction in both cases. This proves that the selected
sequence s indeed has the desired form.

3°. For the resulting vector © = (Zy,...,Zp_1, Tk Thtl,---5Tn), With z; <

n
xp < Ty, the condition Y x; = ¢ implies that Xy < ¢ < Xjp_1, where X def

=1

k n
Sa,+ > T;. When we go from X to X;41, we replace a larger value Tj1
i=1 j=k+1
with a smaller value z;,_, ;, hence X > ¥4 1. Thus, there has to be exactly one
kmax for which X < e < ¥p_;.

So, if we have X,,, > ¢, this means that the value kp.x corresponding to the
maximum of f is > m; hence for all the indices < m, we already know that in

the optimal vector x, z; = z;. Thus, these indices can be added to the set I~.
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If ¥,,-1 (= Zm + 2A,,) < ¢, this means that the value ki, corresponding
to the maximum of f is < m; hence for all the indices > m, we already know
that in the optimal vector x, x; = T;. Thus, these indices can be added to the
set IT.

Finally, if ¥,, < ¢ < X,,_1, then this m is where the maximum of the
function f is attained.

The algorithm has been justified.
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