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Abstract 
This study employs duality theory to develop a theoretical model for small 
commercial and industrial (CIS) electricity usage. The CIS production func-
tion is posited such that output is a function of three variable inputs (electric-
ity, natural gas, and labor) and one fixed input (capital). A profit function 
dual to this production function is specified using a normalized quadratic 
functional form. CIS profits are functionally dependent upon output price, an 
electricity input price, and natural gas and labor input prices for a fixed quan-
tity of capital. The derived input-demand equation results from differentiat-
ing the profit function with respect to the price of electricity. The in-
put-demand equation for electricity is dependent upon the own-price of elec-
tricity, the CIS output price, and input cross-prices. The model may be of use 
to utilities and regulators for the analysis of CIS electricity usage. 
 

Keywords 
Duality Theory, Derived Demand, Electricity, Small Industrial  
and Commercial 

 

1. Introduction 

Because of the importance of electricity in modern economies, substantial re-
search is devoted to the analysis of electricity usage. Historically, residential 
consumption patterns have been extensively researched with comparatively less 
attention devoted to small industrial and commercial (CIS) demand. CIS usage, 
defined here as usage that does not exceed 600 kilowatts in any two consecutive 
months, represents a large portion of total electricity consumption and deserves 
more scrutiny [1] [2]. By extension, relatively few studies develop theoretical 
frameworks for analyzing CIS electricity usage. 
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It is helpful for regional utilities and regulatory agencies to understand how 
changes in economic conditions affect CIS electricity consumption. Regional 
economic growth frequently mandates additional generation capacity invest-
ments [3] [4]. There is no set manner in which regional CIS usage patterns be-
have, so that process likely to exhibit substantial heterogeneity across different 
public utilities [5]. 

This study proposes a theoretical approach for the analysis of CIS electricity 
consumption. Duality theory and derived demand are employed for specifica-
tion of the input-demand equation for electricity. Sectorial output supply func-
tions also result within this framework, but the focus of this effort is CIS usage of 
electricity as an input into production. Derived demand refers to demand that 
results for one good as a result of demand for another product. As shown below, 
partial differentiation of the profit function with respect to the price of electricity 
yields the input demand equation. 

The rest of the study is organized as follows. Section 2 provides a review of re-
lated energy and microeconomic studies. Section 3 summarizes the model that is 
developed. Section 4 concludes with suggestions for future research. 

2. Literature Review 

Much of the prior research using duality theory and derived input demand has 
been for use in agricultural economics. In this effort, a normalized quadratic 
functional form for the underlying profit function dual to a production function 
is used to describe CIS usage for electricity as derived demand [6] [7] [8] [9] [10]. 
Duality theory posits the existence of a profit function dual of a production 
function in a manner that conforms with firm profit-maximizing behavior [6]. 
The dual approach assumes profit-maximizing firms are price-takers and oper-
ate in a perfectly competitive market [11] [12]. For small industrial and com-
mercial firms, these are reasonable assumptions. 

The quadratic functional form is widely used in empirical research of the dual 
approach [11] [12] [13]. Thompson and Langworthy [14] illustrate that identical 
results for the primal and dual approach are obtained only if the flexible func-
tional form is self-dual, such as the quadratic functional form. Lusk, Feather-
stone, Marsh, and Abdulkadri [15] empirically examine the dual relationship 
between the parameters of the normalized quadratic production function, the 
unrestricted profit function, and the restricted profit function. Because the esti-
mated quadratic functional form matches the data-generating process, the elas-
ticity estimates from the production, unrestricted profit, and restricted profit 
functions produce similar results [15]. The use of quadratic flexible functional 
form also allows for the estimation of own-price, cross-price, and output-price 
elasticities subject to minimal a priori restrictions [6]. 

A normalized quadratic restricted profit function is used to derive a model of 
CIS electricity demand using one output, three variable inputs, and one fixed 
input. A profit function, as opposed to a cost function, is utilized because it is 
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simpler to estimate and no endogenous variables are needed as explanatory va-
riables [16]. Input prices are normalized prior to specification and estimation to 
impose homogeneity [11] [15]. 

This effort attempts to model CIS electricity usage within a formal analytical 
context. The model developed in the next section is based upon duality theory [6] 
[7]. Electricity usage by the CIS rate class is ultimately specified as a derived in-
put demand function [11]. 

3. Theoretical Framework 

The first step in developing a demand function using duality theory is to specify 
a production function. Electricity demand is derived demand, meaning it is used 
as an input in the commercial and industrial sector as a factor of production in 
the output of final goods and services [11] [17] [18]. As the demand for those 
goods and services increases, CIS electricity consumption should increase in re-
sponse [6] [7] [17]. A general production function using iX  variable inputs 
and a KZ  fixed input is illustrated in Equation (1). The fixed input may vary in 
the long-run, but not in the short-run production period [11] [13]. Output (Q) is 
expressed as a function of three variable input quantities, iX : electricity ( EX ), 
natural gas ( GX ), and labor ( LX ), and one fixed input quantity, capital ( KZ ) in 
Equation (2). The production function is assumed to be concave, non-negative, 
continuous, smooth, and monotone [11]. 

( );i KQ f X Z=                           (1) 

( ), , ;E G L KQ f X X X Z=                       (2) 

CIS demand for electricity as an input is derived from CIS output using a re-
stricted profit function [6] [7]. The profit function is hypothesized to be dual to 
the production function. CIS firms are assumed to be price-takers in the input 
and output markets and operate in a competitive market, where only normal 
profits result in the long run [11]. 

CIS firms maximize profit by choosing the quantity of output supplied, Q, and 
the quantities of the three variable inputs, ( , ,i E G LX X X X= ). Output price and 
the variable input prices ( , , ,i Q E G LP P P P P= ) are exogenously determined [9] 
[11]. In addition to exogenous input and output prices, CIS firms are restricted 
in the use of capital input ( KZ ) [9]. Derived demand for electricity as an input is 
a function of output price, its own price, and the prices of natural gas and labor, 
given a fixed quantity of capital, as shown in Equation (3) [19]. Equation (4) is 
the profit maximization decision. 

( );i Kf P ZΠ =                          (3) 

( ) ( ){ }T
,, , , ; max ; , ;

iQ E G L K X Q Q i i i KP P P P Z P Q P X Q X Z TΠ = ∗ −       (4) 

The normalized quadratic functional form is the most appropriate means for 
the specifying the restricted profit function as shown in Equation (5) [7] [8] [20]. 
The normalized quadratic functional form satisfies most of the assumptions of 
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demand theory. A comprehensive description of the restricted profit function is 
offered by Lau [21]. For the normalized quadratic restricted profit function to be 
theoretically valid, Equation (6) must be non-negative, convex, continuous, and 
homogeneous of degree one in output and input prices, and concave and conti-
nuous in the fixed input [11] [22] [23]. Furthermore, regularity conditions and 
symmetry conditions for ij jiβ β=  are imposed on the profit function [15]. 
Output and input prices, iP , are normalized before specification and estimation 
[11] [15] [20]. 

( ) 4 4 4 421 1;
2 2i K i i K K ij i j KK K iK i Ki i j iP Z P Z PP Z PZβ β β β βΠ = + + + +∑ ∑ ∑ ∑  (5) 

( ) 2

2 2 2

2

1, , , ;
2Q E G L K Q Q E E G G L L K K QQ Q

EE E GG G LL L QE Q E QG Q G

QL Q L EG E G EL E L GL G L KK K

QK Q K EK E K GK G K LK L K

P P P P Z P P P P Z P

P P P P P P P

P P P P P P P P Z

P Z P Z P Z P Z

β β β β β β

β β β β β

β β β β β

β β β β

Π = + + + + + 

+ + + + +

+ + + + + 
+ + ++

(6) 

Based on Hotelling’s lemma, the profit function is differentiable on output 
and input prices. Differentiation of Equation (6) with respect to EP  using Ho-
telling’s lemma yields the negative input-demand function for electricity or  

( ) *;i K
E

E

P Z
X

P
∂Π

= −
∂

. Because the focus of this paper is CIS electricity demand,  

only the input-demand function for electricity is explicitly derived in Equation 
(7). The input-demand function is homogeneous of degree zero in prices, and 
symmetry constraints result for the coefficients of Equation (7) such that 

ij jiβ β=  [11]. 

( ) *;i K
E E EE E QE Q EG G EL L EK K

E

P Z
X P P P P Z

P
β β β β β β

∂Π
− = = + + + + +

∂
    (7) 

Finally, the own-price, cross-price, and output-price elasticities of electricity 
demand are extracted from the derived input-demand function. Reciprocity 
constraints, also known as symmetry conditions, are imposed on the derivatives  

of the input-demand function, so that 
**
ji

j i

XX
P P

∂∂
=

∂ ∂
. One advantage of deriving  

demand equations from flexible functional forms using duality theory is that the 
elasticities of demand are subject only to those restrictions implied by economic 
theory [7]. The own-price elasticity of electricity demand is defined in Equation 
(8). If jP  is the price of the other inputs, the cross-price elasticities of electricity 
demand with respect to the price of natural gas and the wage rate are defined in 
Equation (9) for the sample means. Equation (10) defines the output-price elas-
ticity of electricity demand with respect to QP  at the sample means. 

( )
*

, *E E
E E E

X P EE
E E E

X P P
P X X

ε β
∂

= ∗ = −
∂

                   (8) 
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( )
*

, *E j

j jE
X P Ej

j E E

P PX
P X X

ε β
∂

= ∗ =
∂

                  (9) 

( )
*

, *E Q

Q QE
X P QE

Q E E

P PX
P X X

ε β
∂

= ∗ =
∂

                 (10) 

The own-price elasticity coefficient is hypothesized to be negative, meaning an 
increase in the price of electricity will reduce CIS electricity consumption. The 
signs of the cross-price elasticity estimates are ambiguous, depending on wheth-
er electricity and natural gas and labor are substitutes or complements. If elec-
tricity and the alternate inputs are substitutes, an increase in the prices of those 
inputs will increase the demand for electricity, resulting in positive elasticity 
coefficients. If electricity and the inputs are complements, an increase in the 
prices of those inputs will decrease the demand for electricity, resulting in nega-
tive elasticity coefficients. 

The analytical framework developed herein provides a logical starting point 
for empirical analyses of CIS electricity usage. Doing so will require collecting a 
combination of electric utility data and broader economic measures. Data as-
sembly will require some effort, but should prove manageable for many regions 
and/or nations. Whether econometric evidence is eventually compiled that con-
firms the usefulness of the approach, of course, remains to be seen. 

4. Conclusions 

Small commercial and industrial (CIS) electricity represents a large percentage 
of total loads for many electric utilities. In spite of that, CIS demand has histori-
cally received far less attention than residential usage. A natural step toward ad-
dressing that gap in the energy economics literature is development of a formal 
modelling construct. This study attempts to do that. 

The duality theory framework employed here specifies a CIS production func-
tion where output is expressed as a function of three variable input quantities 
(electricity, natural gas, and labor) and one fixed input quantity (capital). The 
dual to this production function is a profit function. A normalized quadratic 
functional form characterizes the restricted profit function. The profit function 
is a function of an output price, an electricity price, and the prices of natural gas 
and labor, given a fixed quantity of capital. Using Hotelling’s lemma, the in-
put-demand equation is derived by differentiating the profit function with re-
spect to the price of electricity. From the input-demand equation for electricity, 
the own-price, output-price, and cross-price price elasticities are derived. 

Estimation of the derived input-demand equation above and should yield re-
liable, comparable results for regional electric utility empirical research. One 
advantage of duality theory is the capability to derive an input-demand equation 
consistent with profit-maximizing behavior. Although endogeneity may come 
into play, a similar approach based on cost-minimizing behavior can likely be 
developed for cases involving publically owned utilities. The dual approach in-
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cludes all the elements of prior studies that use simpler models [17]. However, 
the dual approach also includes inputs such as labor and capital in the in-
put-demand equation, previously ignored by many studies. A less-robust ap-
proach might exclude these and other important, explanatory variables. The ap-
proach employed in this effort is one that seems to merit testing using data from 
electric utilities and metropolitan, regional, or national economies. 
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