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Abstract

The complex interaction between fluids and structures require the coupling the laws con-

cerning structure mechanics and fluid dynamics and are of vital importance to many sci-

entific and engineering fields. We propose a method for modeling the coupling of a linearly

elastic solid and slow fluid flow modeled by Stokes equations. The model equations are ex-

pressed in terms of displacement, velocity and stress. With these primary variables, we use

a single mixed finite element space based on the Hellinger-Reissner variational principle for

linear elasticity to discretize the resulting system spatially. This results in more accurate

approximations for stress than those obtained by using standard finite element methods

followed by post processing and simple imposition of the interface conditions. Although

the solid and fluid subproblems using this mixed form have been studied separately, to our

knowledge, a fluid-structure interaction (FSI) problem has not been studied using these

models.

In this dissertation, we first discuss the linear elasticity and fluid flow models separately.

This includes an improvement to the proved convergence rate of a nonconforming mixed

finite element method originally discovered by Arnold and Winther [MATHEMATICAL

MODELS & METHODS IN APPLIED SCIENCES,13 ,3, March 2003] for the steady state

problem with certain boundary conditions. Also a description of the special attention

required to obtain approximations to the initial conditions for the fluid model is required

to make use of a second order in time discretization.

A fully discrete implicit in time model is presented for the complete FSI problem. A

priori error estimates are derived for all primary variables. These error estimate show a

unfavorable effect caused by the presence of an interface. However, this effect may be not

be noticeable when compared with the approximation properties of the mixed finite element

space chosen for spatial discretization of the problem. Numerical results using conforming

and nonconforming finite element spaces are provided for the interaction problem.
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Chapter 1

Introduction

Considering the interaction between a fluid and a deformable solid is crucial in many engi-

neering applications and scientific fields. These so called fluid-structure interaction (FSI)

problems require the coupling of laws concerning structure mechanics and fluid dynamics.

Therefore these problems are often complex.

The specific solids and fluids considered can vary greatly by application. For example,

in civil engineering, the solids considered may include bridges or high-rise buildings, while

the fluid of interest is wind [60, 97]. In aerodynamics, the study of the movement of air

and its interaction with solid objects moving through it, the solids may be parts of aircraft

[39, 41] or parachutes [68], while the fluid is the surrounding air. Similarly, the motion

of a ship’s hull through water is of interest in hydrodynamics [94]. Sedimentation studies

the motion of solid particles, such as sand or rocks, as they fall through a fluid, such as

water, under their own weight [74, 90]. The interaction between a fluid and solid also has

application to the biomechanical engineering field. For example, in [37, 57] the interaction

between a viscous fluid, such as blood, and solids such as blood vessels or various parts of

the heart are considered and in [14] applications to cerebral hemorrhages are considered.

Neglecting to consider the interaction can lead to unintended consequences. One famous

example of this is the collapse of the Tacoma Narrows bridge in 1940 [76]. This failure was

due to an interaction with wind that caused resonance in the bridge. Other failures are

possible when fluid-structure interactions are not considered. For example, wear on the

structure due to the the fluid-structure interaction may cause failures.

Since the interactions between different fluids and structures are often very complex,

laboratory experiments may be limited by expense and practicality. Therefore, to study
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these interactions, mathematical model equations are written to describe the movement of

the solid material and the fluid and the interaction between them as partial differential

equations. Analytic solutions to the resulting systems are rarely available. Therefore good

computational algorithms are crucial to understanding physical phenomena and improving

designs.

The remainder of this introduction begins with a brief explanation of model equations

for the fluid and solid to be considered in this dissertation. This is followed by an overview

of the current methods used to solve FSI problems. Finally, there is a synopsis of the

method studied in this dissertation and an outline of the remaining chapters.

1.1 Fluid-Structure Interaction Model

The FSI model in this dissertation will be described by considering the solid and fluid

subdomains first, then including some coupling conditions. Let Ωf be a fluid domain in

R2 and Ωs be a solid domain in R2. The common boundary shared by the solid and fluid

subdomains is referred to as the interface, which we denote as Γ. Figure 1.1 shows a simple

representation of this domain.

In the solid subdomain, we will be considering an isotropic linearly elastic structure.

These linear assumptions are that the material will undergo only small deformations and

will not yield or break. The elastodynamic, or time dependent, behavior of these objects

will be considered. A detailed description of the physical derivation of the model equations

for elasticity is provided in Chapter 2.

For the fluid, we will consider the slow flow of a viscous fluid. This flow is described

by the time-dependent Stokes equations. More details about the physical derivation of this

model are provided in Chapter 3. Along the interface, we enforce the continuity of velocity

and the normal component of stress between the solid and fluid subdomains.

As the interface conditions involve stress, the model equations in both subdomains will

be written so that stress is a primary variable. For the elasticity subdomain, the numerical

2



Ω𝑓

= Solid RegionΩ𝑠

= Fluid Region

Γ = Interface

𝒏𝑓

𝒏𝑠

Figure 1.1: Model domain.

method is based on the Hellinger-Reissner principle. For the fluid subdomain, the work of

Carstensen et. al [27], which uses the stationary Stokes equations, is extended. The authors

note that the Stokes equations are a limit case of the elasticity equations when expressed

in a particular way. Therefore, mixed finite element methods (MFEMs) developed for the

linear elasticity equations can also be used with the Stokes problem. That is, we can use the

same MFEM in the entire domain. Additionally, using a MFEM results in more accurate

approximations for stress than would be obtained by using a standard finite element method

and post processing.

Below, the mathematical model is expressed while details on how this model is derived

from the traditional forms will be withheld until later in Chapters 2 and 3. Consider the

system

ρsutt −∇ · σs = fs in Ωs, (1.1a)

Aσs − ε(u) = 0 in Ωs, (1.1b)

ρfvt −∇ · σf = ff in Ωf , (1.1c)

A∞σf − ε(v) = 0 in Ωf , (1.1d)

3



where u is the solid displacement, v is the fluid velocity, σs is the solid stress, and σf is the

fluid stress. Here and throughout this work, ε(u) = 1
2

[
∇u+ (∇u)T

]
, A is a symmetric

fourth order bounded and positive definite elasticity tensor and A∞ is the deviatoric stress

tensor. The tensors A and A∞ are associated with elasticity and fluid flow and will be

explained in greater detail in later chapters. Note that equations (1.1a) and (1.1b) describe

the elastic solid and will be discussed in detail in Chapter 2, while equations (1.1c) and

(1.1d) describe the fluid flow and will be discussed in Chapter 3.

Along the interface Γ the following no-slip conditions will be imposed

ut = v on Γ

σs · ns = −σf · nf on Γ.

where ns is a unit vector normal to the interface directed out of the solid domain and

similarly nf is the unit normal vector directed out of the fluid domain. Alternatively, some

authors consider slip boundary conditions in which the fluid is allowed to slip over the

surface, see for example [11, 70].

1.2 Overview of Numerical Methods for Fluid-Structure

Interaction Problems

As analytic solutions to the model equations for complex FSI problems are rarely available,

numerical procedures for solving FSI problems have been extensively studied. Overviews of

methods available can be found, for example, in [22, 42, 56, 92]. These numerical solutions

are often classified in several ways. They are classified based on the solution approach as

partitioned or monolithic. This distinction is described in more detail in the following

section.

FSI solution procedures may also be classified based on their treatment of meshes as

conforming mesh, which may also be called body fitted, or nonconforming mesh, which may

also be called not body fitted [56]. In the body fitted mesh case, the interface is considered

4



to be a physical boundary between the fluid and solid. Therefore the mesh must conform

to this boundary and no mesh element will contain both fluid and solid parts. This tracks

the motion of the interface and may require remeshing as time advances. However, this

method is convenient for partitioned methods discussed below. On the other hand, in thenot

body fitted mesh case, the interface location and interface conditions are considered to be

constraints to the model equations. In this case, the interface can fall inside an element.

This may not require remeshing. However, as these method can be derived from the the

theorem of Lagrange multipliers [50, 56], they require the use of Lagrange multiplies. We

have restricted our study to the use of body fitted meshes, however an overview of methods

that use nonconforming meshes can be found in [56] and the references within.

1.2.1 Classification by Approach

Numerical procedures for FSI problems are divided based on approach into two categories:

partitioned or monolithic. Partitioned approaches treat the solid and fluid domains sepa-

rately. The interface conditions are used to pass information between the subdomains in

such cases. For a given time step, these methods will first solve in one subdomain, say for

example, the fluid domain. These results will be used along with the interface conditions

as a boundary condition on the second domain, in this case the solid domain. Then the

time step is advanced and the process is repeated for the next time step. This is referred to

as a loosely or one-way coupled approach. In some cases, the approximation from the solid

domain may be used to find a new boundary condition for the fluid domain and the process

is repeated until some convergence condition is satisfied. Once suitable approximations are

found in each subdomain, then the time step is advanced. This is referred to as strongly

coupled.

Partitioned methods have the possible advantage of being able to reuse numerical meth-

ods and codes designed for only the fluid or solid subdomain. However, as the codes are

often developed by different authors with different goals in mind, changes to each code

may be required [56]. Furthermore, these methods are generally not stable and may require

5



extra conditions on the interface.

Many partitioned and stabilized approaches have been studied. Some examples are

stated here. In the case of aerodynamics, Farhat et al. [41] develop partitioned algorithms

that are proved to be second order accurate. However, in some cases and under certain

physical parameters, such as when the density of the fluid and the solid are comparable,

convergence issues have been observed, see for example [79]. Explanations of the causes of

these instabilities can be found in [30, 44] and are often referred to as added mass effects.

Therefore other authors have developed stabilized approaches. In [12], Banks et.al. study

a class of FSI problems involving light structures which have suffered from stability issues.

The authors alter the traditional partition, where the velocity of the solid is used as a

boundary condition for the fluid and the traction from the fluid is used on the solid, by

considering added mass predictors on certain variables. Burman and Fernández [23] study

a similar class of problems that suffer when the densities of the fluid and solid are similar.

The authors stabilized their approach using Nische’s method and a time penalty term at

the interface. Another method of partitioning the FSI problem is studied by Kurberry

and Lee [67], where the authors formulate the problem as a least squares problem. At

the interface, the authors find the stress, then minimize the jump between the fluid and

structure velocities. Other examples of partitioned methods can be found in the references

within these examples.

Monolithic approaches, on the other hand, are designed to obtain an approximation

of the entire domain in one step. This type of coupling has been studied, for example,

in [57, 95]. These methods impose the interface conditions strongly at each step to avoid

instabilities. That is, the equations in the solid and fluid domains are solved simultaneously

with the interface conditions. However, these methods often require the solution of large

systems which can be computationally expensive, and require specialized codes be written.

Some comparisons between partitioned and monolithic approaches can be found in [16, 73].

Both of these deal with one dimensional problems.

Finally, semi-implicit methods, like those studied in [9, 77], attempt to find a balance
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between the implicit and explicit methods. Here we will consider a monolithic method as

we wish to find a rigorous error estimate.

1.3 Numerical Methods and Error Estimates

In this dissertation, we will use a monolithic approach to find an approximate solution to

the model equations (1.1). We will use a method similar to the so called method of lines

[49, 82]. For this method we use some MFEM to discretize the entire domain spatially,

then use some finite difference time stepping scheme such as the Euler or Crank-Nicholson

method, see for example [31], to discretize in time. This procedure is detailed in Chapter

4.

Solving the resulting system requires a pair of finite element spaces which satisfy cer-

tain stability conditions for mixed methods [19]. Although there are several known stable

spaces for scalar second order elliptic problems, where the unknowns are a scalar and a

vector, the extension of these spaces to the vector and tensor pair has been difficult, see for

example [19, 45, 71] and the references within. Specifically, the need for both symmetry

and continuity conditions in the stress tensor field has presented a significant difficultly in

developing stable mixed finite element pairs. In this dissertation we focus only on conform-

ing methods, in which the required continuity conditions are satisfied, and nonconforming

methods, in which the conformity requirement is relaxed.

Conforming element spaces have the benefit of satisfying the continuity conditions in

the stress tensor field. However, these may involve a large number of degrees of freedom and

thus require large matrix systems to be solved. Additionally, when using polynomial shape

functions, conforming methods must include vertex degrees of freedom for stress [7]. This

implies continuity of stress at the vertices which is not required by the weak formulation,

and may not be desirable. On the other hand, nonconforming spaces do not satisfying the

continuity conditions in the stress tensor field. These spaces may require fewer degrees

of freedom, but must be formed careful to ensure convergence. More information about
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existing MFEMs for linear elasticity are discussed in Chapter 2

We also consider the fixed reference domains for the fluid and solid. In [43], the types

of situations in which this is a suitable simplification is discussed in the context of hemody-

namics. These simplifications are valid for smaller blood vessels particularly when the dis-

placement of the structure is small. Furthermore, many characteristics of flow are captured

using this simplification even when larger displacements are considered. In [21], a similar

fixed domain assumption is made for a fluid and poroelastic structure interaction problem,

where the equations for the solid are modeling a geomechanical structure. The article fur-

ther claims that although simplified, this simplification is suitable for small displacement

and shares many of the difficulties with other fluid-structure interactions problem. Finally

in [20], results using a moving mesh are compared to those obtained using a fixed mesh, on

a benchmark problem, to assess the impact of the simplification in the small displacement

case. The authors observe similar results in both cases.

We find a priori error estimates for this model. Much work has been done analyzing

these types of equations. Specifically, in [36], an analytic tool called asymptotic projection

is used to obtain results considering a high-order MFEM. Additionally in [72], Makridakis

considers rational approximations to cosine to discretize the elastodynamics problem in

time. However, we would like to use the method of lines with finite differences to discretize

in time. To this end we note that several researchers have studied error estimates for second

order hyperbolic equations in conjunction with MFEMs. For example, in [61] Jenkins et al.

develop and analyze an explicit-in-time method for wave equations. In [35], Cowsar et al.

develop a priori error estimates for a stress-displacement second order hyperbolic equation

using both explicit and implicit time stepping.

1.4 Outline

The remainder of this dissertation will be organized as follows. In Chapter 2, details related

to the solid subdomain will be discussed. First, there is some information on the derivation
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of the linear elasticity equation used. After some notations are introduced, the stationary

linear elasticity equations are discussed. Applicable MFEMs are discussed including an

improvement to the analysis for a particular MFEM originally proposed by Arnold and

Winther [8]. Some numerical results are shown for the elastostatic case. We then discuss

the elastodynamic case as an extension of the static case. This includes forming a fully

discrete model using the method of lines. Finally, numerical results are provided for the

dynamic case.

In Chapter 3, details related to the fluid subdomain will be discussed. First, since

we know we wish to express the Stokes flow equations in terms of velocity and stress in a

manner similar to the elasticity equations, the model equations are derived as a limit case of

the elasticity equations. We also show how the traditional form of these equations is related

to the stress-velocity model. Next, a fully discrete model is formed for the nonstationary

Stokes equations. This includes a discussion on how the initial conditions are approximated.

Finally, some numerical results are provided for our model.

In Chapter 4, the FSI model based on the models for elasticity and fluid flow will be

introduced and discussed. The domain and interface conditions are first introduced and

described. Then the fully discrete model is formed. Next, an a priori error estimate will

be derived for all variables. Finally numerical results are provided.

9



Chapter 2

Mixed Finite Element Methods for

Linear Elasticity

Naturally, the study of the interaction of a fluid and a structure begins with the study

of each component separately. In this chapter we focus on the structure. Although the

structure in our FSI problem will ultimately be modeled as a time-dependent problem

of linear elasticity, which is also referred to as elastodynamic, we begin with a study of

the static or steady version of the problem. This is because we seek to use MFEMs and

the method of lines [49, 82]. Naturally these are based on existing MFEMs for stationary

elasticity problems.

The rest of this chapter will be organized as follows. We begin with a brief derivation

of the linear elasticity equations. Then some necessary and useful notation for using finite

element methods are introduced. Next the linear elasticity model in the Hellinger-Reissner

formulation is used to derive the weak form used. Then, as the method of lines make use of

them, some existing MFEMs for the electrostatic problem are described. Particular atten-

tion is paid to a pair of elements developed by Arnold and Winter [6, 8] as these elements

are used for testing and we provide an improved error analysis for the nonconforming ele-

ments. Some numerical results are included to confirm this result. Finally, we describe the

extension to an electrodynamics problem and some numerical results are presented.
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2.1 Derivation of Linear Elasticity Equations

Elasticity is the mathematical study of how a solid object is stressed and deformed in

response to some load, where the solid is modeled as a continuous mass or continua. This

subject has been studied in numerous texts such as [13, 34, 66, 80, 84]. Therefore, we

describe only some of the basic details here.

In this dissertation, we are considering only isotropic linear elasticity, which is a simplifi-

cation of the general, nonlinear elasticity. This requires the consideration of the relationship

between stress, the distribution of forces, and strain, the response to stress. The lineariza-

tion assumptions are that the relationship between stress and strain is linear and that

only infinitesimal strains are present. This means that we consider only relatively small

displacements. Furthermore, the material will return to its original shape when a given

load is removed. That is, the material will not yield. These assumptions are valid for

engineering materials up to their elastic limit [66]. The isotropic assumption requires that

the medium is uniform in all directions. This is generally accepted for the macroscopic

behavior of materials because although an individual crystals is not isotropic, there are a

large number of crystals randomly orientated in the solid [84].

To obtain the linear elasticity equations, first consider the stress σ. We note that

continuous materials must satisfy a number of basic laws, such as conservation of mass and

the principle of momentum. To satisfy conservation of mass, we required that the density

of medium does not depend on time. In this case the equation of motion for the linear

elastic material is

∇ · σ + fs = ρsutt, (2.1)

where fs is a body force, ρs is the density of the solid and u is the displacement vector.

This arrived at using Newton’s second law, F = ma. By the complementary property of

shear the stress tensor is symmetric [84].

Next we consider the relationship between the stress, σ and the strain ε(u). For isotropic

materials, normal stresses can only cause normal strains and, similarly, shear stresses can
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only cause shear engineering strains. This is due to the fact that for isotropic materials

properties are not dependent on directions. Therefore,rotation will not change the stress-

strain relationship. A detailed description of this can be found, for example, in [84]. In

this case, we consider a linear isotropic material which is governed by Hooke’s law. This is

written as

σ = Cε(u), (2.2)

where C is the forth order elasticity tensor of constant values. Alternatively, for an isotropic

material this generalized Hooke’s law can be written as

σ = 2µsε(u) + λtr (ε(u)) I, (2.3)

where µs and λ are the Lamé parameters of the material and I is the identity matrix. The

trace is defined for a tensor τ =

τ11 τ12

τ21 τ22

 as

tr(τ ) = τ11 + τ22.

Finally the relationship between strain and displacement is given by

ε(u) =
1

2

[
∇u+ (∇u)T

]
(2.4)

for small deformations. Here the normal strains, εii for i = 1, 2, are a measure of the change

in length of a line segment to its original length. The shear strains, εij for i 6= j, are a

measure or the change in angle between lines originally in the x and y direction as the

media is deformed. For a detail description of this relationship see, for example, Section

3.4 of [84].

Often the system of (2.1), (2.3) and (2.4) are expressed together in the displacement

formulation, where displacement is the only unknown variable. This is done by substituting

(2.3) and (2.4) into (2.1) to find

ρsutt − 2µs∇ · ε(u)− λ∇ · (∇ · u) I = fs. (2.5)
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However in this dissertation, we would like stress to be a primary variable in the system

of equations. To obtain this formulation, (2.2) is re-written as

Aσ = ε(u),

where

Aτ :=
1

2µ

(
τ − λ

2(λ+ µs)
tr(τ )I

)
.

Now (2.5) can be written in mixed form as

ρsutt −∇ · σ = fs, (2.6a)

Aσ − ε(u) = 0. (2.6b)

2.2 Notations

To obtain a weak formulation for this problem and use an MFEM, some additional notations

will be necessary. We will be considering the elasticity problem on a domain Ω ⊂ R2.

The boundary ∂Ω of Ω may be partitioned into {ΓD,ΓN} such that ∂Ω = ΓD ∪ ΓN and

ΓD ∩ ΓN = ∅.

Here we will define some function spaces and their associated norms that will be used

to define a mixed variational formulation. We will make use of the Sobolev spaces, Hm(D),

with the associates semi-norm, | · |m,D, and norm, ‖ · ‖m,D. In the case where D = Ω, the

subscript D will be dropped. This space requires a function and all of its partial derivatives

of degree m or lower to be square integrable. That is, for m ≥ 1

Hm(D) = {v ∈ Hm−1(D) :
∂v

∂x
,
∂v

∂y
∈ Hm−1(D)}

with

H1(D) = {v ∈ L2(D) :
∂v

∂x
,
∂v

∂y
∈ L2(D)}.

In the case where m = 0, H0(D) is exactly L2(D). In the special case of m = 0, the inner

product and norm will be denoted by (·, ·)D and ‖ · ‖D respectively. More specifically, for
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any f, g ∈ L2(D)

(f, g)D =

∫
D

fg dx.

For simplicity, when D = Ω, the subscript will be omitted. We will also use the notation

< f, g >d=

∫
d

fg ds,

when d is a line or boundary. In the interest of defining a weak formulation, the following

Hilbert spaces will be needed. Let

H(div; Ω) = {τ ∈ (L2(Ω))2×2 : ∇ · τ ∈ (L2(Ω))2}

with the associated norm ‖τ‖H(div) = (‖τ‖2
0 + ‖∇ · τ‖2

0)
1
2 . This is the space of square

integrable tensors with square integrable divergences. Next, let the space S = R2x2 be the

space of symmetric tensors. Then

H(div; Ω;S) = {τ ∈H(div; Ω) : τij = τji, i ≤ i, j ≤ 2}.

Let n be an outward facing normal vector to Ω, then

H0,ΓN
(div; Ω;S) = {τ ∈H(div; Ω;S) : τn|ΓN

= 0}.

and

HΓN
(div; Ω;S) = {τ ∈H(div; Ω;S) : τn|ΓN

= σ̃0}.

Additionally, for a normed space P let Ck(0, T ;P ) denote the space of k time continuously

differentiable maps from [0, T ] into P.

2.3 Elastostatics

As stated above, the elastodynamic model will be based on the elastostatic model. There-

fore, we discuss the static case first.
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2.3.1 Weak Formulation of the Elastostatic Model

In the case where utt = 0 the static form (2.6) is written as

−∇ · σ = fs, (2.7a)

Aσ − ε(u) = 0. (2.7b)

A new norm is defined as

‖τ‖2
A,Ω =

∫
Ω

Aτ : τdx.

Note that this norm ‖·‖2
A,Ω is equivalent to the L2-norm [6, 100]

C1‖τ‖2
0 ≤ ‖τ‖2

A,Ω ≤ C2‖τ‖2
0. (2.8)

To complete the system(2.7), the required boundary conditions are

u = uD on ΓD,

σn = σN on ΓN ,

where n is the outward unit normal vector.

Let

Σ = H(div; Ω;S) and V = (L2(Ω))2.

We also make use the following formula for integration by parts for a symmetric function

τ ∈ Σ:

(ε(u), τ ) = − (u,∇ · τ ) + < u, τ · n >Γ

Then the weak form of (2.7) is to find (σ,u) ∈ (Σ,V) in

− (∇ · σ,ν) = (fs,ν) , ∀ν ∈ V , (2.9a)

(Aσ, τ ) + (u,∇ · τ )− < u, τ · n >Γ = 0, ∀τ ∈ Σ. (2.9b)
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To discretize this weak formulation, we will employ some finite dimensional spaces Σh

and Vh which are approximations to Σ and V respectively. The pair Σh and Vh may not be

chosen arbitrarily. Thus, we approximate (σ,u) ∈ (Σ,V) with some (σh,uh) ∈ (Σh,Vh).

Let Th be a family of triangulations of Ω into elements Ti, i = 1, 2, ..., I of size O(h). As the

size of the elements, h is reduced these approximations will converge to the true solution

with some order which depends on the element spaces chosen. Below we discuss some

known mixed finite element space pairs for this formulation.

2.3.2 Overview of Existing Mixed Finite Element Methods for

Linear Elasticity

Often, the linear elasticity equation are expressed in terms of displacement only as in

(2.5). In the displacement formulation, an approximation to displacement is found, using

traditional finite element methods for elliptic equations. Then a numerical approximation

for stress can be found by post processing. However, an alternative method is to consider

MFEMs in which multiple variables are approximated simultaneously. The basics of these

methods are discussed in many books, see for example [71]. In these methods, the governing

equations are expressed using several primary variables. Here we consider cases where the

displacement vector and the stress tensor become the primary unknowns. This leads to

the HellingerReissner [53] variational principle. In exchange for an increase in the number

of unknowns and equations in the linear system, these methods offer additional benefits

such as delivering numerical solutions for both displacement and stress simultaneously

without the need for post processing. Additionally, in the case of elasticity, using a mixed

method is a possible remedy for locking, which can cause spurious oscillations when nearly

incompressible materials are considered [19].

Solving a the resulting system requires a pair of finite element spaces which satisfy

certain stability conditions for mixed methods [19]. Although there are several known stable

spaces for scalar second order elliptic problems, where the unknowns are a scalar and a
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vector, the extension of these spaces to the vector and tensor pair has been difficult, see for

example [19, 45, 71] and the references within. Specifically, the need for both symmetry

and continuity conditions in the stress tensor field has presented a significant difficultly in

developing stable mixed finite element pairs.

Researchers have attempted to circumvent this problem in several ways. Some have

attempted to use the equilibrium method in which composite elements are used [4, 101, 62].

In these models an element is subdivided. In [62], a triangular element contains three

subtriangles which are obtained by connecting an interior point to the vertices. This type

of construction can make implementation difficult. Another possible method is to only

weakly enforce symmetry, see for example [1, 3, 33, 48, 85] and the references within.

However these methods modify the Hellinger-Reissner functional so that symmetry of the

stress tensor can be only weakly enforced or neglected. Schöberl and Sinwel [83] constructed

an element between the concepts of conformity and weak symmetry by proposing elements

in which the tangential components for the displacement and the normal-normal component

of the stress are continuous. In this paper we focus only on conforming methods, in which

the required conditions are satisfied, and nonconforming methods, in which the conformity

requirement is relaxed.

Despite the difficulty associated with the symmetry and continuity of the stress tensor,

some conforming spaces have been discovered for the HellingerReissner variational principle.

In [6] Arnold and Winther construct a family of stable conforming mixed finite element

spaces on triangular meshes using polynomial shape functions. However, the lowest order

element in this family requires 24 local degrees of freedom for the stress variable and 6

local degrees of freedom for the displacement. These elements have been used in this

paper and will be discussed in more detail below. The authors have also provided a slight

simplification for the lowest order element requiring 21 and 3 local degrees of freedom for

stress and displacement, respectively.

Other conforming finite element space have been constructed on rectangular grids. In

[2], Arnold and Awanou extend the above mentioned family of mixed finite elements to
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rectangular meshes. The lowest order element in this family requires 45 and 12 local

degrees of freedom for stress and displacement respectively. Another conforming family

was constructed by Chen and Wang [32]. The lowest order element in this family requires

17 local degrees for freedom for stress and 4 local degrees for freedom for displacement.

In [7], it is noted that when using polynomial shape functions, conforming methods

must include vertex degrees of freedom for stress and thus imply continuity of stress at

the vertices. This continuity at the vertices is not required by the weak formulation, and

may not be desirable. Therefore, Arnold and Winther [8] have developed a nonconform-

ing MFEM analogous to the aforementioned lowest order conforming element. For these

elements, the vertex degrees of freedom are removed and the required continuity of the

normal component of stress is not imposed strongly. However, it is shown [8], that the

weak continuity that is imposed is sufficient to form a convergent MFEM. This element

requires 15 and 6 degrees of freedom for stress and displacement respectively. The authors

obtain a convergence rate of O(h) for both displacement and stress. They are also able to

obtain a simplified element, as in the conforming case. Another nonconforming element on

triangular grids is proposed by Cai and Ye [25] in which an additional jump term is added

to the constitutive equation to weakly enforce continuity. This makes use of a previously

developed stable and economic, but not convergent, element. Additionally in [47] Guzman

and Gopalakrishnan construct a family of nonconforming elements which has the simplified

element of [8] as its lowest order element.

Nonconforming spaces on rectangular meshes have also been designed. In [98], Yi

develops a nonconforming element using the same unisolvent set of degrees of freedom as

used by the nonconforming Arnold-Winther element, however the author obtains second

order convergence rate in the L2 norm for displacement. This element requires 19 and 6

local degrees of freedom for stress and displacement respectively. Later Yi [99] and Hu and

Shi [58] independently construct another element which, in two dimensions, is a subspace

of the previous element locally, but has different global construction and requires slightly

fewer local degrees of freedom. In [58], Hu and Shi propose an additional element and a
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rotated element has been constructed by Awanou [10].

Numerical results obtained using some of these mixed finite element methods are com-

pared in [26]. Specifically, the authors compare some of the MFEMs mentioned above to

higher order displacement only FEMs and to other more commonly used method such as

the weakly symmetric PEERS [3].

In this dissertation, numerical results will be presented in several sections. To obtain

these results, we have used one conforming and one nonconforming MFEM. Specifically,

these are the elements developed by Arnold and Winther in [6] and [8]. Details on imple-

menting these elements have been discussed in [28] and [26] respectively. These elements

will be discussed in more detail in the following sections.

2.3.3 Arnold-Winther Conforming Mixed Finite Element Spaces

for Elasticity

This section describes the conforming Arnold-Winther elements detailed in [6]. For the

remainder of this dissertation we will refer to this element as the conforming element as it

will be the only conforming element used in our numerical experimentation. Since these

elements were developed as mixed finite elements for elasticity, we will describe them in

that context in this section. However, these elements will also be used with the Stokes

equations for fluid flow later.

These elements were developed for the static linear elasticity model (2.7) with weak

formulation (2.9) however, the boundary is considered to be clamped:

u = 0 on δΩ.

The MFEM then requires the construction of a pair of finite element spaces Σh and Vh.

The method will find approximations to the stress and displacement, σh and uh, in these

spaces. Furthermore, these spaces must satisfy certain compatibility conditions [18, 19].

We will describe the lowest order element for this family. Let Th be a family of trian-

gulations of Ω into elements Ti, i = 1, 2, ..., I of size O(h). Now, the finite element spaces
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are formed by first considering a single triangle T. On T define

ΣT = {τ ∈ P3(T ;S) | ∇ · τ ∈ P1(T ;R2)}

VT = P1(T ;R2).

The degrees of freedom for σT on a triangle are then:

• the three values of the components of τ (x) on the vertices of T (9 total).

• the values of moments of degree 0 and 1 of the normal components τn along each

edge e of T (12 total).

• the three values of the components of the moment of 0 degree of τ on T (3 total).

There are 6 degrees of freedom for VT for each triangle. The vertex and edge degrees of

freedom define τn on an edge. So this forms a conforming approximation to H(div; Ω;S).

For some appropriate triangulation Th of Ω, the associated finite element space Vh
becomes the space of all piecewise linear vector fields with respect to this triangulation.

Note that this space does not require any inter-element continuity conditions. The space

Σh is the space of all tensor fields belonging piecewise to σT with the continuity conditions

that all three components are continuous at any mesh vertex and the normal components

are continuous across mesh edges.

Using these global spaces, the MFEM proposed to discretize (2.7) is to find (σh,uh) ∈

(Σh,Vh) such that

− (∇ · σh,ν) = (fs,ν) , ν ∈ Vh, (2.10a)

(Aσh, τ ) + (uh,∇ · τ ) = 0, τ ∈ Σh. (2.10b)

Furthermore, the authors show second and third order convergence rates

‖σ − σh‖0 ≤ Chm‖σ‖m, 1 ≤ m ≤ 3,

‖∇ · σ −∇ · σh‖0 ≤ Chm‖∇ · σ‖m, 0 ≤ m ≤ 2,

‖u− uh‖0 ≤ Chm‖u‖m+1, 1 ≤ m ≤ 2.
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However, it is also noted that the vertex degrees of freedom, which lead to continuity at the

vertices, are unavoidable for a conforming method with polynomial shape functions [7]. This

continuity is not required by the weak formulation and may lead to undesirable results and

complications in implementation. Despite these complications, a detailed description on

implementation can be found in [28] and the open source Finite Element Framework code

[24] (FFW) written for MATLAB provides a working implementation for the elastostatic

problem.

2.3.4 Arnold-Winther Nonconforming Mixed Finite Element Spaces

for Elasticity

Due to the undesirable continuity of σ of the conforming element we also consider the

nonconforming Arnold-Winther [8] mixed finite element space. For the remainder of this

dissertation, we will refer to this as the nonconforming element as it will be the only

nonconforming element used in our numerical experimentation. For a family of shape

regular triangulations Th of the domain Ω, on a single triangle T, define

ΣT = {τ ∈ P2(T,S) |n · τn ∈ P1(e), for each edge e of T},

VT = P1(T,R2).

For this element the degrees of freedom are similar to the conforming case without those

at the vertices. Specifically, for ΣT the degrees of freedom are then:

• the values of moments of degree 0 and 1 of the normal components τn along each

edge e of T (12 total).

• the three values of the components of the moment of 0 degree of τ on T (3 total).

There are again 6 degrees of freedom for VT for each triangle. Then Vh is the space of

all peicewise linear vector fields with respect to Th and Σh is the space of all tensor fields
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which belong piecewise to σT , and are also subject to two continuity conditions. These

conditions are that the two lowest order moments of the normal components are continuous

across mesh edges. Note that this continuity requirement is not strong enough to ensure

Σh ⊂H(div; Ω;S).

Using these nonconforming global spaces, the MFEM proposed to discretize (2.7) is to

find (σh,uh) ∈ (Σh,Vh)

− (∇h · σh,ν) = (fs,ν) , ν ∈ Vh, (2.11a)

(Aσh, τ ) + (uh,∇h · τ ) = 0, τ ∈ Σh. (2.11b)

where ∇h· is the divergence operator applied element-wise. The authors have shown that

this results in a convergent method with the following rates

‖σ − σh‖0 ≤ Ch‖u‖2,

‖∇ · σ −∇ · σh‖0 ≤ Chm‖∇ · σ‖m, 0 ≤ m ≤ 2,

‖u− uh‖0 ≤ Ch‖u‖2.

We see a lower convergence rate than when considering the conforming method. This is

due to a so called consistency error which occurs since τn is no longer continuous across

interelement edges. Implementation of this elements is discussed in [26], where it is shown

that this is a small modification from the implementation of the lowest order conforming

element discussed above.

In the remainder of this sections, we will show an improvement in the error bound for

σ. For this analysis, we will make use of the projection operators defined and used for this

space. First, Ph : (L2(Ω))2 → Vh is the orthogonal projection. Then, Πh : H1(Ω,S)→ Σh

is a corresponding interpolation for tensors with the additional property that ∇h · Πhτ =

Ph∇ · τ . This additional property gives ∇h ·Σh = Vh.

Since Ph is the orthogonal projection

(u− Phu,ν) = 0, ν ∈ Vh. (2.12)
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But since ∇h · τ ∈ Vh for τ ∈ Σh

(∇h · τ ,u− Phu) = 0, τ ∈ Σh. (2.13)

We also have

(∇h · τ −∇h · Πhτ ,ν) = 0, ν ∈ Vh (2.14)

since ∇h · Πhτ = Ph∇ · τ . For these mixed finite element spaces [8] the following approxi-

mation properties hold:

‖Πhτ − τ‖0 ≤ Chm‖τ‖m, 1 ≤ m ≤ 2, (2.15a)

‖Phν − ν‖0 ≤ Chm‖ν‖m, 0 ≤ m ≤ 2. (2.15b)

One last point about this nonconforming MFEM will be used repeatedly in the following

analysis. In order to use the element-wise divergence operator in the weak form consider

(2.7b) on an element, multiply it by τ ∈ Σh, integrate and take sum over elements. This

gives

(Aσ, τ ) + (u,∇h · τ ) =
J∑
j=1

∫
∂Tj

τn · u ds, ∀τ ∈ Σh (2.16)

where ∂Tj denotes the edges of a triangle Tj in a triangulation Th. The terms on the right

hand side are referred to as the consistency error. By recalling the boundary condition

u = 0 on the external edge, (2.16) can be re-written by considering the interior edges as

J∑
j=1

∫
∂Tj

τn · uds =
∑
e∈Eh

∫
e

[τn] · u ds, ∀ τ ∈ Σh (2.17)

where e is an edge in Eh the set of all interior edges for a triangulation Th. The notation [·]

denotes the jump or change in a quantity across an edge and n is a normal vector to an edge

e with some globally defined direction. Note that in a conforming case, Σh ⊂H(div; Ω;S)

and, therefore, (2.17) is 0 by construction since [τn] = 0 for each interior edge. In the case

of the nonconforming element the degrees of freedom used are sufficient to ensure n · τn
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and the first two moments of t · τn where t is a globally defined tangential to the edge,

are continuous across an interior edge[8]. Therefore,the right hand side of (2.16) can be

simplified to

Eh (u, τ ) =
∑
e∈Eh

∫
e

[t · τn]u · t ds. (2.18)

In [8], this so called consistency error (2.18) is bounded by

Eh (u, τ ) ≤ Ch‖τ‖0‖u‖2. (2.19)

We note here that this proof uses the fact that the first two moments of t·τn are determined

by the degrees of freedom and the projection properties of Ph. It is valid for any τ ∈ Σh

and u ∈ (H2(Ω))2.

However, during numerical experiments, a second order convergence rate is observed

for the displacement error. This rate is better than the rate proved in Theorem 4.1 of

[6]. By following the work of [99], in which rectangular elements with the same degrees

of freedom are considered, we show an improvement in the proved convergence rate with

certain conditions on the boundary ∂Ω. Let f ∈ (L2(Ω))2 then there is a unique solution,

(u,σ) to (2.7) satisfying [5]

‖u‖1 + ‖σ‖0 ≤ C‖f‖0.

When certain conditions are imposed on the boundary ∂Ω, then u ∈ (H2(Ω))2 and

‖u‖2 + ‖σ‖1 ≤ C‖f‖0. (2.20)

The validity of (2.20) depends on the location of the point where the boundary conditions

change and also on the vertex angles of ∂Ω [65, 96]. An example of such a case is when ∂Ω

is smooth and ΓD
⋂

ΓN = ∅ [91].

First we show an intermediate lemma. Note that this corresponds to Lemma 3.5 in [99]

Lemma 2.3.1. For all τ ∈ Σh and all u ∈ (H2(Ω))2 with u = 0 on ΓD

| Eh (τ ,u) |≤ Chk+m−1‖τ‖k‖u‖m, 1 ≤ k,m ≤ 2. (2.21)
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Proof. Recall that

Eh (u, τ ) =
∑
e∈Eh

∫
e

[t · τn]u · t ds.

Let R : H2 → Ph be the L2-projection, where Ph is the set of all piecewise linear functions

on Eh. Using the standard polynomial approximation and the fact the R reproduces linear

functions on edges, we have

‖ω −Rω‖0,∂Tj ≤ Chm−1/2‖ω‖m,Tj , m = 1, 2, ∀ω ∈ H2(Ωj), ∀Tj. (2.22)

Now because the moment of degree 1 of τn on each edge is a degree of freedom and R(u ·t)

is linear on each edge

Eh (u, τ ) =
∑
e∈Eh

∫
e

[t · τn] (u · t−R(u · t)) ds.

Since the L2-projection is an orthogonal projection and by using the Cauchy-Schwarz In-

equality we find

Eh (u, τ ) =
∑
e∈Eh

∫
e

([t · τn]−R([t · τn])) (u · t−R(u · t)) ds

≤
∑
e∈Eh

‖[t · τn]−R([t · τn])‖0,e‖u · t−R(u · t)‖0,e.

The result (2.21) follows by applying (2.22).

The next proof will make use of the following trace theorem as stated in theorem 1.6.6

of Brenner [17] which we state here for completeness.

Theorem 2.3.2 (Trace Theorem). For a domain Ω with a Lipshitz boundary, there is a

constant C such that

‖v‖L2(∂Ω) ≤ C‖v‖1/2

L2(Ω)‖v‖
1/2

W 1
2 (Ω)

, ∀v ∈ Hm. (2.23)

We make the following inverse assumption on function in the discrete spaces formed for

MFEMs. Let Wh be some discrete space. It states that there exists constant C0 independent

of h such that

‖∇φ‖L2(Ω) ≤ C0h
−1‖φ‖L2(Ω). (2.24)
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for φ ∈ Wh. Therefore,using Theorem 2.3.2 and (2.24), for the discrete parts, we find

‖φ‖Hm(∂Ω) ≤ Ch−1/2‖φ‖L2(Ω). (2.25)

In the error analysis section of this work we will use the following notation convention. The

variable χ will denote a discrete error. That is the difference between an approximation

and the projection of the weak form answer into the test space. The variable η will be used

to denote the error between a continuous function and its projection into a particular test

space.

Theorem 2.3.3. Let (σ,u) ∈ (Σ,V) and (σh,uh) ∈ (Σh,Vh) be the solution of (2.7) and

(2.11) respectively. Then,

‖u− uh‖0 ≤ Ch2 (‖u‖2 + ‖σ‖1) . (2.26)

Proof. The following properties are proved in [8] and we state them without proof.

∇h · σh = Ph∇ · σ = ∇h · Πhσ. (2.27)

‖Πhσ‖0 ≤ C‖σ‖1. (2.28)

For this nonconforming method, consider the difference between (2.16) and (2.11b) to find

(A (σ − σh), τ ) + (u− uh,∇ · τ ) = Eh (u, τ ) . (2.29)

Using the test function τ = Πhσ − σh, (2.27) and (2.21) in (2.29) we find

(A (σ − σh),Πhσ − σh) = Eh (u,Πhσ − σh)

≤ Ch‖Πhσ − σh‖0‖u‖2. (2.30)

Now we consider the term ‖Πhσ−σh‖2
A. By adding and subtracting Aσ, then using (2.30)

we find

‖Πhσ − σh‖2
A = (A (σ − σh),Πhσ − σh) + (A (Πhσ − σ),Πhσ − σh)

≤ Ch‖Πhσ − σh‖0‖u‖2 + Ch‖Πhσ − σh‖0‖σ‖1.
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Since the ‖ · ‖A is equivalent to the ‖ · ‖0 norm by (2.8),

‖Πhσ − σh‖0 ≤ Ch (‖u‖2 + ‖σ‖1) . (2.31)

Let σ∗ ∈H1(Ω;S) such that ∇ ·σ∗ = Phu−uh with ‖u∗‖2 + ‖σ∗‖1 ≤ C‖Phu−uh‖0.

This is possible by taking f = Phu − uh in (2.7) and (2.20). Additionally, by recalling

(2.16) and (2.18)

(Aσ∗, τ ) + (u∗,∇h · τ ) = Eh (u∗, τ ) , ∀τ ∈ Σh. (2.32)

By noting that ∇ · σ∗ ∈ Vh and using (2.27)

∇h · Πhσ
∗ = Phu− uh. (2.33)

Additionally, by this definition of σ∗ and (2.28)

‖Πhσ
∗‖0 ≤ C‖Phu− uh‖0. (2.34)

Now using (2.33)

‖Phu− uh‖2
0 = (∇h · Πhσ

∗,Phu− uh).

Using (2.13) and the test function τ = Πhσ
∗ in (2.29) gives

(A (σ − σh),Πhσ
∗) + (Phu− uh,∇ · Πhσ

∗) = Eh (u,Πhσ
∗)

and therefore

‖Phu− uh‖2
0 ≤| Eh (u,Πhσ

∗) | + | (A (σ − σh),Πhσ
∗) | . (2.35)

It remains to bound the term | (A (σ − σh),Πhσ
∗) | . We add and subtract (AΠhσ,Πhσ

∗),

(AΠhσ,σ
∗) and (Aσ,σ∗) to find

| (A (σ − σh),Πhσ
∗) |≤ I + II + III
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with

I =| (A (σ − Πhσ),Πhσ
∗) |,

II =| (A (Πhσ − σh),Πhσ
∗ − σ∗) |,

III =| (A (Πhσ − σh),σ∗) | .

Now I is bounded using the Cauchy-Schwarz Inequality, (2.8), (2.15a) and (2.34) as

I ≤ C‖σ − Πhσ‖0‖Πhσ
∗‖0

≤ Chr‖σ‖r‖Πhσ
∗‖0

≤ Chr‖σ‖r‖Phu− uh‖0.

Similarly,

II ≤ Chm−1‖σ∗‖m−1‖Πhσ − σh‖0,

where m = 2 for σ∗ ∈ H1(Ω;S). Finally by noting the symmetry of (A·, ·), (2.14), and

(2.32) we find

III ≤| Eh (u∗,Πhσ − σh) | + | (u∗ − Phu∗,∇h · (Πhσ − σh)) | .

Then this is bounded using (2.21), the Cauchy-Schwarz Inequality, the Trace Theorem,

(2.8), (2.15b) and (2.15a) as

III ≤ Chm−1‖Πhσ − σh‖0‖u∗‖m + ‖u∗ − Phu∗‖0‖∇h · (Πhσ − σh) ‖0

≤ Chm−1‖Πhσ − σh‖0‖u∗‖m + Chm−1‖u∗‖m‖Πhσ − σh‖0.

Therefore,using (2.31)

II + III ≤ Chm−1 (‖σ∗‖m−1 + ‖u∗‖m) ‖Πhσ − σh‖0

≤ Ch2 (‖σ∗‖1 + ‖u∗‖2) (‖σ‖1 + ‖u‖2)

≤ Ch2 (‖σ‖1 + ‖u‖2) ‖Phu− uh‖0

The result (2.26) follows by noting the sum of I + II + III on the right hand side of

(2.35)
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2.3.5 Computational Results

We use as a starting point the implementation of the lowest order Arnold-Winther con-

forming MFEM for static linear elasticity provided in FFW [24]. Studies in this paper are

performed using the resources at the Texas Advanced Computing Center (TACC) [86].

Elastostatic Example 1

We make use of the academic example used in [26] which we will refer to as Elastostatic

Example 1. Let Ω = (0, 1) × (0, 1) with homogeneous Dirichlet boundary conditions. Let

the analytic solution for displacement be

u =

 π cos(πy) sin2(πx) sin(πy)

−π cos(πx) sin(πx) sin2(πy)

 .
The other variables σ and fs are calculated from this result. In the static case

fs =

−2µπ3 cos(πy) sin(πy)(2 cos(2πx)− 1)

2µπ3 cos(πx) sin(πx)(2 cos(2πy)− 1)

 .
Table 2.1 shows convergence study results for this example problem with E = 105 and

ν = 0.3. Here E is Young’s Modulus and ν is Poisson’s ratio. These constants are related

to the Lamé constants by the following formulas:

E =
µs(3λ+ µs)

λ+ µs
.

ν =
λ

2(λ+ µs)
.

We observe the expected second order convergence for displacement and third order con-

vergence for stress. These results are also shown graphically in Figure 2.1.

Also for comparison, we show an example figure for displacement and stress. In Figure

2.2 we see a graph of the approximate solution using the conforming element on the left.

This can be compared to the graph of the analytic solution shown on the bottom. Similarly,
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Figure 2.3 shows a representative graph for stress and a comparison to the analytic solution.

Specifically, using the notation

σ =

σ11 σ12

σ21 σ22

 , (2.36)

we show the graph of σ11.

Next, using the description in [26], the FFW code is modified to make use of the non-

conforming MFEM. The authors note that this non-conforming element is closely related

to the conforming element and thus there is a minor modification needed to implement the

nonconforming case. To confirm the convergence rates, Table 2.2 shows the results of a

convergence study for the elastostatic example 1. In this table a linear rate of convergence

is shown for stress and a quadratic rate of convergence for displacement. These results are

also shown graphically in Figure 2.4. We also note that the computational results discussed

in [26] are concerned with the stress variables. The authors of this paper do not discuss

error result for displacement so we cannot make a comparison.

Figures 2.2 and 2.3 show representative figures. In Figure 2.2 the graph on the right

shows results for the nonconforming element. We see that these results are nearly indistin-

guishable from the results using the conforming element. In Figure 2.3 the graph on the

right hand side shows results for σ11 using the nonconforming elements. We clearly see

that the non-conforming element does not force continuity of stress across elements. This

is also seen in the convergence rate shown in Table 2.2.

For comparison, we attempt the same example problem on a different grid. Figure

2.5 shows the initial grids for these trials. On the left we see that Grid A contains all

right triangles. This pattern will continues as the grid is refined and may result in better

convergence rates. Therefore,a convergence study is done using grid B. Table 2.3 and Figure

2.6 show the results of this convergence study. Again we see second order convergence for

the displacement variable.
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Table 2.1: Convergence study results for Elastostatic Example 1 with the conforming ele-

ment

h ‖u− uh‖ Order ‖σ − σh‖ Order

1
2

3.613E-01 — 6.870E+04 —

1
4

9.859E-02 1.87 1.213E+04 2.50

1
8

2.573E-02 1.94 1.624E+03 2.90

1
16

6.513E-03 1.98 2.074E+02 2.97

1
32

1.634E-03 2.00 2.613E+01 2.99

1
64

4.087E-04 2.00 3.276E+00 3.00
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Figure 2.1: Graphical representation of the convergence study results for Elastostatic Ex-

ample 1 with the conforming element
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Figure 2.2: Solution graphs for the first component of displacement u1 for elastostatic

example 1 with h = 1
16

: using the conforming element (left), using the nonconforming

element (right), and the exact analytic solution (bottom).
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Figure 2.3: Solution graphs for the first component of stress, σ11 for elastostatic example 1,

with h = 1
16

: using the conforming element (left), using the nonconforming element (right),

and the exact analytic solution (bottom).
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Table 2.2: Convergence study for Elastostatic Example 1 with the nonconforming element

h ‖u− uh‖ Order ‖σ − σh‖ Order

1
2

3.764E-01 — 1.158E+05 —

1
4

1.013E-01 1.89 4.641E+04 1.32

1
8

2.637E-02 1.94 2.194E+04 1.08

1
16

6.657E-03 1.99 1.105E+04 0.99

1
32

1.668E-03 2.00 5.558E+03 0.99

1
64

4.172E-04 2.00 2.784E+03 1.00
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Figure 2.4: Graphical representation of the convergence study results for Elastostatic Ex-

ample 1 with the nonconforming element
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Figure 2.5: Initial grids used to test Example 1.

2.4 Mixed Finite Element Methods for Elastodynam-

ics

2.4.1 Semidiscrete Model

We now move to the dynamic case in which utt 6= 0 in (2.6). Now to complete the system

(2.6) in this case, both boundary and initial conditions are required. As before the required

boundary conditions are

u = uD on ΓD,

σn = σN on ΓN ,

where n is the outward unit normal vector. Now the required initial conditions are

u(·, 0) = u0 in Ω,

ut(·, 0) = s0 in Ω.
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Table 2.3: Convergence study for Elastostatic Example 1 with the nonconforming element

on grid B

h ‖u− uh‖ Order ‖σ − σh‖ Order

1
2

1.927E-01 — 9.918E+04 —

1
4

4.223E-02 2.19 4.399E+04 1.17

1
8

1.086E-02 1.96 2.194E+04 1.00

1
16

2.728E-03 1.99 1.096E+04 1.00

1
32

6.827E-04 2.00 5.485E+03 1.00

1
64

1.707E-04 2.00 2.744E+03 1.00
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Figure 2.6: Graphical representation of the convergence study results for Elastostatic Ex-

ample 1 with the nonconforming element on grid B
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Then the weak form of (2.7) to find (σ,u) ∈ (C0(0, T ; Σ), C2(0, T ;V)) such that

ρs (utt,ν)− (∇ · σ,ν) = (fs,ν) , ν ∈ V , (2.37a)

(Aσ, τ ) + (u,∇ · τ )− < u, τn >Γ = 0, τ ∈ Σ. (2.37b)

However, we consider σ ∈ C1(0, T ; Σ) as is done in[35]. The weak form is obtained by

considering the boundary and initial conditions and by differentiating (2.6b) with respect to

time. In [35], this is done in consideration of absorbing boundary conditions and to complete

a priori analysis. In this dissertation, there will be an additional benefit to considering this

form when the FSI problem is considered. Specifically, in chapter 4 differentiating this

equations guides our choice for enforcing the interface conditions. The system of equations

we consider is

ρsutt −∇ · σ = fs, (2.38a)

Aσt − (ε(u))t = 0. (2.38b)

The weak form of (2.38) seeks to find (σ,u) ∈ (C1(0, T ; Σ), C2(0, T ;V)) such that

(u(0),ν) = (u0,ν) , ν ∈ V , (2.39a)

(Aσ(0), τ ) + (u0,∇ · τ ) =< u0, τn >Γ, τ ∈ Σ, (2.39b)

(ut(0),ν) = (s0,ν) , ν ∈ V , (2.39c)

ρs (utt,ν)− (∇ · σ,ν) = (fs,ν) , ν ∈ V , t > 0, (2.39d)

(Aσt, τ ) + (ut,∇ · τ )− < ut, τ · n >Γ= 0, τ ∈ Σ, t > 0. (2.39e)

To develop a fully discrete model for the elastodynamic problem, discrete time deriva-

tives must also be considered. Therefore,we introduce some notations.

2.4.2 Notations

We will make use of two and three level θ schemes using the following definitions. First

let ∆t = Tf/N, where N > 0 is a positive integer and Tf is the final time for a particular
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simulation. We denote tn = n∆t for a positive integer n. Now, for any function of time φ

we denote

φ(tn) = φn, 0 ≤ n ≤ N.

The three level weighted average is defined as

φn,θ,3 = θφn+1 + (1− 2θ)φn + θφn−1

and the two level weighted average is defined as

φn,s,2 = sφn+1 + (1− s)φn.

We will most commonly be considering the cases θ = 1
4

and s = 1
2

as these are the case we

expect to result in better convergence than other values of s and θ. In these cases we will

use the following simplified notation

φ̃n =
1

4

(
φn+1 + 2φn + φn−1

)
, n ≥ 1, (2.40)

φn+1/2 =
1

2

(
φn+1 + φn

)
, n ≥ 0. (2.41)

Here the tilde and bar are used to distinguish between the three and two level weighted

averages. The superscript in each of these notations denotes the central, which also in-

dicates the time at which the value is approximated. That is, for example, φn+1/2 is an

approximation to φn+1/2 = φ((n+ 1
2
)∆t). Also in this case we note

φ̃n =
φn+1/2

2
+
φn−1/2

2
. (2.42)

Next we will make use of the following notations with regards to time derivatives.

∂tφ
n+1/2 =

φn+1 − φn

∆t
, n ≥ 0, (2.43)

∂ctφ
n =

∂tφ
n+1/2 + ∂tφ

n−1/2

2
=
φn+1 − φn−1

2∆t
, n ≥ 1, (2.44)

∂2
t φ

n =
φn+1 − 2φn + φn−1

∆t2
=
∂tφ

n+1/2 − ∂tφn−1/2

∆t
, n ≥ 1. (2.45)

38



Again we note that the superscript value is the central value to the derivative and indicates

the time at which the derivative is approximated. For example, ∂2
t φ

n is an approximation to

φntt. Furthermore, it is clear that the approximation ∂2
t φ

n uses information at three distinct

time steps, n−1, n and n+1. However, for a given system of equations, it will be necessary

to have unknowns in only one time step. Specifically, when dealing with equations that

contain an approximation of the form ∂2
t φ

n we will need to already know the values of φn

and φn−1. The unknown value is φn+1. That is, we will commonly use approximations of

model equations at time step n to find approximations to the primary variables at the next

time step n + 1. This is explained in the context of the elastodynamics equations below.

Similar notations are used when dealing with second order equations in [38, 35, 61, 64].

Also, we will not be considering negative time steps. So at time step n = 0 we revert

to using the two level schemes. That is,

∂ctφ
0 = ∂tφ

1/2, (2.46a)

φ̃0 = φ0. (2.46b)

Additionally, we will define some norms involving time. For a normed space P with a

norm ‖ · ‖P let φ ∈ Ck(0, T ;P). Then define the associated norms for 1 ≤ p <∞ as

‖φ‖Lp(0,T ;P) =

(∫ T

0

‖φ(t)‖pPdt
)1/p

.

We will also make use of L∞-norms for the time discrete functions

‖φ‖L∞∆t(0,T ;P ) = max
0≤n≤N

‖φn‖P , (2.47a)

‖φ‖L∞∆t(0,T ;P ) = max
0≤n≤N−1

‖φn+1/2‖P, (2.47b)

‖φ‖L̃∞∆t(0,T ;P ) = max
1≤n≤N−1

‖φ̃n‖P . (2.47c)

The maximum is to be taken over the values of n for which φ is used. For example, if φn is

defined for 0 ≤ n ≤ N then φ̃n is defined for 1 ≤ n ≤ N − 1. When the L∞-norm is taken

over the entire time domain, the range [0, T ] will be omitted in the notations subscript.
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2.4.3 Fully Discrete Model

To fully discretize the elastodyanmic model, we will discretize the time derivatives. Con-

sider some finite dimensional spaces Σh and Vh which are approximation to Σ and V

respectively. These may be conforming or nonconforming spaces. Therefore,we express the

following models using the element-wise divergence operator, ∇h·, with the understanding

that in the case of a conforming space, this is the same as the standard divergence ∇· . For

a given n we assume that all pairs (uih,σ
i
h) for i ≤ n are known. Therefore,the unknown

pair in the system for a given n is (un+1
h ,σn+1

h ). We are always seeking an approximation

at the next time step. The mixed finite element approximation we consider seeks to find

(un+1
h ,σn+1

h ) ∈ (Vh,Σh), 1 ≤ n ≤ N − 1 such that

ρs
(
∂2
tu

n
h,ν
)
−
(
∇h · σ̃nh ,ν

)
=
(
f̃ns ,ν

)
, ν ∈ Vh, n ≥ 1, (2.48a)

(A∂ctσnh , τ ) + (∂ctu
n
h,∇h · τ ) = 0, τ ∈ Σh, n ≥ 1. (2.48b)

This model must also include initial conditions. Consider the time step with n = 1,

which is the first time step for which (2.48) is defined. At this step, we seek to find the

(u2
h,σ

2
h) while u0

h,σ
0
h,u

1
h, and σ1

h are assumed to be known. The values u0
h and σ0

h are

found directly from the given initial condition as

(
u0
h,ν
)

= (u0,ν) , ν ∈ Vh, (2.49a)(
Aσ0

h, τ
)

+
(
u0
h,∇h · τ

)
=< u0, τn >Γ, τ ∈ Σh. (2.49b)

However to find the values u1
h and σ1

h we temporarily allow the fictitious quantity ∂tu
−1/2
h

following the work of [35]. Then

∂2
tuh

0 =
∂tuh

1/2 − ∂tuh−1/2

∆t

=
2∂tuh

1/2 − (∂tuh
1/2 + ∂tuh

−1/2)

∆t

=
2∂tuh

1/2

∆t
− 2∂tuh

0

∆t
.
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Now using the initial condition, we let ∂tuh
0 = s0. Additionally, we are unable to use the

three level θ scheme at this first time step and simply use a two level average. The system

at n = 0 is to find (σ1
h,u

1
h) ∈ (Σh,Vh) such that

2ρs
∆t

(
∂tu

1/2
h ,ν

)
−
(
∇h · σ1/2

h ,ν
)

=

(
f

1/2
s +

2ρs
∆t
s0,ν

)
, ν ∈ Vh, (2.50a)(

A∂tσ1/2
h , τ

)
+
(
∂tu

1/2
h ,∇h · τ

)
= 0, τ ∈ Σh. (2.50b)

A priori error estimates for this problem rely heavily on the work of Cowsar, Dupont

and Wheeler [35]. In this paper, the authors study a second order hyperbolic equation with

first order absorbing boundary conditions stated as

utt −∇ · z = f in Ω× (0, T )

A−1z +∇u = f in Ω× (0, T )

ut + α(A∇u) · n = g on ∂Ω× (0, T )

where A is a symmetric uniformly bounded matrix. In the authors’ case, u is a scalar

quantity and z is a vector quantity so the authors’ analysis considers a Raviart-Thomas-

Nedelec [78] (RTN) pair which is used to find a vector and scalar pair. However, their

analysis should be extendable to the elastodynamics problem by noting, as the authors

have, that when α = 0 this is just a non-standard formulation of a Dirichlet problem, and

the assumptions made on the projections for the RTN space hold for the conforming and

nonconforming spaces. Specifically, for the nonconforming element, these assumptions are

those stated in Section 2.3.3 in equations (2.13), (2.14) and (2.15). When using a non-

conforming method, we expect the consistency error to have an effect similar to the effect

seen in the static case. In Theorems 6.1 and 6.2 [35], a priori error estimates show that

when the solution is sufficiently regular, the error for both the scalar quantity u and the

vector quantity z can be expected to be second order in time and limit spatially by the

mixed finite element. In this analysis, the approximation properties for both the scalar and

vector spaces effect the final error estimate. More details will be provided in error analysis
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for the FSI problem, however, here we merely state the expected results for applying this

analysis to the elastodynamic problem.

By applying this analysis, we expect that the convergence will have the same rates

spatially as the MFEM chosen for the static case and second order convergence in time.

For example, for the conforming element we expect

‖σ − σh‖L∞∆t(Ω) ≤ C(∆t2 + h2),

‖u− uh‖L∞∆t(Ω) ≤ C(∆t2 + h2).

For example, for the nonconforming element we expect

‖σ − σh‖L∞∆t(Ω) ≤ C(∆t2 + h),

‖u− uh‖L∞∆t(Ω) ≤ C(∆t2 + h).

2.4.4 Computational Results

In this section, we include some computational results to verify the application of the

analysis in [35] to the elastodynamics problem. For verification testing, we make use of two

test problems and two MFEMs as in the previous sections.

Elastodynamic Example 1

Let Ω = (0, 1)× (0, 1). Then

u =

et sin(x) sin(y)

et cos(x) cos(y)

 .
The other variables σ and fs are calculated from this result.

fs

et(ρs − 2µ) sin(x) sin(y)

et(ρs − 2µ) cos(x) cos(y)

 .
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Additionally, boundary conditions are found using the analytic solutions. We consider

mixed boundary conditions where the top and bottom edges have Dirichlet conditions and

the left and right edges have Neumann conditions. For this trial λ = 1.43 × 105 and

µ = 3.57× 105. Table 2.4 shows a convergence study for this example using the conforming

element. In the early stages we see the third order convergence in the sigma error. However

as the refinement continues, this rate begins to drop off. This is expected as the method

is only expected to be second order in time and both h and ∆t are being cut in half with

each refinement. The expected second order convergence is observed for the displacement

variable. This is also shown graphically in Figure 2.7

We again show some example graphs for this problem. In Figure 2.8 an example for the

approximate solution at the final time of Tf = 1. In Figure 2.9 the approximation for σh11

at the same time is shown.

Next we compare these to the non-conforming results. In Table 2.5 the results of

a convergence study using the nonconforming element are shown. For this trial both h

and ∆t have been cut in half for each refinement. In this case, we again see second

order convergence rate for the displacement error. This is similar to the elastostatic case,

although this rate is better than the expected first order rate from the analysis. However

for the stress error we see first order convergence as expected. These results are also shown

graphically in Figure 2.10.

In Figure 2.8 the graph on the right is an example for the approximate solution for

the first component of displacement, using the nonconforming element, at the final time

of Tf = 1. In Figure 2.9 the approximation for σh11 at the same time is shown. The non-

conforming nature of this approximation is not as visible in this case as it was in example

1. However the lack of continuity can bee seen most clearly in the upper left corner, closest

to the point (1, 1).
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Table 2.4: Convergence study for Elastodynamic Example 1 with the conforming element

h ∆t ‖u− uh‖L∞∆t(Ω) Order ‖σ − σh‖L∞∆t(Ω) Order

1
2

1.000E-01 3.951E-02 — 2.993E+02 —

1
4

5.000E-02 9.843E-03 2.01 3.765E+01 2.99

1
8

2.500E-02 2.459E-03 2.00 4.712E+00 3.00

1
16

1.250E-02 6.146E-04 2.00 5.757E-01 3.03

1
32

6.250E-03 1.536E-04 2.00 6.936E-02 3.05

1
64

3.125E-03 3.841E-05 2.00 9.334E-03 2.89
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Figure 2.7: Graphical representation of the convergence study results for Elastodynamic

Example 1 with the conforming element
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Figure 2.8: Solution graphs for the first component of displacement, u1 for the elastody-

namic example 1 at Tf = 1 with h = 1
16

and ∆t = 1.25 × 10−2: using the conforming

element (left), using the nonconforming element (right), and the exact analytic solution

(bottom).
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Figure 2.9: Solution graphs for the first component of stress, σ11 for the elastodynamic
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and ∆t = 1.25 × 10−2: using the conforming element

(left), using the nonconforming element (right), and the exact analytic solution (bottom).
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Table 2.5: Convergence study for the Elastodynamic Example 1 with the nonconforming

element

h ∆t ‖u− uh‖L∞∆t(Ω) Order ‖σ − σh‖L∞∆t(Ω) Order

1
2

1.000E-01 3.964E-02 — 5.010E+03 —

1
4

5.000E-02 9.876E-03 2.00 2.617E+03 0.94

1
8

2.500E-02 2.467E-03 2.00 1.342E+03 0.96

1
16

1.250E-02 6.170E-04 2.00 6.674E+02 1.01

1
32

6.250E-03 1.545E-04 2.00 3.230E+02 1.05

10−2 10−1 100
10−4

10−3

10−2

10−1

100

101

102

103

104

1

2

1
1

h

E
r
r
o
r

 

 

||u − u
h
||

L
∞

∆ t
(Ω)

||σ − σ
h
||

L
∞

∆ t
(Ω)

Figure 2.10: Graphical representation of the convergence study results for Elastodynamic

Example 1 with the nonconforming element
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Elastodynamic Example 2

We consider the analytic solution used in [69]. For the solid problem only this is

u =

sin(x+ t) sin(y + t)

cos(x+ t) cos(y + t)

 .
The other variables σ and fs be calculated from this result.

We again consider mixed boundary conditions where the top and bottom edges have

Dirichlet conditions and the left and right edges have Neumann conditions. For this trial

λ = 114 and µ = 455. Table 2.6 shows a convergence study for this example using the

conforming element. Again we reduce both h and ∆t by factor of 2 for each refinement.

Despite seeing a third order convergence in the sigma error early on we see dropping toward

the expected second order convergence for both variables as the study progresses. Figure

2.11 shows this graphically.

We again show some example graphs for this problem. In Figure 2.12 the graph on the

right is an example of the approximate solution for the first component of displacement at

the final time of Tf = 1. In Figure 2.13 the approximation for σh22 at the same time is

shown.

Next we compare these to the non-conforming results. In Table 2.14 and Figure 2.15

the results of convergence study using the nonconforming element are shown. We again

see second order convergence in the displacement error while seeing a first order rate of

convergence for the stress variable.

In Figure 2.12 the graph on the left is an example for the approximate solution for

the first component of displacement, using the nonconforming element, at the final time of

Tf = 1. In Figure 2.13 the approximation for σh22 at the same time is shown.
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Table 2.6: Convergence study for Elastodynamic Example 2 with the conforming element

h ∆t ‖u− uh‖L∞∆t(Ω) Order ‖σ − σh‖L∞∆t(Ω) Order

1
2

1.000E-01 1.496E-02 — 1.824E+00 —

1
4

5.000E-02 3.729E-03 2.00 2.135E-01 3.09

1
8

2.500E-02 9.315E-04 2.00 2.648E-02 3.01

1
16

1.250E-02 2.328E-04 2.00 3.481E-03 2.93

1
32

6.250E-03 5.821E-05 2.00 5.714E-04 2.61
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Figure 2.11: Graphical representation of the convergence study results for Elastodynamic

Example 2 with the conforming element
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Figure 2.12: Solution graphs for the first component of displacement, u1 for the elasto-

dynamic example 2 at Tf = 1 with h = 1
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and ∆t = 1.25 × 10−2: using the conforming

element (left), using the nonconforming element (right), and the exact analytic solution
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Figure 2.14: Convergence study for Elastodynamic Example 2 with the nonconforming

element

h ∆t ‖u− uh‖L∞∆t(Ω) Order ‖σ − σh‖L∞∆t(Ω) Order

1
2

1.000E-01 1.514E-02 — 2.751E+01 —

1
4

5.000E-02 3.793E-03 2.00 1.344E+01 1.03

1
8

2.500E-02 9.462E-04 2.00 6.698E+00 1.01

1
16
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Figure 2.15: Graphical representation of the convergence study results for Elastodynamic

Example 2 with the nonconforming element
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Chapter 3

Mixed Finite Element Methods for

Stokes Flow

In this chapter, we will focus on the fluid flow section of our FSI problem. In dissertation,

we limit our study to the case of a slow flow of a slightly compressible fluid where the

nonstationary or unsteady Stokes equations describe the flow.

Traditionally, the MFEM for the Stokes equation would use velocity and pressure as

the primary variables. In this case the unknown pair is a vector and a scalar. A number of

stable mixed finite element spaces for such problems have been found, see for example [71].

Many other works have been devoted to the study of the Stokes and Navier-Stokes equations

in the context of finite element methods. For example, the work of Huang et al. [59] studies

the use of a stabilized finite element in space and the Crank-Nicholson scheme in time to

the nonstationary Stokes problem. In this case fluid velocity and pressure are considered

primary variables. Furthermore, in [93] the general problem of parabolic equations using

a similar method of finite elements in space and a Crank-Nicholson approach in time is

studied.

However, we know ahead of time that we wish to consider a formulation in which the

primary variables are fluid velocity and stress to match the variables in the elastodynamics

equation. The stationary version of this formulation has been studied by Carstensen et al.

[27] where the Arnold-Winther finite element is used for spatial discretization. Furthermore,

this is a limiting case of the linear elasticity problem. Therefore MFEMs designed for the

elasticity equations can be used for Stokes equations too. Specifically, we should be able

to use the nonconforming element in this formulation of Stokes equations as well. We will

53



build on this work by studying the nonstationary Stokes equations discretized spatially

using the Arnold-Winther element. However the nonstationary Stokes equation has only

a first derivative with respect to time unlike the elastodynamics problem which contains a

second derivative with respect to time. Since the discretization for the elasticity problem

discussed in the previous section is expected to be second order in time, the Crank-Nicholson

scheme is used for the time discretization of this problem to match.

3.1 Model Equations for Nonstationary Stokes Flow

3.1.1 Derivation of Model Equations

As we already know that we would like our model equations to be expressed in terms of

velocity and stress, we will think of the Stokes equations as a limit of case of linear elasticity

as λ → ∞ [40, 27]. Recall the compliance tensor 2.1 used to express Hooke’s law. In the

limit of λ→∞ we find the deviatoric operator

A∞τ :=
1

2µf

(
τ − 1

2
tr(τ )I

)
, (3.1)

where µf is the viscosity. There must also be a slightly different definition for fluid stress

than solid stress. Fluid stress is defined as

σ = 2µfε(v)− pI, (3.2)

where v is fluid velocity and p is the fluid pressure. This stress is made up of the static

and dynamic parts. For a fluid at rest, Pascal’s Law,see for example [75], shows

σr = −pI.

For the fluid in motion first consider the following property. Consider an infinitesimal

volume of fluid, This flow is subject to the conservation of mass. However since we consider

an incompressible flow, the density is constant. That is ρf is constant. Therefore, the
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volume must also be constant. This is written as

∇ · v = 0. (3.3)

Note also that

∇ · v = tr(ε(v)).

Therefore by considering Hooke’s law (2.3) applied now to the fluid, the dynamic part of

the fluid stress is

σd = 2µfε(v).

Adding these static and dynamic parts yields the definition (3.2). By recalling the system

(2.6) the stress-velocity formulation for the nonstationary Stokes equation as a limiting

case of linear elasticity is

ρf
∂

∂t
v −∇ · σ = ff , (3.4a)

A∞σ − ε(v) = 0. (3.4b)

Equation (3.3) can be obtained from this formulation by applying the trace operator to

(3.4b). We note that nonstationary Stokes equations are traditionally expressed as

ρfvt − 2µf∇ · ε(v) +∇p = ff , (3.5a)

∇ · v = 0. (3.5b)

More information about these equations can be found for example in [71, 54] and more

information about the derivation of these equations can be found in introductory fluid

dynamics texts, for example [15]. This system is arrived at by using the definition (3.2) in

(3.4a) and using (3.3) directly. To complete either system we need boundary and initial

conditions. The boundary conditions are

v = vd on ΓD,

σn = σN on ΓN .
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Note that if ΓN = ∅, then the pressure in this case is unique only up to an additive constant.

When using (3.5), the value of pressure often is fixed by enforcing a compatibility condition∫
Ω

pdx = 0. (3.6)

However as we will be using the system (3.4) we note that by taking the trace of σ, we find

trσ = −2p.

Therefore, the compatibility condition for (3.4) is∫
Ω

trσdx = 0.

Finally, the required initial condition is

v(0) = v0 in Ω. (3.7)

3.1.2 Semidiscrete Model

Here we will express the semidiscrete form of our model governed by the system (3.4).

However, we first note that the new definition (3.1) leads to a new norm defined as

‖τ‖2
A∞,Ω =

∫
Ω

A∞τ : τdx.

This norm ‖·‖2
A∞,Ω is equivalent to the L2-norm

C1‖τ‖2
0 ≤ ‖τ‖2

A∞,Ω ≤ C2‖τ‖2
0. (3.8)

Now recall that

Σ = H(div; Ω;S) and V = (L2(Ω))2.

Then the weak formulation seeks to find (σ,v) ∈ (C(0, T ; Σ), C1(0, T ;V)) such that

(v(0),ν) = (v0,ν) , ν ∈ V , (3.9a)

ρf (vt,ν)− (∇ · σ,ν) = (ff ,ν) , ν ∈ V , t > 0, (3.9b)

(A∞σ, τ ) + (v,∇ · τ )− < v, τn >Γ= 0, τ ∈ Σ, t > 0. (3.9c)
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Consider some finite dimensional spaces Σh and Vh which are approximations to Σ and V

respectively. These may be conforming or nonconforming spaces. Therefore we express the

following models using the element-wise divergence operator, ∇h·, with the understanding

that in the case of a conforming space, this is the same as the standard divergence ∇ · .

The semidiscrete model seeks to find (σh,vh) ∈ (C(0, T ; Σh), C1(0, T ;Vh)) such that

(vh(0),ν) = (v0,ν) , ν ∈ Vh, (3.10a)

ρf ((vh)t,ν)− (∇ · σh,ν) = (ff ,ν) , ν ∈ Vh, t > 0, (3.10b)

(A∞σh, τ ) + (vh,∇ · τ )− < vh, τn >Γ= 0, τ ∈ Σh, t > 0. (3.10c)

3.2 Fully Discrete Model

We wish to consider a second order time discretization for this problem. Therefore we con-

sider a Crank-Nicholson discretization. This type of scheme has been used in the velocity-

pressure formulation in [55, 51, 52, 63, 89]. As in the the previous chapter, in this notation,

for a given n we assume that all pairs (σih,u
i
h) where i ≤ n are known. Therefore, the

unknown pair in the above system for a given n is (σn+1
h ,un+1

h ). The fully discrete method

is to find (σn+1
h ,vn+1

h ) ∈ (Σh,Vh), 0 ≤ n ≤ N − 1 such that

ρf
(
∂tv

n+1/2,ν
)
−
(
∇h · σn+1/2

h ,ν
)

=
(
f
n+1/2
f ,ν

)
, ν ∈ Vh, n ≥ 0, (3.11a)(

A∞σn+1/2
h , τ

)
+
(
σ
n+1/2
h ,∇h · τ

)
− < v

n+1/2
h , τn >Γ= 0, τ ∈ Σh, n ≥ 0. (3.11b)

3.2.1 Initial Conditions

Let n = 0 in (3.11a) be used to find v1
h and, σ1

h. In order to use this both v0
h and σ0

h are

assumed to be known from given initial condition. The former can be found using

(
v0
h,ν
)

= (v0,ν) , ν ∈ Vh. (3.12)
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However, we cannot find σ0
h using(

A∞σ0
h, τ
)

+
(
v0
h,∇h · τ

)
− < v0

h, τn >Γ= 0, τ ∈ Σh.

as this results in a nonsingular matrix. Instead, at t=0, consider

−∇ · σ = ff − ρfvt = g, (3.13a)

A∞σ − ε(v) = 0. (3.13b)

As the application of the conforming Arnold Winther MFEM to this problem has already

been studied in [27], the convergence rate of (3.13) would be known assuming that g is

found with enough accuracy. Therefore, consider (3.5a) at t=0

−2µf∇ · ε(v0) +∇p0 = ff − ρfvt = g. (3.14)

Since v0 is given as the initial condition, we can approximate g if we can approximate p0.

Therefore we consider the work of Heywood [54] which notes that, for the system 3.5,

pressure at t = 0 may be found using an overdetermined Neumann system, if the boundary

is clamped, i.e. vd = 0 and ΓN = ∅ . This statement is arrived at by applying the divergence

operator to the momentum equation. Specifically, consider the divergence applied to (3.5a)

at t = 0 which gives

4p0 = ∇ · f 0
f in Ω, (3.15a)

∇p0 · n = 2µf∇ · ε(v0
d) · n+ f 0

f · n on ∂Ω. (3.15b)

For these boundary conditions, a compatibility condition as seen in (3.6) is used. For

more information see [81]. Finding an approximate solution for the Poisson equation (3.15)

requires another finite element or finite difference method. This method must be accurate

enough to ensure the convergence rate of stress. For purposes of this dissertation, we will

use the methods available in FFW [24] as a black box to find a finite element approximation

p0
h to the solution of (3.15), p0. Therefore we expect a bound of the form

‖p0 − p0
h‖ ≤ Chr‖p0‖r, (3.16)
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where the value of r is determined by the chosen finite element space. Note that this

will require certain regularity of the solution p0. For certain cases, such as pure Neumann

boundary conditions and a smooth ∂Ω

‖p0‖2 ≤ C‖f‖,

where f is the right hand side function of (3.15a), see for example [46] for the case of ho-

mogeneous boundary conditions. This may sufficient when using a nonconforming element

for approximating (3.11). However, when dealing with a conforming element the following

extension may be used [45, 29]

‖p0‖m+2 ≤ C‖f‖m + ‖vd‖m+2−1/2,∂Ω,

for certain boundary classifications.

Once p0
h is found with sufficient accuracy we approximate g with

gh = −2µf∇ · ε(v0) +∇p0
h (3.17)

Finally, σ0
h is found by seeking (v̂h

0,σ0
h) ∈ (Vh,Σh)

−
(
∇h · σ0

h,ν
)

= (gh,ν) , ν ∈ Vh, (3.18a)(
A∞σ0

h, τ
)

+
(
v̂h

0
,∇h · τ

)
=< v0

h, τn >Γ, τ ∈ Σh. (3.18b)

Note that v̂h
0 is also an approximation to v0. However we use the projection approximation

from (3.12) as our approximation to v0.

Lemma 3.2.1. Let g be defined by (3.14) and gh be as defined in (3.17). Then

‖g − gh‖ ≤ Chr−1‖p0‖r. (3.19)

Proof. Consider the difference between (3.14) and (3.17)

g − gh = ∇
(
p0 − p0

h

)
.

The desired result is obtained using the bound (3.16) and noting the effect of the gradient.
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Theorem 3.2.2. For some gh, the solutions to (3.13) and (3.18) converge at the same

rate.

Proof. If the finite element method used to find p0
h is accurate enough to ensure that (3.19)

is converging at a faster rate than solutions to (3.13), then the solution to (3.18) converges

at the same rate.

We will choose a finite element space for (3.18) such that r−1 is larger than the expected

convergence rate from the mixed finite element space used for (3.11). For example, when

using the conforming element we chose the P 3 element when finding p0
h so r = 4.

For completeness, we state the fully discrete model. Find (σn+1
h ,vn+1

h ) ∈ (Σh,Vh), 0 ≤

n ≤ N − 1 such that

(
v0,ν

)
= (v0,ν) , ν ∈ Vh, (3.20a)

−
(
∇h · σ0

h,ν
)

= (gh,ν) , ν ∈ Vh, (3.20b)(
A∞σ0

h, τ
)

+
(
v̂h

0
,∇h · τ

)
=< v0

h, τn >Γ, τ ∈ Σh, (3.20c)

ρf
(
∂tv

n+1/2,ν
)
−
(
∇h · σn+1/2

h ,ν
)

=
(
f
n+1/2
f ,ν

)
, ν ∈ Vh, n ≥ 0, (3.20d)(

A∞σn+1/2
h , τ

)
+
(
v
n+1/2
h ,∇h · τ

)
− < v

n+1/2
h , τn >Γ= 0, τ ∈ Σh, n ≥ 0. (3.20e)

3.2.2 Numerical results

Here we perform some computations using the numerical model expressed in (3.20) to

confirm expected convergence results. Again we use two test problems.

Fluid Example 1

First we consider the following example referred to as Fluid example 1. Let Ω = (0, 1) ×

(0, 1). Let the analytic solution for velocity be

v =

et sin(x) sin(y)

et cos(x) cos(y)

 .
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The other variables σ and ff are calculated from this result.

ff =

et(ρf − 2µf ) sin(x) sin(y)

et(ρf − 2µf ) cos(x) cos(y)

 .
As in the previous section, we use mixed boundary conditions and µf = 8.9x10−4. Table 3.1

shows a convergence study for this example using the conforming element. Both variables

appear to have a second order convergence rate. This is expected as the method is second

order in time. Table 3.2 shows the results of a convergence study using the nonconforming

element. In this case, the rate of convergence for the stress variable is less than when using

the conforming element, as is expected.

Figures 3.2 and 3.3 show example graphs for the displacement and stress for comparisons

to the analytic solutions. In both figures we see the results from using the conforming

element, on the left, the results using the nonconforming element, on the right, and the

graphs of the analytic solution, at the bottom, are quite similar.

Fluid Example 2

Secondly, we consider the test problem from [69]. This will be referred to as Fluid Example

2. Let the analytic solution for velocity be

v =

 cos(x+ t) sin(y + t) + sin(x+ t) cos(y + t)

− sin(x+ t) cos(y + t)− cos(x+ t) sin(y + t)

 .
The other variables σ and ff are calculated from this result.

We again preform convergence studies where h and ∆t are reduced by a factor of two

in each refinement. The results of such a study using the conforming element are shown

in Table 3.3 and Figure 3.5. The expected second order convergence rate is seen from both

variables. The results in Table 3.4 and Figure 3.8 are obtain using the same example and

the nonconforming element. The observed rate of convergence for the stress variable is one

in this case, as expected when using the nonconforming element.
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Table 3.1: Convergence study for Fluid Example 1 with the conforming element

h ∆t ‖v − vh‖L∞∆t(Ω) Order ‖σ − σh‖L∞∆t(Ω) Order

1
2

1.000E-01 3.952E-02 — 3.931E-04 —

1
4

5.000E-02 9.845E-03 2.01 1.046E-04 1.91

1
8

2.500E-02 2.459E-03 2.00 2.705E-05 1.95

1
16

1.250E-02 6.147E-04 2.00 6.864E-06 1.98

1
32

6.250E-03 1.537E-04 2.00 1.726E-06 1.99

1
64

3.125E-03 3.842E-05 2.00 4.326E-07 2.00
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Figure 3.1: Graphical representation of the convergence study results for Fluid Example 1

with the conforming element
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Figure 3.2: Solution graphs for the first component of velocity, v1 for fluid example 1 at

Tf = 1 with h = 1
16

and ∆t = 1.25 × 10−2: using the conforming element (left), using the

nonconforming element (right), and the exact analytic solution (bottom).
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Figure 3.3: Solution graphs for the first component of stress, σ11 for fluid example 1 at

Tf = 1 with h = 1
16

and ∆t = 1.25 × 10−2: using the conforming element (left), using the

nonconforming element (right), and the exact analytic solution (bottom).
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Table 3.2: Convergence study for the Fluid Example 1 with the nonconforming element

h ∆t ‖v − vh‖L∞∆t(Ω) Order ‖σ − σh‖L∞∆t(Ω) Order

1
2

1.000E-01 3.960E-02 — 3.198E-04 —

1
4

5.000E-02 9.870E-03 2.00 1.141E-04 1.49

1
8

2.500E-02 2.468E-03 2.00 4.228E-05 1.43

1
16

1.250E-02 6.172E-04 2.00 1.863E-05 1.18

1
32

6.250E-03 1.543E-04 2.00 8.998E-06 1.05

1
64

3.125E-03 3.857E-05 2.00 4.467E-06 1.01
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Figure 3.4: Graphical representation of the convergence study results for Fluid Example 1

with the nonconforming element
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Table 3.3: Convergence study for Fluid Example 2 with the conforming element

h ∆t ‖v − vh‖L∞∆t(Ω) Order ‖σ − σh‖L∞∆t(Ω) Order

1
2

1.000E-01 9.374E-03 — 5.501E-03 —

1
4

5.000E-02 2.354E-03 1.99 1.086E-03 2.34

1
8

2.500E-02 5.892E-04 2.00 2.477E-04 2.13

1
16

1.250E-02 1.474E-04 2.00 6.032E-05 2.04

1
32

6.250E-03 3.685E-05 2.00 1.499E-05 2.01

1
64

3.125E-03 9.212E-06 2.00 3.743E-06 2.00
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Figure 3.5: Graphical representation of the convergence study results for Fluid Example 1

with the conforming element
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Figure 3.6: Solution graphs for the second component of velocity, v2 for example 2 at

Tf = 1 with h = 1
16

and ∆t = 1.25 × 10−2: using the conforming element (left), using the

nonconforming element (right), and the exact analytic solution (bottom).

Figures 3.6 and 3.7 show example graphs for the displacement and stress for comparisons

with the analytic solutions. In both figures we see that the results from using both elements

are quite similar to the analytic solution.
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Figure 3.7: Solution graphs for the first component of stress, σ11 for example 2 at Tf =

1 with h = 1
16

and ∆t = 1.25 × 10−2: using the conforming element (left), using the

nonconforming element (right), and the exact analytic solution (bottom).
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Table 3.4: Convergence study for Fluid Example 2 with the nonconforming element

h ∆t ‖v − vh‖L∞∆t(Ω) Order ‖σ − σh‖L∞∆t(Ω) Order

1
2

1.000E-01 9.858E-03 — 7.450E-02 —

1
4

5.000E-02 2.469E-03 2.00 3.744E-02 0.99

1
8

2.500E-02 6.169E-04 2.00 1.815E-02 1.04

1
16

1.250E-02 1.539E-04 2.00 8.901E-03 1.03

1
32

6.250E-03 3.841E-05 2.00 4.401E-03 1.02

1
64

3.125E-03 9.591E-06 2.00 2.188E-03 1.01

10−2 10−1 100
10−6

10−5

10−4

10−3

10−2

10−1

1

2

1

1

h

E
r
r
o
r

 

 

||v − v
h
||

L
∞

∆ t
(Ω)

||σ − σ
h
||

L
∞

∆ t
(Ω)

Figure 3.8: Graphical representation of the convergence study results for Fluid Example 2

with the nonconforming element
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Chapter 4

Mixed Finite Element Methods for

Fluid Structure Interactions

In this chapter, the models in the previous chapters will be combined to study the inter-

action between a fluid and solid. This interaction problem will also require some interface

equations that describe the interaction between the different materials. Specifically, we

consider interface conditions which enforce continuity of the velocity and stress force.

4.1 Preliminaries and Notations

Let Ω be a bounded domain in R2 with boundary ∂Ω and an outward normal n. This domain

may be divided into a solid region, Ωs and a fluid region Ωf such that Ω = Ωs

⋃
Ωf . Let ∂Ωs

denote the boundary of the solid region with the outward normal vector ns and similarly

∂Ωf denotes the boundary of the fluid region with the outward normal vector nf . With this

division, there is a portion of the boundary that is shared by the solid and fluid domains.

This is referred to as the interface and is denoted Γ = ∂Ωs

⋂
∂Ωf . Along this interface

certain conditions apply. The boundary of Ω is divided as ∂Ω = ∂Ωs

⋃
∂Ωf \ Γ. Note that

for simplicity, we have considered only a single interface. However these arguments can be

extended to include multiple interfaces and domains. Figure 4.1 shows a simple domain.

Furthermore, the domain will be divided into a finite number of elements. Let Th be

a family of triangulations of Ω into elements Ti, i = 1, 2, ..., I of size O(h). The notations

Tsj , j = 1, 2, ..., J and Tf k, k = 1, 2, ..., K with J + K = I are used to specify whether

an element lies in the solid or fluid region, respectively. For this study, no element may
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Figure 4.1: Model domain.

be in both the fluid and solid subdomains. That is, the interface Γ falls between elements.

Denote by Γsj,k = Γsk,j = ∂Tsj
⋃
∂Tsk the edges shared by elements j and k in the solid

domain. These are referred to as interior edges of the solid domain and the set of all interior

edges of the solid domain is denoted by Esh =
⋃
j,k Γsj,k. Similarly in the fluid domain we

have interior edges Γf j,k = Γf k,j = ∂Tf j
⋃
∂Tf k and the set of interior edges in the fluid

domain is Ef h =
⋃
j,k Γf j,k. The outward normal vector to the boundary of an element Tsj

is denoted ns,j. Notice that for adjacent elements Tsj and Tsk on the shared edge Γsj,k the

outward normal vectors have opposite direction, ns,j = −ns,k. A similar notation is used

for the fluid elements. Therefore the notation n is used to denote the normal to an edge

in a globally defined direction.

We will be presenting a unified finite element model and error analysis in this the

following sections. The intentions is to provide an analysis for both conforming and non-

conforming analysis. To this end, we will use the element wise divergence ∇h· in our

presentation. This is used with the understanding that in the conforming case, this is the

same as standard divergence ∇ · . Additionally, we will present our analysis with consis-

tency error terms which arise when nonconforming methods are used. This is done with the
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understanding that when a conforming mixed finite element space is used, this consistency

error is zero.

4.2 Fluid Structure Interaction

In the subdomain Ωs we consider an elastic solid governed by the Hellinger-Reissner form

of the elasticity equations as stated in (2.6). In the subdomain Ωf we consider the slow

flow governed by the equations as stated in (3.4). For completeness, the equations are

ρsutt −∇ · σs = fs in Ωs, (4.1a)

Aσs − ε(u) = 0 in Ωs, (4.1b)

ρfvt −∇ · σf = ff in Ωf , (4.1c)

A∞σf − ε(v) = 0 in Ωf . (4.1d)

Recall from section 2.4.1 that we have differentiated the solid equation (4.1b) with respect

to time. Therefore, we consider the case where (4.1b) may replaced with

A(σs)t − ε(ut) = 0 in Ωs. (4.2)

On the exterior boundary ∂Ωs

⋃
∂Ωf \Γ the boundary conditions are chosen as clamped

or no-slip

u = 0 on ∂Ωs \ Γ,

v = 0 on ∂Ωf \ Γ,

and the initial conditions are

u(·, 0) = u0 in Ωs,

ut(·, 0) = s0 in Ωs,

v(·, 0) = v0 in Ωf .

Along the interface Γ additional interface conditions must be imposed. These conditions

are obtained by enforcing continuity of velocity and normal component of stress along this
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interface

ut = v on Γ, (4.3a)

σsns = −σfnf on Γ. (4.3b)

In the interest of stating a variational formulation we introduce the notation

σ =

σs in Ωs,

σf in Ωf ,

ω =

u in Ωs,

v in Ωf ,

f =

fs in Ωs,

ff in Ωf

and the solution spaces

Σ = H(div; Ω;S),

V = (L2(Ω))2.

Then, the weak form of (4.1) seeks to find (σ,ω) ∈ (C1(0, T ; Σ), C2(0, T ;V)) such that
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(u(0),ν)Ωs
+ (v(0),ν)Ωf

= (u0,ν)Ωs
+ (v0,ν)Ωf

, ν ∈ V , (4.4a)

(Aσs(0), τ )Ωs
+ (A∞σf (0), τ )Ωf

+ (u0,∇ · τ )Ωs
+ (v0,∇ · τ )Ωf

=< u0, τns >Γ + < v0, τnf >Γ, τ ∈ Σ, (4.4b)

(ut(0),ν)Ωs
= (s0,ν)Ωs

, ν ∈ V , (4.4c)

ρs (utt(t),ν)Ωs
+ ρf (vt(t),ν)Ωf

− (∇ · σs(t),ν)Ωs
− (∇ · σf (t),ν)Ωf

= (fs(t),ν)Ωs
+ (ff (t),ν)Ωf

, ν ∈ V , t > 0,

(4.4d)

(A(σs)t(t), τ )Ωs
+ (A∞σf (t), τ )Ωf

+ (ut(t),∇ · τ )Ωs
+ (v(t),∇ · τ )Ωf

=< ut(t), τns >Γ + < v(t), τnf >Γ, τ ∈ Σ, t > 0.

(4.4e)

Recall from section 2.4.1 that we have differentiated the solid equation 4.1b with respect

to time. This has the following additional benefit. Consider the terms occurring on the

interface in (4.4e)

I =< ut(t), τns >Γ + < v(t), τnf >Γ .

On the interface, v = ut. Therefore

I =< ut(t), τns + τnf >Γ .

Recall that ns and nf are outward normals to the interface and therefore have opposite

sign. So if we consider a normal to the interface in a global direction n = ns = −nf then

the interface term can be expressed as

I =< ut(t), [τn] >Γ .

However for τ ∈ Σ, I = 0.
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4.2.1 Fully Discrete Implicit in Time Method

We begin by expressing our proposed fully discrete model for a time step where n ≥ 1.

Then we will describe the needed initial conditions. As above, we will use

σh =

σsh in Ωs,

σfh in Ωf ,

and

ωh =

uh in Ωs,

vh in Ωf .

Also let Vh and Σh be appropriate mixed finite element spaces for the Hellinger-Reissner

formulation. We assume that these spaces have the following properties like the Arnold-

Winther spaces discussed in Chapter 2. First, Ph : (L2(Ω))2 → Vh is the orthogonal

projection. Then, Πh : H1(Ω,S) → Σh is a corresponding interpolation for tensors with

the additional property that

∇h · Πhτ = Ph∇ · τ τ ∈H1(Ω,S). (4.5)

This additional property gives ∇h ·Σh = Vh.

Since Ph is the orthogonal projection, for u ∈ (L2(Ω))2

(u− Phu,ν) = 0, ν ∈ Vh. (4.6)

But since ∇h · τ ∈ Vh for τ ∈ Σh

(∇h · τ ,u− Phu) = 0, τ ∈ Σh. (4.7)

We also have

(∇h · τ −∇h · Πhτ ,ν) = 0 ν ∈ Vh (4.8)
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as a consequence of (4.5). Additionally, the following approximation properties hold:

‖Πhτ − τ‖0 ≤ Chm1‖τ‖m1 , (4.9a)

‖Phν − ν‖0 ≤ Chm2‖ν‖m2 , (4.9b)

where m1 and m2 are determined by the mixed finite element spaces chosen. Recall that

in this notation, for a given n we assume that all pairs (σih,ω
i
h) for i ≤ n are known.

Therefore, the unknown pair in the above system for a given n is (σn+1
h ,ωn+1

h ). We seek to

find (σn+1
h ,ωn+1

h ) ∈ (Σh,Vh), 1 ≤ n ≤ N − 1 such that

ρs
(
∂2
tuh

n,ν
)

Ωs
+ ρf (∂ctv

n
h ,ν)Ωf

−
(
∇h · σ̃nsh ,ν

)
Ωs
−
(
∇h · σ̃nfh ,ν

)
Ωf

=
(
f̃ns ,ν

)
Ωs

+
(
f̃nf ,ν

)
Ωf

, ν ∈ Vh, n ≥ 1,

(4.10a)(
A∂ctσnsh , τ

)
Ωs

+
(
A∞σ̃nfh , τ

)
Ωf

+ (∂ctu
n
h,∇h · τ )Ωs

+
(
ṽnh ,∇h · τ

)
Ωf

= 0, τ ∈ Σh, n ≥ 1.

(4.10b)

Again, modifications are required to use the initial conditions. First, to find (σ0
h,ω

0
h) ∈

(Σh,Vh) we recall the initial systems used for the elastodyanmics equations (2.49) and the

initial system used for the nonstationary Stokes equations (3.18) separately. Specifically,

we seek to find (σ0
h,ω

0
h) ∈ (Σh,Vh) such that

(
u0
h,ν
)

Ωs
+
(
v0
h,ν
)

Ωf
= (u0,ν)Ωs

+ (v0,ν)Ωf
, ν ∈ Vh, (4.11a)

−
(
∇h · σ0

h,ψ
)

= (gh,ψ) , ψ ∈ Vh, (4.11b)(
Aσ0

sh
, τ
)

Ωs
+
(
A∞σ0

h, τ
)

+
(
u0
h,∇h · τ

)
Ωs

+
(
v̂h

0
,∇h · τ

)
=< u0, τns >Γ + < v0, τn >Γ, τ ∈ Σh. (4.11c)

Here, gh and v̂h
0 are needed to obtain an approximation to σ0

h as described in Section

3.2.1. Specifically, gh is described in (3.17) and is an approximation to the forcing function

for the stationary Stokes equation and v̂h
0 is part of the solution to the stationary Stokes
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system described in (3.18). Note that v̂h
0 is also an approximation to v0, but we use the

projection of v0 as v0
h.

Once ω0
h and σ0

h are found we seek to find (σ1
h,ω

1
h) ∈ (Σh,Vh) such that

2ρs
∆t

(
∂tu

1/2
h ,ν

)
Ωs

−
(
∇h · σ1/2

sh ,ν
)

Ωs

+ ρf

(
∂tv

1/2
h ,ν

)
Ωf

−
(
∇h · σ1/2

fh
,ν
)

Ωf

=

(
f

1/2
s +

2ρs
∆t

g0,ν

)
Ωs

+
(
f

1/2
f ,ν

)
Ωf

, ν ∈ Vh,

(4.12a)(
A∂tσ1/2

sh
, τ
)

Ωs
+
(
A∞σ1/2

fh
, τ
)

Ωf

+
(
∂tu

1/2
h ,∇h · τ

)
Ωs

+
(
v

1/2
h ,∇h · τ

)
Ωf

= 0, τ ∈ Σh.

(4.12b)

4.3 Unified Error Analysis

The following sections will be concerned with the error analysis for the model described by

(4.11), (4.12) and (4.10). We will make use of the following notation for auxiliary errors

χnu = uh
n − Phun,

χnv = vh
n − Phvn,

χnσs
= σsh

n − Πhσ
n
s ,

χnσf
= σfh

n − Πhσ
n
f

and the following for projection errors

ηnu = un − Phun,

ηnv = vn − Phvn,

ηnσs
= σns − Πhσ

n
s ,

ηnσf
= σnf − Πhσ

n
f .

We will also use the notation

C = C(·)

to notate that C constant which depends on a value ·.

77



4.3.1 Useful Lemmas and Inequalities

In this section, we state some of the inequalities that will be used repeatedly in our analysis.

Many of these are simple consequences of one or more well known theorems.

Theorem 4.3.1. (Young’s Inequality) For non-negative real numbers a, b and ε

ab ≤ a2

2ε
+
εb2

2
.

This form of Young’s Inequality is frequently used. We will also make frequent use of

the following corollary which is a direct consequence of the Triangle Inequality and Young’s

Inequality.

Corollary 4.3.2. For a function of time φ

‖φn+1/2‖2 ≤ ‖φn+1‖2 + ‖φn‖2. (4.13)

We will also make use of the following inequalities pertaining to the L∞ -norms.

Lemma 4.3.3. For a normed space P and suitable φ ∈ Ck(0, T ;P ),

‖φ‖L∞∆t(P ) ≤ ‖φ‖L∞∆t(P ), (4.14a)

‖φ‖L̃∞∆t(P ) ≤ ‖φ‖L∞∆t(P ), (4.14b)

‖φ‖L̃∞∆t(P ) ≤ ‖φ‖L∞∆t(P ), (4.14c)

‖∂ctφ‖L∞∆t(P ) ≤ ‖∂tφ‖L∞∆t(P ). (4.14d)

Proof. These inequalities are shown by recalling the definitions (2.47) and using the Triangle

Inequality. First consider (4.14a)

‖φ‖L∞∆t(P ) = max
0≤n≤N−1

1

2
‖φn + φn+1‖P

≤ 1

2
max

0≤n≤N−1
‖φn‖P +

1

2
max

0≤n≤N−1
‖φn+1‖P

≤ ‖φ‖L∞∆t(P ).
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The inequalities (4.14b) (4.14d), are shown by recalling (2.42) or (2.44) respectively and

using a similar argument. Now (4.14c) is obtained by combining (4.14a) and (4.14b).

Lemma 4.3.4. For a function φ(t) which is sufficiently differentiable in time,

‖φn+1/2 − φn+1/2‖2 ≤ C∆t3
∫ tn+1

tn
‖φtt(s)‖2 ds, (4.15a)

‖∂tφn+1/2 − φn+1/2
t ‖2 ≤ C∆t3

∫ tn+1

tn
‖φttt(s)‖2 ds, (4.15b)

‖φ̃n − φn‖2 ≤ C∆t3
∫ tn+1

tn−1

‖φtt(s)‖2 ds, (4.15c)

‖∂2
t φ

n − φntt‖2 ≤ ∆t3
∫ tn+1

tn−1

‖φtttt(s)‖2 ds. (4.15d)

Proof. All of these are proved with Taylor series and Hölder’s inequality. Since (4.15a) and

(4.15b) are stated in [93], here we prove (4.15c). This begins with the following Taylor

expansions :

φn+1 = φn + ∆tφnt +

tn+1∫
tn

(tn+1 − s)φtt(s) ds,

φn−1 = φn −∆tφnt +

tn−1∫
tn

(tn−1 − s)φtt(s) ds.

Therefore,

φ̃n − φn =
1

4
φn+1 +

1

2
φn +

1

4
φn−1 − φn

=
1

4

tn+1∫
tn

(tn+1 − s)φtt(s) ds+
1

4

tn∫
tn−1

(s− tn−1)φtt(s) ds

≤ ∆t

tn+1∫
tn−1

| φtt(s) | ds.

79



Finally,

‖φ̃n − φn‖2 =

∫
Ω

(φ̃n − φn)2dx

≤
∫
Ω

∆t

tn+1∫
tn−1

| φtt(s) ds |

2

dx.

Now by using Hölder’s inequality and changing the order of integration we have

‖φ̃n − φn‖2 ≤ ∆t2
∫
Ω

 tn+1∫
tn−1

φ2
tt(s) ds ·

tn+1∫
tn−1

(1)2 ds

 dx

≤ ∆t3
∫
Ω

tn+1∫
tn−1

φ2
tt(s) dsdx

= ∆t3
tn+1∫
tn

∫
Ω

φ2
tt(s) dxds

= ∆t3
tn+1∫
tn

‖φtt(s)‖2 ds.

The other inequalities are shown with a similar series of steps.

Corollary 4.3.5. Under the assumptions of Lemma 4.3.4,

‖φn+1/2
t − ∂tφn+1/2‖2 ≤ C∆t3

∫ tn+1

tn
‖φttt(s)‖2 ds, (4.16a)

‖φ̃nt − ∂ctφn‖2 ≤ C∆t3
∫ tn+1

tn−1

‖φttt(s)‖2 ds, (4.16b)

‖∂2
t φ

n − φ̃nt ‖2 ≤ C∆t3
∫ tn+1

tn−1

‖φtttt(s)‖2 ds. (4.16c)

Proof. By adding and subtracting φ
n+1/2
t to the right and side of (4.16a) then using Lemma

(4.3.2), (4.15a) and (4.15b)

‖φn+1/2
t − ∂tφn+1/2‖2 ≤ 2

(
‖φn+1/2

t − φn+1/2
t ‖2 + ‖φn+1/2

t − ∂tφn+1/2‖2
)

≤ C∆t3
∫ tn+1

tn
‖φttt(s)‖2 ds.
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To show (4.16b), we must recall (2.42) and (2.44). Then (4.3.2) and (4.16a) are used as

follows:

‖φ̃nt − ∂ctφn‖2 = ‖1

2
φ
n+1/2
t +

1

2
φ
n−1/2
t − 1

2
∂tφ

n+1/2 − 1

2
∂tφ

n−1/2‖2

= ‖1

2
φ
n+1/2
t − 1

2
∂tφ

n+1/2 +
1

2
φn−1/2 − 1

2
∂tφ

n−1/2‖2

≤ ‖φn+1/2
t − ∂tφn+1/2‖2 + ‖φn−1/2

t − ∂tφn−1/2‖2

≤ C∆t3
∫ tn+1

tn−1

‖φttt(s)‖2 ds.

Similarly (4.16c) follows from (4.15d) and (4.15c).

Finally, we will make frequent use of the following lemma which is merely a combination

of Young’s Inequality and Hölder’s inequality.

Lemma 4.3.6. Let the final time for a particular simulation by given as TF = N∆t where

N > 0. Then for non-negative numbers ai, b, and ε > 0,

2

(
N−1∑
i=0

ai

)
b ≤ εTF

∆t

N−1∑
i=0

a2
i +

1

ε
b2.

Proof. First by Young’s Inequality

2
N−1∑
i=0

aib ≤ ε

(
N−1∑
i=0

ai

)2

+
1

ε
b2.

Next by Hölder’s (
N−1∑
i=0

ai

)2

≤
N−1∑
i=0

a2
i

N∑
i=0

12

= N

N−1∑
i=0

a2
i

=
TF
∆t

(
N∑
i=0

a2
i

)
.

Therefore,

2
N−1∑
i=0

aib ≤
εTf
∆t

N−1∑
i=0

a2
i +

1

ε
b2.
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It is useful to note that εTF is a constant. We also make the following intuitive statement

that will be used repeatedly.

Claim 4.3.7. Let P be a normed space. Then let q1(t) and q2(t) be continuous functions

with respect to time onto P ,i.e q1(t), q2(t) ∈ C(0, T ;P ). Let v ∈ P be a test function such

that

(q1(t), v) = (q2(t), v) ∀t > 0.

Then

(q
n+1/2
1 , v) = (q

n+1/2
2 , v) ∀n ≥ 0, (4.17a)

(q̃n1 , v) = (q̃n2 , v) ∀n ≥ 1, (4.17b)

(∂tq
n+1/2
1 , v) = (∂tq

n+1/2
2 , v) ∀n ≥ 0, (4.17c)

(∂ct q
n
1 , v) = (∂ct q

n
2 , v) ∀n ≥ 1, (4.17d)

(∂2
t q
n
1 , v) = (∂2

t q
n
2 , v) ∀n ≥ 1. (4.17e)

These claims are used with q1 and q2 representing the right and left hand side of more

complex statements. For example, by applying (4.17a) to (4.4d) we have

ρs

(
u

1/2
tt ,ν

)
Ωs

+ ρf

(
v

1/2
t ,ν

)
Ωf

−
(
∇ · σ1/2

s ,ν
)

Ωs

−
(
∇ · σ1/2

f ,ν
)

Ωf

−
(
f

1/2
s ,ν

)
Ωs

−
(
f

1/2
f ,ν

)
Ωf

= 0.

We will need to take the difference between these type of statements and the same equations

at a particular time. For example, recall that (4.4d) holds at any time tn so at t1/2 have

ρs

(
u

1/2
tt ,ν

)
Ωs

+ ρf

(
v

1/2
t ,ν

)
Ωf

−
(
∇ · σ1/2

s ,ν
)

Ωs
−
(
∇ · σ1/2

f ,ν
)

Ωf

−
(
f 1/2
s ,ν

)
Ωs
−
(
f

1/2
f ,ν

)
Ωf

= 0.

Finally, by taking the difference we have

ρs

(
u

1/2
tt − u

1/2
tt ,ν

)
Ωs

+ ρf

(
v

1/2
t − v

1/2
t ,ν

)
Ωf

−
(
∇ ·
(
σ1/2
s − σ

1/2
s

)
,ν
)

Ωs

−
(
∇ ·
(
σ

1/2
f − σ

1/2
f

)
,ν
)

Ωf

−
(
f 1/2
s − f 1/2

s ,ν
)

Ωs

−
(
f

1/2
f − f 1/2

f ,ν
)

Ωf

= 0. (4.18)
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Equations similar to this are useful in the following proofs. To refer to this type of proce-

dure, we say (4.18) is obtained by taking the difference between (4.4d) at t1/2 and (4.17a)

applied to (4.4d).

4.3.2 Consistency Error

Also, since the mixed finite element spaces Vh and Σh may be nonconforming, consistency

errors will need to be bounded. Specifically, consider the exact solution σ ∈ H1(Ω,S) and

the sum of (4.2) and (4.1d). Take τ ∈ Σh, multiply, integrate by parts over each element

and sum the results over elements to obtain

(A(σs)t(t), τ )Ωs
+ (A∞σf (t), τ )Ωf

+ (ut(t),∇h · τ )Ωs
+ (v(t),∇h · τ )Ωf

=< ut(t), τns >Γ + < v(t), τnf >Γ +Eh (ut(t), τ )Ωs
+ Eh (v(t), τ )Ωf

, (4.19)

where the consistency error is defined as

Eh (ut(t), τ )Ωs
=
∑
e∈Esh

∫
e

[τn] · ut(t)ds,

Eh (v(t), τ )Ωf
=
∑
e∈Efh

∫
e

[τn] · v(t)ds,

where Esh and Ef h are the sets of interior edges in the fluid and solid subdomains respec-

tively. We assume that there is a proven bound on this error of the form

Eh (u, τ )Ω ≤ Chk‖τ‖0,Ω‖u‖p,Ω 1 ≤ p ≤ 2, u ∈ H2(Ω,R2), τ ∈ Σh, (4.20)

where the values k and p come from the specifics of the element. For example, for the

nonconforming Arnold-Winther element, k = 1 when p = 2 as shown in Lemma 2.3.1.

Often in the following analysis error will be bounded by some combination of consistency

error and projection error. For the remainder of this paper, we will use notation of the

form k to denote the rate of convergence for the consistency error, while m1 and m2 will

be used for the projection error given by an approximation property.
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4.3.3 Error Analysis for the Initial Conditions

This section will be concerned with the error in the approximations of the initial condi-

tions, that is, the error associated with the terms (σ0
h,ω

0
h) ∈ (Σh,Vh). We begin with an

intermediate Lemma.

Lemma 4.3.8. Let (σ(t),ω(t)) ∈ (Σ,V) be the solution to (4.4) and (σ0
h,ω

0
h) ∈ (Σh,Vh)

be the solution to (4.11). Then

‖χ0
u‖Ωs + ‖χ0

v‖Ωf
= 0, (4.21)

‖χ0
σs
‖2
A,Ωs

+ ‖χ0
σf
‖2
A∞,Ωf

≤ C1h
2l, (4.22)

with

C1 = C(‖σ0
s‖2

m1,Ωs
, ‖σ0

f‖2
m1,Ωf

, ‖u0‖2
2,Ωs

, ‖v0‖2
2,Ωf

, ‖p0‖2
r−2,Ωf

, q0), (4.23)

where m1 and m2 are convergence rates determined by the mixed finite element spaces

chosen as in (4.9a) and (4.9b), r is determined by the finite element method used to ap-

proximate p0, and q0 represents the norm of the initial solution, and l is a convergence rate

determined by the mixed finite element spaces used.

Proof. First to show (4.21), consider the equilibrium equations (4.1a) and (4.1c) in the

solid and fluid subdomains respectively. From this we find

(
u0,ν

)
Ωs

+
(
v0,ν

)
Ωf

= (u0,ν)Ωs
+ (v0,ν)Ωf

, ν ∈ Vh. (4.24)

Consider the difference between (4.11a) and (4.24)

(
u0
h − u0,ν

)
Ωs

+
(
v0
h − v0,ν

)
Ωf

= 0, ν ∈ Vh.

By adding and subtracting the projected value Phu0 to the first term and Πhσ
0
s to the

second term this can be rewritten as

(
χ0
u − η0

u,ν
)

Ωs
+
(
χ0
v − η0

v,ν
)

Ωf
= 0.
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Using the projection property (4.6), this gives

(
χ0
u,ν

)
Ωs

+
(
χ0
v,ν
)

Ωf
= 0. (4.25)

Let

ν =

χ
0
u in Ωs,

χ0
v in Ωf ,

in (4.25) to obtain (4.21).

In order to prove (4.22), we consider the weak formulation at t = 0. Recall that Σh may

be nonconforming therefore we begin by summing (4.1b) and (4.1d). Then take τ ∈ Σh,

multiply, integrate by parts over each element, and sum the results over elements to obtain

(
Aσ0

s , τ
)

Ωs
+
(
A∞σ0

f , τ
)

Ωf
+
(
u0,∇h · τ

)
Ωs

+
(
v0,∇h · τ

)
Ωf

=< u0, τns >Γ + < v0, τnf >Γ +Eh
(
u0, τ

)
Ωs

+ Eh
(
v0, τ

)
Ωf
. (4.26)

Taking the difference between (4.26) and (4.11c) results in

(
A
(
σ0
sh
− σ0

s

)
, τ
)

Ωs
+
(
A∞

(
σ0
fh
− σ0

f

)
, τ
)

Ωf
+
(
u0
h − u0,∇h · τ

)
Ωs

+
(
v̂h

0 − v0,∇h · τ
)

Ωf

= −Eh
(
u0, τ

)
Ωs
− Eh

(
v0, τ

)
Ωf
. (4.27)

Now we add and subtract appropriate projections to each term of (4.27). For example to(
σ0
sh
− σ0

s

)
, we add and subtract Πhσ

0
s , where as to u0

h−u0, Phu0 is added and subtracted.

By recalling the L2 projection property (4.7) and using (4.25), we have

(
A
(
χ0
σs
− η0

σs

)
, τ
)

Ωs
+
(
A∞

(
χ0
σf
− η0

σf

)
, τ
)

Ωf

+
(
v̂h

0 − Phv0,∇h · τ
)

Ωf

= −Eh
(
u0, τ

)
Ωs
− Eh

(
v0, τ

)
Ωf
. (4.28)

Next take the difference between (4.11b) and the weak form of (3.13a). Then by using the

property (4.8) we have

−
(
∇h ·

(
χ0
σf

)
,ν
)

Ωf

= (gh − g,ν)Ωf
. (4.29)
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Take the test functions

τ =

χ
0
σs

in Ωs,

χ0
σf

in Ωf

and

ν =

0 in Ωs,

v̂h
0 − Phv0 in Ωf ,

in equations (4.28) and (4.29) and sum them to find(
A
(
χ0
σs
− η0

σs

)
, χ0
σs

)
Ωs

+
(
A∞

(
χ0
σf
− η0

σf

)
, χ0
σf

)
Ωf

=
(
gh − g, v̂h0 − Phv0

)
Ωf

− Eh
(
u0, χ0

σs

)
Ωs
− Eh

(
v0, χ0

σf

)
Ωf

.

Therefore using the Cauchy-Schwarz Inequality and the consistency error bound we find

(4.20)

‖χ0
σs
‖2
A,Ωs

+ ‖χ0
σf
‖2
A∞,Ωf

=
(
Aη0

σs
, χ0
σs

)
Ωs

+
(
A∞η0

σf
, χ0
σf

)
Ωf

+
(
gh − g, v̂h0 − Phv0

)
Ωf

− Eh
(
u0, χ0

σs

)
Ωs
− Eh

(
v0, χ0

σf

)
Ωf

≤ I + II + III, (4.30)

with

I = ‖η0
σs
‖A,Ωs‖χ0

σs
‖A,Ωs + ‖η0

σf
‖A∞,Ωf

‖χ0
σf
‖A∞,Ωf

,

II = Chk‖χ0
σs
‖Ωs‖u0‖2,Ωs + Chk‖χ0

σf
‖Ωf
‖v0‖2,Ωf

,

III = ‖gh − g‖Ωf
‖v̂h0 − Phv0‖Ωf

.

Each of the terms in I is bounded with Young’s Inequality with an ε chosen so that terms

matching the left hand side can be subtracted. For example, consider ‖η0
σs
‖A,Ωs‖χ0

σs
‖A,Ωs .

Notice that ‖χ0
σs
‖A,Ωs appears on the right hand side of (4.30). Therefore, ε is chosen so

that the coefficient of ‖χ0
σs
‖A,Ωs is considerably less than 1. Specifically,

‖η0
σs
‖A,Ωs‖χ0

σs
‖A,Ωs ≤

1

4
‖χ0

σs
‖2
A,Ωs

+ C‖η0
σs
‖2
A,Ωs

. (4.31)
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This is repeated with ‖η0
σf
‖A∞,Ωf

‖χ0
σf
‖A∞,Ωf

. For the terms in II we first use the equiva-

lence of ‖·‖A∞,Ωf
to ‖·‖Ωf

shown in (3.8) and the equivalence of ‖·‖A,Ωs to ‖·‖Ωs shown in

(2.8), to find

II ≤ Chk‖χ0
σs
‖A,Ωs‖u0‖2,Ωs + Chk‖χ0

σf
‖A∞,Ωf

‖v0‖2,Ωf
, (4.32)

for some constant C. Now Young’s Inequality is applied to each of terms in (4.32) as

described above.

Finally we bound III. First by Young’s inequality

III ≤ C
(
‖gh − g‖2

Ωf
+ ‖v̂h0 − Phv0‖2

Ωf

)
. (4.33)

Since gh is an approximation to g obtained using a finite element method as described

in section 3.2.1, ‖gh − g‖Ωf
is bounded by (3.19). Choose a finite element space for ap-

proximating gh so that ‖g − gh‖Ωf
≤ Chr−1‖p0‖r,,Ωf

. Also, since v̂h
0 is the solution to

the stationary Stokes problem (3.18), ‖v̂h0 − Phv0‖Ωf
is bounded according to the mixed

finite element space chosen. For example, for the conforming Arnold Winther element

‖v̂h0 − Phv0‖Ωf
≤ Chw‖v0‖w+1,Ωf

, with 1 ≤ w ≤ 2. On the other hand, when using the

nonconforming element, from Theorem 2.3.3, ‖v̂h0 − Phv0‖Ωf
≤ Chw

(
‖v0‖2,Ωf

+ ‖σ0
s‖1,Ωf

)
with w = 2. We use the same mixed finite element space used for approximating v̂h

0 as the

other steps of the method. Then

III ≤ Ch2r‖p0‖2
r−2,Ωf

+ h2wq0,

where q0 represents the norm of the initial solution and w depends on the mixed finite

element space chosen. That is, for the conforming case q0 = C‖v0‖2
w+1,Ωf

, with 1 ≤ w ≤ 2.

For the nonconforming case q0 = C
(
‖v‖2,Ωf

+ ‖σ0
f‖1,Ωf

)2
when w = 2. So, we chose a finite

element method for approximating g so that 2r − 2 ≥ min{2k, 2m1}. Therefore,

‖χ0
σs
‖2
A,Ωs

+ ‖χ0
σf
‖2
A∞,Ωf

≤ C
(
‖η0
σs
‖2
A,Ωs

+ ‖η0
σf
‖2
A∞,Ωf

+ h2k‖u0‖2
2,Ωs

+ h2k‖v0‖2
2,Ωf

+ h2r‖p0‖2
r−2,Ωf

+ h2wq0
)
.

(4.34)
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By using the approximation error bounds (4.9a)

‖χ0
σs
‖2
A,Ωs

+ ‖χ0
σf
‖2
A∞,Ωf

≤ C
(
h2m1‖σ0

s‖2
m1,Ωs

+ h2m1‖σ0
f‖2

m1,Ωf
+ h2k‖u0‖2

2,Ωs
+ h2k‖v0‖2

2,Ωf

+h2r‖p0‖2
r−2,Ωf

+ h2wq0
)
. (4.35)

Choosing 2l = min{2k, 2m1, 2r, 2w} in (4.35) the result (4.22) follows.

Theorem 4.3.9. Under the assumptions of Lemma 4.3.8

‖u0 − u0
h‖Ωs + ‖v0 − v0

h‖Ωf
≤ Cah

2m2 ,

‖σ0
s − σ0

sh
‖2
A,Ωs

+ ‖σ0
f − σ0

fh
‖2
A∞,Ωf

≤ C1h
2l + Ch2m1 ,

with Ca = C
(
‖u0‖m2,Ωs + ‖v0‖m2,Ωf

)
, C1 as shown in (4.23) and Cb = C(‖σ0

s‖m1,Ωs , ‖σ0
f‖m1,Ωf

).

Here m1 and m2 are convergence rates determined by the mixed finite element spaces chosen

as in (4.9a) and (4.9b) and l is a convergence rate determined by the mixed finite element

spaces used as described in Lemma 4.3.8.

Proof. This follows directly from Lemma 4.3.8 and the Triangle Inequality.

4.3.4 Error Analysis for the First Time Step

This section will be concerned with the error associated with the terms (σ1
h,ω

1
h) ∈ (Σh,Vh).

We begin by stating and proving some intermediate lemmas which will be useful in the main

proof for this section.

Lemma 4.3.10. Let (σ(t),ω(t)) ∈ (Σ,V) be the solution to (4.4) and (σ1
h,ω

1
h) ∈ (Σh,Vh)
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be the solution to the system of (4.12a) and (4.12b). Then,

ρs

(
2

∆t
∂tχ

1/2
u ,ν

)
Ωs

+ ρf
(
∂tχ

1/2
v ,ν

)
Ωf
−
(
∇h · χ1/2

σs ,ν
)

Ωs

−
(
∇h · χ1/2

σf ,ν
)

Ωf

=
(
2r0
u,ν

)
Ωs

+
(
2r0
v,ν
)

Ωf
, ν ∈ Vh,

(4.36a)(
A∂tχ1/2

σs
, τ
)

Ωs
+
(
A∞χ1/2

σf , τ
)

Ωf

+
(
∂tχ

1/2
u ,∇h · τ

)
Ωs

+
(
χ

1/2
v ,∇h · τ

)
Ωf

=
(
A∂tη1/2

σs
, τ
)

Ωs
+
(
A∞η1/2

σf
, τ
)

Ωf

+ 2I0 + 2E0, τ ∈ Σh,

(4.36b)

with

r0
u =

ρs
2

(
u

1/2
tt −

2

∆t

(
∂tu

1/2 − s0

))
, (4.37)

r0
v =

ρf
2

(
v

1/2
t − ∂tv1/2

)
, (4.38)

2I0 = − < u
1/2
t , [τ · n] >Γ + < u

1/2
t − ∂tu1/2, τns >Γ, (4.39)

2E0 = Eh
(
u

1/2
t − ∂tu1/2, τ

)
Ωs

− Eh
(
u

1/2
t , τ

)
Ωs

− Eh
(
v1/2, τ

)
Ωf

. (4.40)

In (4.36a) there are terms involving 2r0
u and 2r0

v. The definition of r0
u and r0

v can be

altered to avoid the factor of 2. However, there is a factor of 2
∆t

in the lead term of (4.36a).

In later steps we will multiply by ∆t
2

to make a cancellation. So we keep the current notation

for ease later. The factor of 2 in front of I0 and E0 in (4.36b) appears for a similar reason.

Also note that the definitions r0
u, r0

v , 2I0 and 2E0 are special from this first time step.

Proof. Subtracting (4.4d) at the time t1/2 from the discrete forms (4.12a)(
2ρs
∆t

∂tu
1/2
h − ρsu

1/2
tt ,ν

)
Ωs

+ ρf

(
∂tv

1/2
h − v

1/2
t ,ν

)
Ωf

−
(
∇h · σ1/2

sh −∇ · σ1/2
s ,ν

)
Ωs

−
(
∇h · σ1/2

fh
−∇ · σ1/2

f ,ν
)

Ωf

=

(
2ρs
∆t
s0,ν

)
Ωs

+
(
f

1/2
s − f 1/2

s ,ν
)

Ωs

+
(
f

1/2
f − f 1/2

f ,ν
)

Ωf

. (4.41)
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We will now re-write this in terms of the auxiliary and projection errors. This is a matter

of adding and subtracting the correct terms. For example, consider 2
∆t
∂tu

1/2
h − u

1/2
tt . This

is re-written by adding and subtracting 2
∆t
Ph∂tu1/2 and 2

∆t
∂tu

1/2 to give

2

∆t
∂tu

1/2
h − u

1/2
tt =

2

∆t
∂tχ

1/2
u −

2

∆t
∂tη

1/2
u +

2

∆t
∂tu

1/2 − u1/2
tt .

A similar procedure is repeated with every part of (4.41) to obtain

ρs

(
2

∆t
∂tχ

1/2
u ,ν

)
Ωs

+ ρf
(
∂tχ

1/2
v ,ν

)
Ωf
−
(
∇h · χ1/2

σs ,ν
)

Ωs

−
(
∇h · χ1/2

σf ,ν
)

Ωf

= ρs

(
u

1/2
tt +

2

∆t

(
s0 − ∂tu1/2

)
,ν

)
Ωs

+ ρf

(
v

1/2
t − ∂tv1/2,ν

)
Ωf

+
(
∇ ·
(
σ

1/2
s − σ1/2

s

)
,ν
)

Ωs

+
(
∇ ·
(
σ

1/2
f − σ

1/2
f

)
,ν
)

Ωf

+
(
f

1/2
s − f 1/2

s ,ν
)

Ωs

+
(
f

1/2
f − f 1/2

f ,ν
)

Ωs

. (4.42)

Recall that (4.18) is obtained by taking the difference between (4.4d) at t1/2 and (4.17a)

applied to (4.4d). By rearranging (4.18) we see that

ρs

(
u

1/2
tt ,ν

)
Ωs

+ ρf

(
v

1/2
t ,ν

)
Ωf

+
(
∇ ·
(
σ

1/2
s − σ1/2

s

)
,ν
)

Ωs

+
(
∇ ·
(
σ

1/2
f − σ

1/2
f

)
,ν
)

Ωf

+
(
f

1/2
s − f 1/2

s ,ν
)

Ωs

−
(
f

1/2
f − f 1/2

f ,ν
)

Ωf

= ρs

(
u

1/2
tt ,ν

)
Ωs

+
(
v

1/2
t ,ν

)
Ωf

(4.43)

By using (4.43) in (4.42) the result (4.36a) follows.

To prove (4.36b), consider the difference between the weak form (4.19) at the time t1/2

and (4.12b)

(
A
(
∂tσ

1/2
sh
− (σs)

1/2
t

)
, τ
)

Ωs

+
(
A∞

(
σ

1/2
fh
− σ1/2

f

)
, τ
)

Ωf

+
(
∂tu

1/2
h − u

1/2
t ,∇h · τ

)
Ωs

+
(
v

1/2
h − v

1/2,∇h · τ
)

Ωf

= − < u
1/2
t , τ · ns >Γ − < v1/2, τnf >Γ −Eh

(
u

1/2
t , τ

)
Ωs

− Eh
(
v1/2, τ

)
Ωf
. (4.44)
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By adding and subtracting appropriate projections to each term of (4.44), this can be

re-written as(
A∂tχ1/2

σs
, τ
)

Ωs
+
(
A∞χ1/2

σf , τ
)

Ωf

+
(
∂tχ

1/2
u ,∇h · τ

)
Ωs

+
(
χ

1/2
v ,∇h · τ

)
Ωf

=
(
A∂tη1/2

σs
, τ
)

Ωs
+
(
A
(

(σs)
1/2
t − ∂tσ1/2

s

)
, τ
)

Ωs

+
(
A∞η1/2

σf , τ
)

Ωf

+
(
A∞

(
σ

1/2
f − σ

1/2
f

)
, τ
)

Ωf

+
(
u

1/2
t − ∂tu1/2,∇h · τ

)
Ωs

+
(
v1/2 − v1/2,∇h · τ

)
Ωf

− < u
1/2
t , τns >Γ − < v1/2, τnf >Γ −Eh

(
u

1/2
t , τ

)
Ωs

− Eh
(
v1/2, τ

)
Ωf
.

(4.45)

On the other hand, by taking the difference between (4.19) at t1/2 and (4.17a) applied

to (4.19) we have(
A
(

(σs)
1/2
t − (σs)

1/2
t

)
, τ
)

Ωs

+
(
A∞

(
σ

1/2
f − σ

1/2
f

)
, τ
)

Ωf

+
(
u

1/2
t − u

1/2
t ,∇h · τ

)
Ωs

+
(
v1/2 − v1/2,∇h · τ

)
Ωf

=< u
1/2
t − u

1/2
t , τ · ns >Γ + < v1/2 − v1/2, τnf >Γ +Eh

(
u

1/2
t − u

1/2
t , τ

)
Ωs

+ Eh
(
v1/2 − v1/2, τ

)
Ωf

. (4.46)

See the steps leading to (4.18) for more information about this procedure. Using (4.46)

equation (4.45) becomes(
A∂tχ1/2

σs
, τ
)

Ωs
+
(
A∞χ1/2

σf , τ
)

Ωf

+
(
∂tχ

1/2
u ,∇h · τ

)
Ωs

+
(
χ

1/2
v ,∇h · τ

)
Ωf

=
(
A∂tη1/2

σs
, τ
)

Ωs
+
(
A∞η1/2

σf
, τ
)

Ωf

+
(
A
(

(σs)
1/2
t − ∂tσ1/2

s

)
, τ
)

Ωs

+
(
u

1/2
t − ∂tu1/2,∇h · τ

)
Ωs

− < u
1/2
t , τns >Γ − < v1/2, τnf >Γ −Eh

(
u

1/2
t , τ

)
Ωs

− Eh
(
v1/2, τ

)
Ωf
.

(4.47)

Finally, consider the exact solution σ ∈ H1(Ω,S) and (4.1b). Take a test function

τ ∈ Σh, multiply (4.1b) by τ , integrate by parts over each element and sum the results

over elements to obtain

(Aσs(t), τ )Ωs
+ (u(t),∇h · τ )Ωs

=< u(t), τns >Γ +Eh (ut(t), τ )Ωs
. (4.48)
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Then by taking the difference between (4.17a)applied to (4.48) and (4.17c) applied to

(4.48) we have (
A
(

(σs)
1/2
t − ∂tσ1/2

s

)
, τ
)

Ωs

+
(
u

1/2
t − ∂tu1/2,∇h · τ

)
Ωs

=< u
1/2
t − ∂tu1/2, τns >Γ +Eh

(
u

1/2
t − ∂tu1/2, τ

)
Ωs

. (4.49)

See the steps leading to (4.18) for more information about this procedure. By using (4.49)

in (4.47) the result (4.36b) follows.

Now we are ready to go about bounding the (4.36a) and (4.36b) for use in the main

theorem. Again this will need some preliminary lemmas.

Lemma 4.3.11. Under the same assumptions as Lemma 4.3.10

‖r0
v‖2

Ωf
≤ C∆t3

∫ t1

0

‖vttt(s)‖2
Ωf
ds. (4.50)

Proof. By adding and subtracting v
1/2
t from ‖r0

v‖2
Ωf

then applying corollary 4.3.2 we find

‖r0
v‖2

Ωf
≤
ρ2
f

2

(
‖v1/2

t − v
1/2
t ‖2

Ωf
+ ‖v1/2

t − ∂tv1/2‖2
Ωf

)
.

Now using Lemma 4.3.4 the result follows.

Note that
∫ t1

0
‖vttt‖2

Ωf
dt = ‖vttt‖2

L2(0,∆t;L2(Ωf ))
and thus (4.50) can be expressed as

‖r0
v‖2

Ωf
≤ C∆t3‖vttt‖2

L2(0,∆t;L2(Ωf )).

Lemma 4.3.12. Under the same assumptions as Lemma 4.3.10

‖r0
u‖2

Ωs
≤ C∆t2‖uttt‖2

L∞∆t(L
2(Ωs)). (4.51)

Proof. By adding and subtracting u
1/2
tt to the r0

u and using the Triangle and Young’s

Inequalities we find

‖r0
u‖2

Ωs
≤ ρ2

s

2
‖u1/2

tt − u
1/2
tt ‖2

Ωs
+ ‖u1/2

tt −
2

∆t

(
∂tu

1/2 − s0

)
‖2

Ωs
.
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From (4.15a), we find

‖u1/2
tt − u

1/2
tt ‖2

Ωs
≤ C∆t3

∫ t1

0

‖utttt(s)‖2 ds.

So we consider only

u
1/2
tt +

2

∆t

(
s0 − ∂tu1/2

)
.

Recall that the given initial condition s0 is the solid velocity at time 0, that is, s0 = u0
t .

Then consider the following Taylor expansions:

u1 = u1/2 +
∆t

2
u

1/2
t +

∆t2

8
u

1/2
tt +

1

2

∫ ∆t

∆t/2

(∆t− s)2uttt(s) ds,

u0 = u1/2 − ∆t

2
u

1/2
t +

∆t2

8
u

1/2
tt +

1

2

∫ 0

∆t/2

(−s)2uttt(s) ds,

u0
t = u

1/2
t −

∆t

2
u

1/2
tt +

∫ 0

∆t/2

(−s)uttt(s) ds.

Therefore,

−2(u1 − u0)

∆t2
=
−2

∆t
u

1/2
t −

1

∆t2

∫ ∆t

∆t/2

(∆t− s)2uttt(s) ds−
1

∆t2

∫ ∆t/2

0

(−s)2uttt(s) ds.

Thus,

u
1/2
tt +

2

∆t
u0
t −

2(u1 − u0)

∆t2
= − 2

∆t

∫ 0

∆t/2

(−s)uttt(s) ds−
1

∆t2

∫ ∆t

∆t/2

(∆t− s)2uttt(s) ds

+
1

∆t2

∫ ∆t/2

0

(−s)2uttt(s) ds

≤
∫ ∆t/2

0

| uttt(s) | ds+
1

4

∫ ∆t

∆t/2

| uttt(s) | ds+
1

4

∫ ∆t/2

0

| uttt(s) | ds

≤ 2

∫ ∆t

0

| uttt(s) | ds.
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Now by using Hölder’s inequality, we have

‖
∫ ∆t

0

| uttt(s) | ds‖2
Ωs

=

∫
Ω

(

∫ ∆t

0

| uttt(s) | ds)2dx

≤
∫
Ω

(

∫ ∆t

0

12 ds)(

∫ ∆t

0

u2
ttt(s) ds)dx

≤ C∆t

∫
Ω

∫ ∆t

0

u2
ttt(s) dsdx

≤ C∆t

∫ ∆t

0

‖uttt(s)‖2
Ωs
ds.

Finally,

‖r0
u‖2

Ωs
≤ C∆t

∫ ∆t

0

‖uttt(s)‖2
Ωs
ds

≤ C∆t

∫ ∆t

0

‖uttt(s)‖2
L∞∆t(L

2(Ωs))ds.

The result (4.51) follows directly.

Lemma 4.3.13. Under the same assumptions as Lemma 4.3.10

ρs‖∂tχ1/2
u ‖2

Ωs
+ ρf‖χ1/2

v ‖2
Ωf

+ ‖χ1/2
σs ‖2

A,Ωs
+

∆t

2
‖χ1/2

σf ‖2
A∞,Ωf

≤ C2

(
h2l + ∆t4 + h2m1 + +h2k∆t+ h−1∆t5

)
, (4.52)

with

C2 = C(‖σ0
s‖2

m1,Ωs
, ‖σ0

f‖2
m1,Ωf

, ‖u0‖2
2,Ωs

, ‖v0‖2
2,Ωf

, ‖p0‖2
r−2,Ωf

, q0, ‖(σ1/2
s )ttt‖2

L2(0,∆t;L2(Ωs)),

‖Πh(σ
1/2
s )ttt‖2

L2(0,∆t;L2(Ωs)), ‖(σ1/2
s )t‖2

m1
, ‖σ1/2

f ‖m1,Ωf
, ‖u1/2

t ‖2
2,Ωs

, ‖v1/2‖2
2,Ωf

,

‖uttt‖2
L∞∆t(L

2(Ωs)), ‖vttt‖2
L2(0,∆t;L2(Ωf )), ‖uttt‖

2
L2(0,∆t;L2(Ωs)), ‖uttt‖2

L2(0,∆t;L2(Γ))).

where m1 and m2 are convergence rates determined by the mixed finite element spaces

chosen as in (4.9a) and (4.9b), r is determined by the finite element method used to ap-

proximate p0, and q0 represents the norm of the initial solution, and l is a convergence rate

determined by the mixed finite element spaces used as described in Lemma 4.3.8.
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Proof. Let

ν =

∂tχ
1/2
u in Ωs,

χ
1/2
v in Ωf ,

and

τ =

χ
1/2
σs in Ωs,

χ
1/2
σf in Ωf ,

in (4.36a) and (4.36b). Then we have

ρs

(
2

∆t
∂tχ

1/2
u , ∂tχ

1/2
u

)
Ωs

+ ρf

(
∂tχ

1/2
v , χ

1/2
v

)
Ωf

−
(
∇h · χ1/2

σs , ∂tχ
1/2
u

)
Ωs

−
(
∇h · χ1/2

σf , χ
1/2
v

)
Ωf

=
(
2r0
u, ∂tχ

1/2
u

)
Ωs

+
(

2r0
v, χ

1/2
v

)
Ωf

,(
A∂tχ1/2

σs
, χ

1/2
σs

)
Ωs

+
(
A∞χ1/2

σf , χ
1/2
σf

)
Ωf

+
(
∂tχ

1/2
u ,∇h · χ1/2

σs

)
Ωs

+
(
χ

1/2
v ,∇h · χ1/2

σf

)
Ωf

=
(
A∂tη1/2

σs
, χ

1/2
σs

)
Ωs

+
(
A∞η1/2

σf
, χ

1/2
σf

)
Ωf

+ 2I0 + 2E0.

These sum to

ρs
2

∆t
‖∂tχ1/2

u ‖2
Ωs

+ ρf

(
∂tχ

1/2
v , χ

1/2
v

)
Ωf

+
(
A∂tχ1/2

σs
, χ

1/2
σs

)
Ωs

+ ‖χ1/2
σf ‖2

A∞,Ωf

=
(
A∂tη1/2

σs
, χ

1/2
σs

)
Ωs

+
(
A∞η1/2

σf
, χ

1/2
σf

)
Ωf

+
(
2r0
u, ∂tχ

1/2
u

)
Ωs

+
(

2r0
v, χ

1/2
v

)
Ωf

+ 2I0 + 2E0.

(4.53)

We re-write the terms
(
∂tχ

1/2
v , χ

1/2
v

)
Ωf

and
(
A∂tχ1/2

σs , χ
1/2
σs

)
Ωs

without the discrete deriva-

tive terms by adding and subtracting appropriate values. Specifically, to
(
∂tχ

1/2
v , χ

1/2
v

)
Ωf

we add and subtract χ0
v as follows:(

∂tχ
1/2
v , χ

1/2
v

)
Ωf

=
1

∆t

(
χ1
v + χ0

v − 2χ0
v, χ

1/2
v

)
Ωf

=
2

∆t
‖χ1/2

v ‖2
Ωf
− 2

∆t

(
χ0
v, χ

1/2
v

)
Ωf

.
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A similar procedure is used on the term
(
A∂tχ1/2

σs , χ
1/2
σs

)
Ωs

. Now (4.53) becomes

2ρs
∆t
‖∂tχ1/2

u ‖2
Ωs

+
2ρf
∆t
‖χ1/2

v ‖2
Ωf

+
2

∆t
‖χ1/2

σs ‖2
A,Ωs

+ ‖χ1/2
σf ‖2

A∞,Ωf

=
2ρf
∆t

(
χ0
v, χ

1/2
v

)
Ωf

+
2

∆t

(
Aχ0

σs
, χ

1/2
σs

)
Ωs

+
(
A∂tη1/2

σs
, χ

1/2
σs

)
Ωs

+
(
A∞η1/2

σf
, χ

1/2
σf

)
Ωf

+
(
2r0
u, ∂tχ

1/2
u

)
Ωs

+
(

2r0
v, χ

1/2
v

)
Ωf

+ 2I0 + 2E0. (4.54)

Next, we consider the interface integral terms and consistency error terms. First, the

consistency error term expands to

2E0 = Eh
(
u

1/2
t − ∂tu1/2, χ

1/2
σs

)
Ωs

− Eh
(
u

1/2
t , χ

1/2
σs

)
Ωs

− Eh
(
v1/2, χ

1/2
σf

)
Ωf

.

Since χ
1/2
σs , χ

1/2
σf ∈ Σh and u

1/2
t , v1/2, ∂tu

1/2 ∈ H2(Ω,R2), the bound (4.20) applies to each

term of the above statement. Therefore by using (4.20), we find

E0 ≤ Chk
(
‖u1/2

t − ∂tu1/2‖2,Ωs + ‖u1/2
t ‖2,Ωs

)
‖χ1/2

σs ‖Ωs + Chk‖v1/2‖2,Ωf
‖χ1/2

σf ‖Ωf
. (4.55)

Note that k is used to denote the power of h in the consistency bound and is determined by

the mixed finite element space chosen. Next we turn our attention to the interface integral

terms

2I0 =< u
1/2
t − ∂tu1/2, χ

1/2
σs ns >Γ − < u

1/2
t , [χ

1/2
σs n] >Γ .

Consider first the term < u
1/2
t , [χ

1/2
σs n] >Γ . This integral occurs along a specific interior

edge. So this can be bounded using the same arguments as when considering consistency

error. Since χ
1/2
σs ∈ Σh,

< u
1/2
t , [χ

1/2
σs n] >Γ =

∑
e∈Γ

∫
e

[χ
1/2
σs n]u

1/2
t ds

≤ Chk‖u1/2
t ‖2,Ωs‖χ

1/2
σs ‖Ωs . (4.56)

However, the other interface term < u
1/2
t − ∂ctun, χ

1/2
σs · ns >Γ does not involve a difference

between functions in the test space and therefore cannot be bounded using the same bounds
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as the consistency error. Instead, the term is bounded using the Cauchy-Schwarz Inequality,

the Trace Theorem 2.3.2 and the Inverse Assumption (2.25) then taking the maximum over

time, as follows:

< u
1/2
t − ∂tu1/2, χ

1/2
σs · ns >Γ ≤ Ch−1/2‖u1/2

t − ∂tu1/2‖Γ‖χ1/2
σs ‖Ωs . (4.57)

Now, by applying (4.55), (4.56)(4.57) and the Cauchy-Schwarz Inequality to (4.54),

multiplying by ∆t
2

, and recalling the initial bound (4.21) we find

ρs‖∂tχ1/2
u ‖2

Ωs
+ ρf‖χ1/2

v ‖2
Ωf

+ ‖χ1/2
σs ‖2

A,Ωs
+

∆t

2
‖χ1/2

σf ‖2
A∞,Ωf

≤ I + II. (4.58)

with

I = ‖χ0
σs
‖A,Ωs‖χ

1/2
σs ‖A,Ωs +

∆t

2
‖∂tη1/2

σs
‖A,Ωs‖χ

1/2
σs ‖A,Ωs +

∆t

2
‖η1/2
σf
‖A∞,Ωf

‖χ1/2
σf ‖A∞,Ωf

+ ∆t‖r0
u‖Ωs‖∂tχ1/2

u ‖Ωs + ∆t‖r0
v‖Ωf
‖χ1/2

v ‖Ωf
,

II = Chk∆t‖u1/2
t − ∂tu1/2‖2,Ωs‖χ

1/2
σs ‖Ωs + Chk∆t‖u1/2

t ‖2,Ωs‖χ
1/2
σs ‖Ωs

+ Chk∆t‖v1/2‖2,Ωf
‖χ1/2

σf ‖Ωf
+ ∆tCh−1/2‖u1/2

t − ∂tu1/2‖Γ‖χ1/2
σs ‖Ωs .

We will now follow a procedure similar to that in Lemma 4.3.8. To bound each of the terms

in I we directly apply Young’s Inequality with an ε chosen so that terms matching the

left hand side can be subtracted, as described above (4.31). For example, when considering

∆t
2
‖∂tη1/2

σs ‖A,Ωs‖χ
1/2
σs ‖A,Ωs , we note that ‖χ1/2

σs ‖2
A,Ωs

appears on the left hand side of (4.58).

Therefore choose ε = 1 so that

∆t

2
‖∂tη1/2

σs
‖A,Ωs‖χ

1/2
σs ‖A,Ωs ≤

1

4
‖χ1/2

σs ‖2
A,Ωs

+
∆t2

4
‖∂tη1/2

σs
‖2
A,Ωs

.

This is repeated with the other terms of I. For the terms in II we first use the equivalence

of ‖·‖A∞,Ωf
to ‖·‖Ωf

shown in (3.8) and the equivalence of ‖·‖A,Ωs to ‖·‖Ωs shown in (2.8),

to find

II = Chk∆t‖u1/2
t − ∂tu1/2‖2,Ωs‖χ

1/2
σs ‖A,Ωs + Chk∆t‖u1/2

t ‖2,Ωs‖χ
1/2
σs ‖A,Ωs

+ Chk∆t‖v1/2‖2,Ωf
‖χ1/2

σf ‖A∞,Ωf
+ ∆tCh−1/2‖u1/2

t − ∂tu1/2‖Γ‖χ1/2
σs ‖A,Ωs (4.59)
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for some constant C. Now Young’s Inequality is applied to each of terms in (4.59) as

described above. Therefore,

ρs‖∂tχ1/2
u ‖2

Ωs
+ ρf‖χ1/2

v ‖2
Ωf

+ ‖χ1/2
σs ‖2

A,Ωs
+

∆t

2
‖χ1/2

σf ‖2
A∞,Ωf

≤ C
(
‖χ0

σs
‖2
A,Ωs

+ ∆t2‖∂tη1/2
σs
‖2
A,Ωs

+ ∆t‖η1/2
σf
‖2
A∞,Ωf

+ ∆t2‖r0
u‖2

Ωs
+ ∆t2‖r0

v‖2
Ωf

h2k∆t2‖u1/2
t − ∂tu1/2‖2

2,Ωs
+ h2k∆t2‖u1/2

t ‖2
2,Ωs

+ h2k∆t2‖v1/2‖2
2,Ωf

+h−1∆t2‖u1/2
t − ∂tu1/2‖2

Γ

)
. (4.60)

Note that

‖∂tη1/2
σs
‖2
A,Ωs
≤ C

(
∆t3‖(σ1/2

s )ttt‖2
L2(0,∆t;L2(Ωs)) + ∆t3‖Πh(σ

1/2
s )ttt‖2

L2(0,∆t;L2(Ωs)) + h2m1‖(σ1/2
s )t‖2

m1

)
.

This can be obtained by adding and subtracting (ησs)
1/2
t inside the norm on the left hand

side, then using (4.15a) and (4.9a). Use the equivalence of ‖·‖A∞,Ωf
to ‖·‖Ωf

shown in (3.8)

to bound ‖η1/2
σf ‖2

A∞,Ωf
By noting (4.35), (4.9a), (4.50), (4.51), (4.15b) with (4.60) we find

ρs‖∂tχ1/2
u ‖2

Ωs
+ ρf‖χ1/2

v ‖2
Ωf

+ ‖χ1/2
σs ‖2

A,Ωs
+

∆t

2
‖χ1/2

σf ‖2
A∞,Ωf

≤ C
(
h2m1

(
‖σ0

s‖2
m1,Ωs

+ ‖σ0
f‖2

m1,Ωf

)
+ h2k

(
‖u0‖2

2,Ωs
+ ‖v0‖2

2,Ωf

)
+ h2r‖p0‖2

r−2,Ωf

+h2mq0 + ∆t5
(
‖(σ1/2

s )ttt‖2
L2(0,∆t;L2(Ωs)) + ‖Πh(σ

1/2
s )ttt‖2

L2(0,∆t;L2(Ωs))

)
+h2m1∆t2‖(σ1/2

s )t‖2
m1

+ h2m1∆t‖σ1/2
f ‖m1,Ωf

+ ∆t4‖uttt‖2
L∞∆t(L

2(Ωs))

+∆t5‖vttt‖2
L2(0,∆t;L2(Ωf )) + h2k∆t5‖uttt‖2

L2(0,∆t;L2(Ωs)) + h2k∆t2‖u1/2
t ‖2

2,Ωs

+h2k∆t2‖v1/2‖2
2,Ωf

+ h−1∆t5‖uttt‖2
L2(0,∆t;L2(Γ))

)
. (4.61)

The result (4.52) follows by recalling that 2l = min{2k, 2m1, 2r, 2w} in (4.35).

Theorem 4.3.14. Under the same assumptions as Lemma 4.3.10

ρs‖∂tu1/2
h − u

1/2
t ‖2

Ωs
+ ρf‖v1/2

h − v1/2‖2
Ωf

+ ‖σ1/2
sh − σ

1/2
s ‖2

A,Ωs
+

∆t

2
‖σ1/2

fh
− σ1/2

f ‖
2
A∞,Ωf

≤ C2

(
h2l + ∆t4 + h2m1 + h2k∆t+ h−1∆t5

)
+ Ch2m2 (4.62)
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with C2 as defined in (4.37) and C = C
(
‖u1/2

t ‖2
m2,Ωs

+ ‖v1/2‖2
m2,Ωf

)
. Here m1 and m2 are

convergence rates determined by the mixed finite element spaces chosen as in (4.9a) and

(4.9b), k is determined by the consistency error as in (4.20), and l is a convergence rate

determined by the mixed finite element spaces used as described in Lemma 4.3.8.

Proof. This follows directly from the Triangle and Young’s Inequalities and Lemma 4.3.13.

We see that that bound in Theorem 4.3.14 contains several problematic bounds. Specifi-

cally, Ch−1∆t5 is a result of the interface integrals. Additionally, the term h2m1∆t depends

on both the time and spacial discretizations. In the next section we will find an error

estimate for the later time steps. By the end of this analysis, the error bound (4.62) is

improved upon so that the h2m1∆t term does not appear. For the analysis in the next

section, (4.58) is altered. Young’s Inequality is applied to terms involving the initial step,

‖χ0
σs
‖A,Ωs‖χ

1/2
σs ‖A,Ωs . Then we take the maximum over time on the right hand side of to

find

ρs‖∂tχ1/2
u ‖2

Ωs
+ ρf‖χ1/2

v ‖2
Ωf

+ ‖χ1/2
σs ‖2

A,Ωs
+

∆t

2
‖χ1/2

σf ‖2
A∞,Ωf

≤ I + II (4.63)

with

I = ‖χ0
σs
‖2
A,Ωs

+
∆t

2
‖∂tη1/2

σs
‖A,Ωs‖χσs‖L∞∆t(A,Ωs) +

∆t

2
‖η1/2
σf
‖A∞,Ωf

‖χσf
‖L∞∆t(A∞,Ωf)

+ ∆t‖r0
u‖Ωs‖∂tχu‖L∞∆t(L

2(Ωs)) + ∆t‖r0
v‖Ωf
‖χv‖L∞∆t(L2(Ωf )),

II = Chk∆t‖u1/2
t − ∂tu1/2‖2,Ωs‖χσs‖L∞∆t(L

2(Ωs)) + Chk∆t‖ut‖L∞∆t(H2(Ωf ))‖χσs‖L∞∆t(L
2(Ωs))

+ Chk∆t‖v‖L∞∆t(H2(Ωf ))‖χσf
‖L∞∆t(L2(Ωf )) + Chk∆t‖ut‖L∞∆t(H2(Ωf ))‖χσs‖L∞∆t(L

2(Ωs))

+ ∆tCh−1/2‖u1/2
t − ∂tu1/2‖Γ‖χσs‖L∞∆t(L

2(Ωs)).
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4.3.5 Error Analysis for time steps n ≥ 1

Next, we seek to find an error bound over all time steps. We will consider the difference

between equations (4.10) and (4.4) for n ≥ 1.

Lemma 4.3.15. Let (σ(t),ω(t)) ∈ (Σ,V) be the solution to (4.4) and (σn+1ωn+1
h ) ∈

(Σh,Vh) be the solution to (4.10). Then,

ρs
(
∂2
t χ

n
u,ν

)
Ωs

+ ρf (∂ctχ
n
v,ν)Ωf

−
(
∇h · χ̃nσs

,ν
)

Ωs
−
(
∇h · χ̃nσf

,ν
)

Ωf

= (rnu,ν)Ωs
+ (rnv ,ν)Ωf

, ν ∈ Vh, (4.64a)(
A∂ctχnσs

, τ
)

Ωs
+
(
A∞χ̃nσf

, τ
)

Ωf

+ (∂ctχ
n
u,∇h · τ )Ωs

+
(
χ̃nv,∇h · τ

)
Ωf

=
(
A∂ct ηnσs

, τ
)

Ωs
+
(
A∞η̃nσf

, τ
)

Ωf

+ In + En(τ ), τ ∈ Σh (4.64b)

with

rnu = ρs

(
ũntt − ∂2

tu
n
)
,

rnv = ρf

(
ṽnt − ∂ctvn

)
,

In =< ũnt − ∂ctun, τns >Γ − < ũnt , [τ · n] >Γ,

En(τ ) = Eh
(
ũnt − ∂ctun, τ

)
Ωs

− Eh
(
ũnt , τ

)
Ωs

− Eh
(
ṽn, τ

)
Ωf
.

Proof. Subtracting (4.4d) from (4.10a) we find

ρs
(
∂2
tuh

n − untt,ν
)

Ωs
+ ρf (∂ctv

n
h − vnt ,ν)Ωf

−
(
∇h · σ̃nsh −∇ · σ

n
s ,ν

)
Ωs

−
(
∇h · σ̃nfh −∇ · σ

n
f ,ν

)
Ωf

=
(
f̃ns − fns ,ν

)
Ωs

+
(
f̃nf − f

n
f ,ν

)
Ωf

. (4.65)

To write this in terms of auxiliary and projection errors, we add and subtract appro-

priate quantities. For example, to ∂2
tuh

n − untt we add and subtract ∂2
tPhun, ∂2

tu
n and ũntt

to find that

∂2
tuh

n − untt = ∂2
t χ

n
u − ∂2

t η
n
u + ∂2

tu
n − ũntt + ũntt − untt.

100



Similar additions and subtractions are made to the other right hand side terms and

(4.65) becomes

ρs
(
∂2
t χ

n
u,ν

)
Ωs

+ ρf (∂ctχ
n
v,ν)Ωf

−
(
∇h · χ̃nσs

,ν
)

Ωs
−
(
∇h · χ̃nσf

,ν
)

Ωf

= ρs

(
ũntt − ∂2

tu
n,ν
)

Ωs

+ ρs

(
untt − ũntt,ν

)
Ωs

+ ρf

(
ṽnt − ∂ctvn,ν

)
Ωf

+ ρf

(
vnt − ṽnt ,ν

)
Ωf

−
(
∇ · σns −∇h · σ̃ns ,ν

)
Ωs
−
(
∇ · σnf −∇h · σ̃nf ,ν

)
Ωf

−
(
fns − f̃ns ,ν

)
Ωs

−
(
fnf − f̃nf ,ν

)
Ωf

. (4.66)

By subtracting (4.17b) to (4.4d) and (4.4d) at time tn we find

ρs

(
u2
tt − ũntt,ν

)
Ωs

+ ρf

(
vnt − ṽnt ,ν

)
Ωf

−
(
∇ ·
(
σns − σ̃ns

)
,ν
)

Ωs
−
(
∇ ·
(
σnf − σ̃nf

)
,ν
)

Ωf

=
(
fns − f̃ns ,ν

)
Ωs

+
(
fnf − f̃nf ,ν

)
Ωf

.

By using the above statement with (4.66), we find

ρs
(
∂2
t χ

n
u,ν

)
Ωs

+ ρf (∂ctχ
n
v,ν)Ωf

−
(
∇h · χ̃nσs

,ν
)

Ωs
−
(
∇h · χ̃nσf

,ν
)

Ωf

= ρs

(
ũntt − ∂2

tu
n,ν
)

Ωs

+ ρf

(
ṽnt − ∂ctvn,ν

)
Ωf

−
(
∇ · σ̃ns −∇h · σ̃ns ,ν

)
Ωs
−
(
∇ · σ̃nf −∇h · σ̃nf ,ν

)
Ωf

. (4.67)

Note that for the continuous functions σs and σf(
∇ · σ̃ns −∇h · σ̃ns ,ν

)
Ωs

= 0,(
∇ · σ̃nf −∇h · σ̃nf ,ν

)
Ωf

= 0.

Therefore (4.64a) follows directly from (4.67).

To prove (4.64b), consider the difference between (4.10b) and (4.19)(
A
(
∂ctσ

n
sh
− (σs)

n
t

)
, τ
)

Ωs
+
(
A∞

(
σ̃nfh − σ

n
f

)
, τ
)

Ωf

+ (∂ctu
n
h − unt ,∇h · τ )Ωs

+
(
ṽnh − v

n,∇h · τ
)

Ωf

= − < ut(tn), τns >Γ − < v(tn), τnf >Γ −Eh (unt , τ )Ωs
− Eh (vn, τ )Ωf

.

(4.68)

101



We re-write this in terms of discrete and projection errors by adding and subtracting

appropriate terms so (4.68) becomes

(
A∂ctχnσs

, τ
)

Ωs
+
(
A∞χ̃nσf

, τ
)

Ωf

+ (∂ctχ
n
u,∇h · τ )Ωs

+
(
χ̃nv,∇h · τ

)
Ωf

=
(
A∂ct ηnσs

, τ
)

Ωs
+
(
A
(

(̃σs)nt − ∂ctσns
)
, τ
)

Ωs

+
(
A
(

(σs)
n
t − (̃σs)nt

)
, τ
)

Ωs

+
(
A∞η̃nσf

, τ
)

Ωf

+
(
A∞

(
σnf − σ̃nf

)
, τ
)

Ωf

+
(
ũnt − ∂ctun,∇h · τ

)
Ωs

+
(
unt − ũnt ,∇h · τ

)
Ωs

+
(
vn − ṽn,∇h · τ

)
Ωf

− < unt , τns >Γ − < vn, τnf >Γ −Eh (unt , τ )Ωs
− Eh (vn, τ )Ωf

. (4.69)

Using the result from applying (4.17b) to (4.4e) and subtracting it from (4.4e) at tn,

(4.69) becomes

(
A∂ctχnσs

, τ
)

Ωs
+
(
A∞χ̃nσf

, τ
)

Ωf

+
(
∂ct χ̃

n
u,∇h · τ

)
Ωs

+ (χnv,∇h · τ )Ωf

=
(
A∂ct ηnσs

, τ
)

Ωs
+
(
A
(

(̃σs)nt − ∂ctσns
)
, τ
)

Ωs

+
(
A∞η̃nσf

, τ
)

Ωf

+
(
ũnt − ∂ctun,∇h · τ

)
Ωs

− < ũnt , τns >Γ − < ṽn, τnf >Γ −Eh
(
ũnt , τ

)
Ωs

− Eh
(
ṽn, τ

)
Ωf
.

See the steps leading to (4.18) for a similar procedure. Then by using the result of taking the

difference between (4.17b) applied to (4.48) and (4.17d) applied to (4.48) this is re-written

as

(
A∂ctχnσs

, τ
)

Ωs
+
(
A∞χ̃nσf

, τ
)

Ωf

+
(
∂ct χ̃

n
u,∇h · τ

)
Ωs

+ (χnv,∇h · τ )Ωf

=
(
A∂ct ηnσs

, τ
)

Ωs
+
(
A∞η̃nσf

, τ
)

Ωf

+ < ũnt − ∂ctun, τns >Γ − < ũnt , τns >Γ

− < ṽn, τnf >Γ +Eh
(
ũnt − ∂ctun, τ

)
Ωs

− Eh
(
ũnt , τ

)
Ωs

− Eh
(
ṽn, τ

)
Ωf
.

(4.70)

A similar procedure is used in the proof of Lemma 4.3.10.

Next, we note that the terms − < ũnt , τns >Γ − < ṽn, τnf >Γ can be re-written in a

form similar to the consistency errors. This is done using the interface condition ut = v
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on the interface Γ. Therefore,

− < ũnt , τns >Γ − < ṽn, τnf >Γ = − < ũnt , τns + τnf >Γ

=< ũnt , [τ · n] >Γ .

Now let

In =< ũnt − ∂ctun, τns >Γ − < ũnt , [τ · n] >Γ .

The result (4.64b) follows directly from (4.70).

We expect that there should be no restriction on the step size ∆t with this method.

Therefore we expect the terms involving divergence to cancel, removing the need for an

inverse assumption. With this motivation, we are ready to state and prove the following

lemma to bound the projection errors and theorem to bound the error.

Lemma 4.3.16. Let (σ(t),ω(t)) ∈ (Σ,V) be the solution to (4.4) and (σn+1,ωn+1
h ) ∈

(Σh,Vh) be the solution to (4.10). Then,

‖∂tχu‖2
L∞∆t(L

2(Ωs))
+ ‖χv‖2

L∞∆t(L2(Ωf )) + ‖χσs‖2
L∞∆t(L

2(Ωs))
+ ∆t

N∑
i=1

‖χ̃iσf
‖2
A∞,Ωf

≤ C3

(
∆t4 + h2m1 + h2k∆t4 + h−1∆t4 + h2k + h2l

)
(4.71)

with

C3 = C
(
‖uttt‖2

L∞∆t(L
2(Ωs)), ‖utttt‖2

L2(0,T ;L2(Ωs)), ‖vttt‖2
L2(0,T ;L2(Ωf )), ‖uttt‖

2
L2(0,T ;H2(Ωs)),

‖uttt‖2
L2(0,T ;L2(∂Ωs)), ‖(σs)ttt‖2

L2(0,T ;L2(Ωs)), ‖Πh(σs)ttt‖2
L2(0,T ;L2(Ωs)), ‖(σs)t‖2

L2(0,T ;Hm1 (Ωs))

‖σf‖2
L2(0,T ;Hm1 (Ωf )), ‖v‖

2
L∞∆t(H2(Ωf )), ‖ut‖

2
L∞∆t(H2(Ωf )), ‖σ

0
s‖2

m1,Ωs
,

‖σ0
f‖2

m1,Ωf
, ‖u0‖2

2,Ωs
‖v0‖2

2,Ωf
, ‖p0‖2

r−2,Ωf
, q0
)

(4.72)

where m1 and m2 are convergence rates determined by the mixed finite element spaces

chosen as in (4.9a) and (4.9b), k is determined by the consistency error as in (4.20), r is

determined by the finite element method used to approximate p0, and q0 represents the norm
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of the initial solution, and l is a convergence rate determined by the mixed finite element

spaces used.

Proof. Letting

ν =

∂
c
tχ

n
u in Ωs,

χ̃nv in Ωf ,

and

τ =

χ̃
n
σs

in Ωs,

χ̃nσf
in Ωf ,

in (4.64), we find

ρs
(
∂2
t χ

n
u, ∂

c
tχ

n
u

)
Ωs

+ ρf
(
∂ctχ

n
v, χ̃

n
v

)
Ωf
−
(
∇h · χ̃nσs

, ∂ctχ
n
u

)
Ωs
−
(
∇h · χ̃nσf

, χ̃nv

)
Ωf

= (rnu, ∂
c
tχ

n
u)Ωs

+
(
rnv , χ̃

n
v

)
Ωf
,(

A∂ctχnσs
, χ̃nσs

)
Ωs

+
(
A∞χ̃nσf

, χ̃nσf

)
Ωf

+
(
∂ctχ

n
u,∇h · χ̃nσs

)
Ωs

+
(
χ̃nv,∇h · χ̃nσf

)
Ωf

=
(
A∂ct ηnσs

, χ̃nσs

)
Ωs

+
(
A∞η̃nσf

, χ̃nσf

)
Ωf

+ In + En.

Adding these equations gives

ρs
(
∂2
t χ

n
u, ∂

c
tχ

n
u

)
Ωs

+ ρf
(
∂ctχ

n
v, χ̃

n
v

)
Ωf

+
(
A∂ctχnσs

, χ̃nσs

)
Ωs

+
(
A∞χ̃nσf

, χ̃nσf

)
Ωf

=
(
A∂ct ηnσs

, χ̃nσs

)
Ωs

+
(
A∞η̃nσf

, χ̃nσf

)
Ωf

+ (rnu, ∂
c
tχ

n
u)Ωs

+
(
rnv , χ̃

n
v

)
Ωf

+

+ In + En. (4.73)

To get the desired result, we will be summing (4.73) over all time steps. Therefore we

wish to write each of the left hand side terms as differences which will then become tele-

scoping series when summed. For example, for the term (∂2
t χ

n
u, ∂

c
tχ

n
u)Ωs

recall (2.45) which

states that ∂2
t χ

n
u can be written as the difference of discrete first derivatives. Therefore

using (2.45) and (2.44) we find

(
∂2
t χ

n
u, ∂

c
tχ

n
u

)
Ωs

=
1

2∆t

(
‖∂tχn+1/2

u ‖2
Ωs
− ‖∂tχn−1/2

u ‖2
Ωs

)
.
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Similar procedures can be used on the remaining terms by noting that for some function q

∂ct q
n =

qn+1−qn
∆t

+ qn−qn−1

∆t

2

=
1

∆t

(
qn+1/2 − qn−1/2

)
.

Therefore (4.73) becomes

ρs
2∆t

(
‖∂tχn+1/2

u ‖2
Ωs
− ‖∂tχn−1/2

u ‖2
Ωs

)
+

ρf
2∆t

(
‖χn+1/2

v ‖2
Ωf
− ‖χn−1/2

v ‖2
Ωf

)
+

1

2∆t

(
‖χn+1/2

σs
‖2
A,Ωs
− ‖χn−1/2

σs
‖2
A,Ωs

)
+ ‖χ̃nσf

‖2
A∞,Ωf

=
(
A∂ct ηnσs

, χ̃nσs

)
Ωs

+
(
A∞η̃nσf

, χ̃nσf

)
Ωf

+ (rnu, ∂
c
tχ

n
u)Ωs

+
(
rnv , χ̃

n
v

)
Ωf

+ In + En. (4.74)

Consider the right hand side of (4.74). With the use of the Cauchy-Schwarz Inequality,

the definitions (2.47), and the inequalities (4.14), we can bound the right hand side with

R.H.S. ≤ ‖A∂ct ηnσs
‖Ωs‖χ̃nσs

‖Ωs + ‖η̃nσf
‖A∞,Ωf

‖χ̃nσf
‖A∞,Ωf

+ ‖rnu‖Ωs‖∂ctχnu‖Ωs + ‖rnv‖Ωf
‖χ̃nv‖Ωf

+ In + En

≤ C‖∂ct ηnσs
‖Ωs‖χσs‖L̃∞∆t(L

2(Ωs)) + ‖η̃nσf
‖A∞,Ωf

‖χ̃nσf
‖A∞,Ωf

+ ‖rnu‖Ωs‖∂ctχu‖L∞∆t(L
2(Ωs))

+ ‖rnv‖Ωf
‖χv‖L̃∞∆t(L2(Ωf )) + In + En

≤ C‖∂ct ηnσs
‖Ωs‖χσs‖L∞∆t(L

2(Ωs)) + ‖η̃nσf
‖A∞,Ωf

‖χ̃nσf
‖A∞,Ωf

+ ‖rnu‖Ωs‖∂tχu‖L∞∆t(L
2(Ωs))

+ ‖rnv‖Ωf
‖χv‖L∞∆t(L2(Ωf )) + In + En.

Next we will consider the consistency error and interface integral terms. These terms

are similar to those appearing in Lemma 4.3.13 and are bound similarly. First consider the

consistency error terms

En = Eh
(
ũnt − ∂ctun, χ̃nσs

)
Ωs

− Eh
(
ũnt , χ̃

n
σs

)
Ωs

− Eh
(
ṽn, χ̃nσf

)
Ωf

.
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Since χ̃nσs
, χ̃nσf

∈ Σh and ũnt , ṽ
n, ∂ctu

n ∈ H2(Ω,R2) for each value of n, the bound (2.19)

applies to each term of the above statement. Therefore, as in Lemma 4.3.13, by applying

(2.19), taking the maximum in time, and noting the relationship (4.14c), we find

En ≤ Chk
(
‖ũnt − ∂ctun‖2,Ωs + ‖ut‖L∞∆t(H

2(Ωs))

)
‖χσs‖L̃∞∆t(L

2(Ωs))

+ Chk‖v‖L∞∆t(H2(Ωf ))‖χσf
‖L̃∞∆t(L2(Ωf )). (4.75)

We turn our attention to the interface integral terms

In =< ũnt − ∂ctun, χ̃nσs
· ns >Γ − < ũnt , [χ̃

n
σs
· n] >Γ .

Again as in Lemma 4.3.13, the term < ũnt , [χ̃
n
σs
· n] >Γ can be bounded using the same

arguments as when considering consistency error and by taking the maximum over time.

Therefore

< ũnt , [χ̃
n
σs
n] >Γ ≤ Chk‖ut‖L∞∆t(H

2(Ωs))‖χσs‖L̃∞∆t(L
2(Ωs)).

The other interface integral term < ũnt − ∂ctun, χ̃nσs
ns >Γ does not involve a difference

between functions in the test space and is bounded using the Cauchy-Schwarz Inequality,

the Trace Theorem 2.3.2, and the inverse assumption (2.25). Similar to the bound on the

initial interface term bound in Lemma 4.3.13, we find

< ũnt − ∂ctun, χ̃nσs
· ns >Γ ≤ Ch−1/2‖ũnt − ∂ctun‖Γ‖χσs‖L̃∞∆t(L

2(Ωs)).

Therefore,

In ≤ C
(
hk‖ut‖L∞∆t(H

2(Ωs)) + h−1/2‖ũnt − ∂ctun‖Γ

)
‖χσs‖L̃∞∆t(L

2(Ωs)). (4.76)
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Combining (4.75), (4.76) and Young’s Inequality with (4.74), we find

ρs
2∆t

(
‖∂tχn+1/2

u ‖2Ωs
− ‖∂tχn−1/2

u ‖2Ωs

)
+

ρf
2∆t

(
‖χn+1/2
v ‖2Ωf

− ‖χn−1/2
v ‖2Ωf

)
+

1

2∆t

(
‖χn+1/2
σs ‖2A,Ωs

− ‖χn−1/2
σs ‖2A,Ωs

)
+ ‖χ̃nσf

‖2A∞,Ωf

≤ ‖rnu‖Ωs‖∂tχu‖L∞∆t(L
2(Ωs)) + C‖rnv‖Ωf

‖χv‖L∞∆t(L2(Ωf ))

+ Chk‖v‖L∞∆t(H2(Ωf ))‖χσf
‖
L̃∞∆t(L2(Ωf ))

+ C
(
‖∂ct ηnσs

‖Ωs + hk‖ũnt − ∂ctun‖2,Ωs + hk‖ut‖L∞∆t(H
2(Ωs))

)
‖χσs‖L∞∆t(L

2(Ωs))

+ Ch−1/2‖ũnt − ∂ctun‖Γ‖χσs‖L∞∆t(L
2(Ωs)) +

1

2
‖η̃nσf

‖2A∞,Ωf
+

1

2
‖χ̃nσf

‖2A∞,Ωf
.

The term 1
2
‖χ̃nσf

‖2
A∞,Ωf

is moved from the right hand side to the left hand side. We now

multiply by 2∆t and sum from time step 1 to n, where 1 ≤ n < N − 1 and the final time

is N∆t to find

ρs
(
‖∂tχn+1/2

u ‖2
Ωs
− ‖∂tχ1/2

u ‖2
Ωs

)
+ ρf

(
‖χn+1/2

v ‖2
Ωf
− ‖χ1/2

v ‖2
Ωf

)
+ ‖χn+1/2

σs
‖2
A,Ωs
− ‖χ1/2

σs ‖2
A,Ωs

+ ∆t
n∑
i=1

‖χ̃iσf
‖2
A∞,Ωf

≤ 2∆t
n∑
i=1

(
‖riu‖Ωs‖∂tχu‖L∞∆t(L

2(Ωs)) + C‖riv‖Ωf
‖χv‖L∞∆t(L2(Ωf ))

+C
(
‖∂ct ηiσs

‖Ωs + hk‖ũit − ∂ctui‖2,Ωs + 2hk‖ut‖L∞∆t(H
2(Ωs))

)
‖χσs‖L∞∆t(L

2(Ωs))

+Ch−1/2‖ũit − ∂ctui‖Γ‖χσs‖L∞∆t(L
2(Ωs)) + Chk‖v‖L∞∆t(H2(Ωf ))‖χσf

‖L̃∞∆t(L2(Ωf ))

+
1

2
‖η̃nσf
‖2
A∞,Ωf

)
.

Any negative terms on the left hand side are moved to the right hand side. Now,

since this inequality is true for any time step n, we take the maximum over time steps
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1 ≤ n ≤ N − 1 on the left hand side

ρs‖∂tχu‖2
L∞∆t(L

2(Ωs))
+ ρf‖χv‖2

L∞∆t(L2(Ωf )) + ‖χσs‖2
L∞∆t(L

2(Ωs))
+ ∆t

N−1∑
i=1

‖χ̃iσf
‖2
A∞,Ωf

≤ 2∆t
N−1∑
i=1

(
‖riu‖Ωs‖∂tχu‖L∞∆t(L

2(Ωs)) + C‖riv‖Ωf
‖χv‖L∞∆t(L2(Ωf ))

+C
(
‖∂ct ηiσs

‖Ωs + hk‖ũit − ∂ctui‖2,Ωs + 2hk‖ut‖L∞∆t(H
2(Ωs))

)
‖χσs‖L∞∆t(L

2(Ωs))

+Ch−1/2‖ũit − ∂ctui‖Γ‖χσs‖L∞∆t(L
2(Ωs)) + Chk‖v‖L∞∆t(H2(Ωf ))‖χσf

‖L̃∞∆t(L2(Ωf ))

+
1

2
‖η̃iσf
‖2
A∞,Ωf

)
+ ρs‖∂tχ1/2

u ‖2
Ωs

+ ρf‖χ1/2
v ‖2

Ωf
+ ‖χ1/2

σs ‖2
A,Ωs

. (4.77)

Next we consider the initial conditions, specifically, the terms with an exponent of

n = 1/2. We note intuitively that

ρs‖∂tχ1/2
u ‖2

Ωs
+ ρf‖χ1/2

v ‖2
Ωf

+ ‖χ1/2
σs ‖2

A,Ωs

≤ ρs‖∂tχ1/2
u ‖2

Ωs
+ ρf‖χ1/2

v ‖2
Ωf

+ ‖χ1/2
σs ‖2

A,Ωs
+

∆t

2
‖χ1/2

σf ‖2
A∞,Ωf

and (4.63) can be used to bound the initial terms appearing on the right hand side of

(4.77).

Therefore, by adding ∆t
2
‖χ1/2

σf ‖2
A∞,Ωf

to both sides of (4.77) we find

ρs‖∂tχu‖2
L∞∆t(L

2(Ωs))
+ ρf‖χv‖2

L∞∆t(L2(Ωf )) + ‖χσs‖2
L∞∆t(L

2(Ωs))

+ ∆t
N−1∑
i=1

‖χ̃iσf
‖2
A∞,Ωf

+
∆t

2
‖χ1/2

σf ‖2
A∞,Ωf

≤ I + II + III + IV + V + V I + V II + V III + IX
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with

I = 2C∆t
N−1∑
i=0

‖riv‖Ωf
‖χv‖L∞∆t(L2(Ωf )),

II = 2C∆t
N−1∑
i=0

‖∂ct ηiσs
‖Ωs‖χσs‖L∞∆t(L

2(Ωs)),

III = 2Chk∆t
N−1∑
i=0

‖ũit − ∂ctui‖2,Ωs‖χσs‖L∞∆t(L
2(Ωs)),

IV = 2Ch−1/2∆t
N−1∑
i=0

‖ũit − ∂ctui‖Γ‖χσs‖L∞∆t(L
2(Ωs)),

V = 2∆t
N−1∑
i=0

‖riu‖Ωs‖∂tχu‖L∞∆t(L
2(Ωs)),

V I = 2Chk∆t
N−1∑
i=0

‖ut‖L∞∆t(H
2(Ωs))‖χσs‖L∞∆t(L

2(Ωs)),

V II = 2Chk∆t
N−1∑
i=0

‖v‖L∞∆t(H2(Ωf ))‖χσf
‖L̃∞∆t(L2(Ωf )),

V III = ∆t
N−1∑
i=0

‖η̃iσf
‖2
A∞,Ωf

,

IX = ‖χ0
σs
‖2
A,Ωs

.

by noting the special definitions (2.46).

For each of the terms I, II, III and IV on the right hand side, we will apply Lemma

4.3.6. The constant ε is taken large enough so that when a term on the right hand side

matches one on the left hand side, the coefficient on the right hand side is small enough

that we can combine like terms on the left hand side and have a positive result. For

example, consider I. This terms contains a factor ‖χv‖L∞∆t(L2(Ωf )) and on the left hand

side the similar term is ρf‖χv‖2
L∞∆t(L2(Ωf ))

. Therefore we choose ε large enough so that the

coefficient of ‖∂tχu‖2
L∞∆t(L

2(Ωs))
is less than ρs

2
when the Lemma is applied. Specifically, let

ai = ∆t‖riv‖Ωf
, b = ‖χv‖L∞∆t(L2(Ωf )) and choose ε > 2C

ρf
. Then
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I ≤ C∆t
N−1∑
i=0

‖riv‖2
Ωf

+
ρf
2
‖χv‖2

L∞∆t(L2(Ωf )) (4.78)

where C is some new but still unknown constant.

The next term V is handled in a very similar way, except that the first term of the

summation must be handled separately. This is due to the bound on ‖r0
u‖2

Ωs
found in

4.3.12. Specifically, rewrite

V = 2∆t‖r0
u‖Ωs‖∂tχu‖L∞∆t(L

2(Ωs)) + 2∆t
N−1∑
i=1

‖riu‖Ωs‖∂tχu‖L∞∆t(L
2(Ωs)).

For the first term we use Young’s Inequality and for the second we use Lemma 4.3.6 as

described above. Let ε1 be the chosen value for the Young’s Inequality while ε2 is used in

Lemma 4.3.6 to find

V ≤ Cε1∆t2‖r0
u‖2

Ωs
+
C

ε1
‖∂tχu‖2

L∞∆t(L
2(Ωs))

+ C∆t
N−1∑
i=1

‖riu‖2
Ωs

+
C

ε2
‖∂tχu‖2

L∞∆t(L
2(Ωs))

.

Now ε1 and ε2 must be chosen so that C
ε1

+ C
ε2
< ρs. Choose ε1, ε2 >

4C
ρs
.

For the next two terms, V I and V II, we see that these are sums of constants. So we

just note that ∆t
∑N−1

i=0 1 = Tf which is a constant and apply Young’s Inequality. For

example, consider V II, to find

V II ≤ 2CTfh
k‖v‖L∞∆t(H2(Ωf ))‖χσf

‖L̃∞∆t(L2(Ωf )).

Let a = hk‖v‖L∞∆t(H2(Ωf )), b = ‖χσf
‖L∞∆t(L2(Ωf )) and choose ε > 4CTF

ρf
, where C is the current

constant, in Young’s Inequality. Then

V II ≤ Ch2k‖v‖2
L∞∆t(H2(Ωf )) +

ρf
4
‖χσf

‖2
L∞∆t(L2(Ωf )). (4.79)

Therefore, using the bound on I − V II we find

‖∂tχu‖2
L∞∆t(L

2(Ωs))
+ ‖χv‖2

L∞∆t(L2(Ωf )) + ‖χσs‖2
L∞∆t(L

2(Ωs))
+ ∆t

N−1∑
i=0

‖χ̃iσf
‖2
A∞,Ωf

≤ I + II + III + IV (4.80)
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I = C

(
∆t2‖r0

u‖2
Ωs

+ ∆t
N−1∑
i=1

‖riu‖2
Ωs

+ ∆t
N−1∑
i=0

‖riv‖2
Ωf

)
,

II = C∆t
N−1∑
i=0

h2k‖ũit − ∂ctui‖2
2,Ωs

+ h−1‖ũit − ∂ctui‖2
Γ,

III = C∆t
N−1∑
i=0

‖∂ct ηiσs
‖2

Ωs
+ ‖η̃iσf

‖2
A∞,Ωf

,

IV = C
(
h2k‖v‖2

L∞∆t(H2(Ωf )) + h2k‖ut‖2
L∞∆t(H2(Ωf ))

)
,

V = Cρs‖χ0
σs
‖2
A,Ωs

.

The terms in I are bounded by Lemma 4.3.12, (4.16c), Lemma 4.3.11 and (4.16b) as

I ≤ C∆t4
(
‖uttt‖2

L∞∆t(L
2(Ωs)) + ‖utttt‖2

L2(0,T ;L2(Ωs)) + ‖vttt‖2
L2(0,T ;L2(Ωf ))

)
.

The terms in II are similarly bounded by (4.16b). Similarly III is bounded by the

approximation properties (4.9a). The terms in IV depend only on the regularity of the

weak solution. The terms in V are discussed in a previous section in (4.22). From (4.80)

we find

‖∂tχu‖2
L∞∆t(L

2(Ωs))
+ ‖χv‖2

L∞∆t(L2(Ωf )) + ‖χσs‖2
L∞∆t(L

2(Ωs))
+ ∆t

N∑
i=1

‖χ̃iσf
‖2
A∞,Ωf

≤ C
(

∆t4
(
‖uttt‖2

L∞∆t(L
2(Ωs)) + ‖utttt‖2

L2(0,T ;L2(Ωs)) + ‖vttt‖2
L2(0,T ;L2(Ωf ))

)
+h2k∆t4‖uttt‖2

L2(0,T ;H2(Ωs)) + h−1∆t4‖uttt‖2
L2(0,T ;L2(∂Ωs)) + ∆t4‖(σs)ttt‖2

L2(0,T ;L2(Ωs))

+∆t4‖Πh(σs)ttt‖2
L2(0,T ;L2(Ωs)) + h2m1‖(σs)t‖2

L2(0,T ;Hm1 (Ωs))

+∆th2m1‖σf‖2
L2(0,T ;Hm1 (Ωf )) + h2k‖v‖2

L∞∆t(H2(Ωf ))

+h2k‖ut‖2
L∞∆t(H2(Ωf )) + h2m1‖σ0

s‖2
m1,Ωs

+ h2m1‖σ0
f‖2

m1,Ωf
+ h2k‖u0‖2

2,Ωs

+h2k‖v0‖2
2,Ωf

+ h2r‖p0‖2
r−2,Ωf

+ h2wq0
)
. (4.81)

The result (4.71) follow directly by noting l was chosen in Lemma 4.3.8.
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Theorem 4.3.17. Under the assumptions of Lemma 4.3.16,

‖∂t (u− uh)‖2
L∞∆t(L

2(Ωs))
+ ‖v − vh‖2

L∞∆t(L2(Ωf )) + ‖σs − σsh‖2
L∞∆t(L

2(Ωs))

+ ∆t
N∑
i=1

‖σf − σfh‖2
A∞,Ωf

≤ C3

(
∆t4 + h2m1 + h2k∆t4 + h−1∆t4 + h2k + h2l

)
+ Ch2m2

with C3 as defined in (4.72) and C = C

(
‖ut‖2

L∞∆t(H
m2 (Ωs))

, ‖v‖2
L∞∆t(Hm2 (Ωf ))

)
. Here m1 and

m2 are convergence rates determined by the mixed finite element spaces chosen as in (4.9a)

and (4.9b), k is determined by the consistency error as in (4.20), and l is a convergence

rate determined by the mixed finite element spaces used.

Proof. This follows directly from Lemma 4.3.16 and the Triangle Inequality.

Note that the values of m1, m2, k, and l are chosen in accordance with the solution

regularity. We now have a bound on the error in fluid velocity and stress and solid stress.

However, we only have an error bound for the discrete derivative for displacement, but not

for the displacement itself.

4.4 Improved Error Estimate for Displacement

We would like to have an error bound for displacement instead of an error bound for the

discrete derivative of displacement. This will require two summations in time. To this end,

we define a notation and some useful properties of it. Let q = χσs , χσf
, χu. Then following

notation will simplify calculations :

Φ0
q = 0, Φn

q = ∆t
n−1∑
i=0

qi+1/2, n ≥ 1. (4.82)
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Lemma 4.4.1. For the notation defined in (4.82)

Φ1/2
q =

∆t

2
q1/2, (4.83)

Φn+1/2
q − Φ1/2

q = ∆t
n∑
i=1

q̃i, (4.84)

∂tΦ
n+1/2
q = qn+1/2. (4.85)

Proof. All of these equations are proved by direct computation. Both (4.83) and (4.85)

follow directly from definitions so we prove only (4.84). This is done with the following

calculations:

Φn+1/2
q =

1

2
Φn+1
q +

1

2
Φn
q

=
∆t

2

(
n∑
i=0

qi+1/2 +
n−1∑
i=0

qi+1/2

)

=
∆t

2

(
n∑
i=0

qi+1/2 +
n∑
i=1

qi−1/2

)

= ∆t

(
q1/2

2
+

n∑
i=1

qi+1/2 + qi−1/2

2

)

= Φ1/2
q + ∆t

n∑
i=1

q̃i.

Therefore (4.84) follows.

For simplicity we also use the following notation when q = u,v :

RN
q = ∆t

N∑
i=0

rq. (4.86)
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Lemma 4.4.2. Under the same assumptions as Lemma 4.3.15

ρs
(
∂tχ

n+1/2
u ,ν

)
Ωs

+ ρf
(
∂tΦ

n+1/2
χv ,ν

)
Ωf
−
(
∇h ·

(
Φn+1/2
χσs

)
,ν
)

Ωs
−
(
∇h ·

(
Φn+1/2
χσf

)
,ν
)

Ωf

= (Rn
u,ν)Ωs

+ (Rn
v,ν)Ωf

+ ρf
(
χ0
v,ν
)

Ωf
, ν ∈ Vh,

(4.87a)(
A∂tΦn+1/2

χσs
, τ
)

Ωs
+
(
A∞Φn+1/2

χσf
, τ
)

Ωf

+
(
χn+1/2
u ,∇h · τ

)
Ωs

+
(
Φn+1/2
χv ,∇h · τ

)
Ωf

=
(
A
(
ηn+1/2
σs

− η0
σs

)
, τ
)

Ωs
+
(
A∞Φn+1/2

ησf
, τ
)

Ωf

+ ∆t
n∑
i=0

I i + Ei, τ ∈ Σh.

(4.87b)

Proof. This proof largely follows the work of [35]. We begin by summing the error equations

(4.64) over all time steps. To do this we would like to start by writing the equations (4.64)

using differences so that when summed over time there will be a telescoping effect. Therefore

recall the definition of ∂2
t stated in (2.45) which expresses the discrete second derivative as

the difference of discrete first derivatives. Furthermore, the discrete first derivative (2.44)

can be re-written as the difference of averages as follows:

∂ctφ
n =

1

∆t

(
φn+1/2 − φn−1/2

)
.

This can be verified by direct calculation. Therefore (4.64a) can be written as

ρs
∆t

((
∂tχ

n+1/2
u − ∂tχn−1/2

u

)
,ν
)

Ωs
+
ρf
∆t

((
χ
n+1/2
v − χn−1/2

v

)
,ν
)

Ωf

−
(
∇h · χ̃nσs

,ν
)

Ωs

−
(
∇h · χ̃nσf

,ν
)

Ωf

= (rnu,ν)Ωs
+ (rnv ,ν)Ωf

.

Multiplying by ∆t and summing from time step 1 to n, where 1 ≤ n < N − 1 and the final
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time is N∆t we find

ρs
((
∂tχ

n+1/2
u − ∂tχ1/2

u

)
,ν
)

Ωs
+ ρf

((
χ
n+1/2
v − χ1/2

v

)
,ν
)

Ωf

−∆t
n∑
i=1

(
∇h · χ̃iσs

,ν
)

Ωs

−∆t
n∑
i=1

(
∇h · χ̃iσf

,ν
)

Ωf

= ∆t
n∑
i=1

(
riu,ν

)
Ωs

+ ∆t
n∑
i=1

(
riv,ν

)
Ωf
. (4.88)

Using (4.85), (4.84), and (4.86) with (4.88) we find

ρs
(
∂tχ

n+1/2
u − ∂tχ1/2

u ,ν
)

Ωs
+ ρf

(
∂tΦ

n+1/2
χv − χ1/2

v ,ν
)

Ωf

−
(
∇h ·

(
Φn+1/2
χσs

− Φ1/2
χσs

)
,ν
)

Ωs

−
(
∇h ·

(
Φn+1/2
χσf

− Φ1/2
χσf

)
,ν
)

Ωf

=
(
Rn
u −∆t r0

u,ν
)

Ωs
+
(
Rn
v −∆t r0

v,ν
)

Ωf
. (4.89)

Next, recall the initial condition (4.36a). By multiplying by ∆t
2

and using the relationship

∆t

2
∂tχ

1/2
v =

χ1
v − χ0

v

2
+
χ0
v

2
− χ0

v

2

= χ
1/2
v − χ0

v,

the initial condition is written as

ρs
(
∂tχ

1/2
u ,ν

)
Ωs

+ ρf

(
χ

1/2
v − χ0

v,ν
)

Ωf

−
(
∇h · Φ1/2

χσs
,ν
)

Ωs
−
(
∇h · Φ1/2

χσf
,ν
)

Ωf

= ∆t
(
r0
u,ν

)
Ωs

+ ∆t
(
r0
v,ν
)

Ωf
. (4.90)

Now (4.90) can be used with (4.89) to find

ρs
(
∂tχ

n+1/2
u ,ν

)
Ωs

+ ρf
(
∂tΦ

n+1/2
χv ,ν

)
Ωf
−
(
∇h ·

(
Φn+1/2
χσs

)
,ν
)

Ωs
−
(
∇h ·

(
Φn+1/2
χσf

)
,ν
)

Ωf

= (Rn
u,ν)Ωs

+ (Rn
v,ν)Ωf

+ ρf
(
χ0
v,ν
)

Ωf
.

To prove (4.87b), we similarly re-write (4.64b) as

1

∆t

(
A
(
χn+1/2
σs

− χn−1/2
σs

)
, τ
)

Ωs
+
(
A∞χ̃nσf

, τ
)

Ωf

+
1

∆t

((
χn+1/2
u − χn−1/2

u

)
,∇h · τ

)
Ωs

+
(
χ̃nv,∇h · τ

)
Ωf

=
1

∆t

(
A
(
ηn+1/2
σs

− ηn−1/2
σs

)
, τ
)

Ωs
+
(
A∞η̃nσf

, τ
)

Ωf

+ In + En.
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Multiplying by ∆t and summing from time step 1 to n, where 1 ≤ n < N − 1 and the final

time is N∆t we find(
A
(
χn+1/2
σs

− χ1/2
σs

)
, τ
)

Ωs

+ ∆t
n∑
i=1

(
A∞χ̃iσf

, τ
)

Ωf

+
((
χn+1/2
u − χ1/2

u

)
,∇h · τ

)
Ωs

+ ∆t
n∑
i=1

(
χ̃iv,∇h · τ

)
Ωf

=
(
A
(
ηn+1/2
σs

− η1/2
σs

)
, τ
)

Ωs
+ ∆t

n∑
i=1

(
A∞η̃iσf

, τ
)

Ωf

+ ∆t
n∑
i=1

(
I i + Ei

)
.

(4.91)

Again using (4.85) and (4.84) we re-write (4.91) as(
A
(
∂tΦ

n+1/2
χσs

− χ1/2
σs

)
, τ
)

Ωs

+
(
A∞Φn+1/2

χσf
− Φ1/2

χσf
, τ
)

Ωf

+
((
χn+1/2
u − χ1/2

u

)
,∇h · τ

)
Ωs

+
(
Φn+1/2
χv − Φ1/2

χv ,∇h · τ
)

Ωf

=
(
A
(
ηn+1/2
σs

− η1/2
σs

)
, τ
)

Ωs
+ ∆t

n∑
i=1

(
A∞η̃iσf

, τ
)

Ωf

+ ∆t
n∑
i=1

(
I i + Ei

)
.

Next we recall and rewrite the initial condition (4.36b) as above to find(
A
(
χ

1/2
σs − χ0

σs

)
, τ
)

Ωs

+
(
A∞Φ1/2

χσf
, τ
)

Ωf

+
(
χ1/2
u − χ0

u,∇h · τ
)

Ωs
+
(
Φ1/2
χv ,∇h · τ

)
Ωf

=
(
A
(
η1/2
σs
− η0

σs

)
, τ
)

Ωs
+

∆t

2

(
A∞η1/2

σf
, τ
)

Ωf

+ ∆tI0 + ∆tE0.

Finally we note that

∆t
n∑
i=1

(
A∞η̃iσf

, τ
)

Ωf

+
∆t

2

(
A∞η1/2

σf
, τ
)

Ωf

=
(

Φn+1/2
ησf

, τ
)

Ωf

and the result (4.91) follows directly.

Lemma 4.4.3. Under the same assumptions as Lemma 4.4.2

‖χu‖2
L∞∆t(L

2(Ωs)) ≤ C
(
∆t4 + h2m1∆t4 + h−1∆t4 + h2k + h2l

)
, (4.92)
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with

C4 = C
(
‖vttt‖2

L2(0,T ;L2(Ωf )), ‖uttt‖
2
L1(0,T ;L2(Ωs)), ‖utttt‖2

L1(0,T ;L2(Ωs)), ‖σs‖2
L∞∆t(H

m1 (Ωs)),

‖σf‖2
L∞∆t(Hm1 (Ωf )), ‖ut‖

2
L∞∆t(H

2(Ωs)), ‖v‖2
L∞∆t(H2(Ωf )), ‖v‖

2
L∞∆t(H2(Ωf )), ‖uttt‖

2
L2(0,T ;H2(Ωs))

‖uttt‖2
L2(0,T ;H2(Γ)), ‖σ0

s‖m1

)
(4.93)

where m1 and m2 are convergence rates determined by the mixed finite element spaces

chosen as in (4.9a) and (4.9b), k is determined by the consistency error as in (4.20), and

l is a convergence rate determined by the mixed finite element spaces used as described in

Lemma 4.3.8.

Proof. Choose the test functions

ν =

χ
n+1/2
u in Ωs,

Φ
n+1/2
χv in Ωf

and

τ =

Φ
n+1/2
χσs in Ωs,

Φ
n+1/2
χσf

in Ωf .

Plugging in these test functions and adding the equations (4.87a) and (4.87b) gives

ρs
(
∂tχ

n+1/2
u , χn+1/2

u

)
Ωs

+ ρf
(
∂tΦ

n+1/2
χv ,Φn+1/2

χv

)
Ωf

+
(
A∂tΦn+1/2

χσs
,Φn+1/2

χσs

)
Ωs

+
(
A∞Φn+1/2

χσf
,Φn+1/2

χσf

)
Ωf

=
(
Rn
u, χ

n+1/2
u

)
Ωs

+
(
Rn
v,Φ

n+1/2
χv

)
Ωf

+ ρf
(
χ0
v,Φ

n+1/2
χv

)
Ωf

+
(
A
(
ηn+1/2
σs

− η0
σs

)
,Φn+1/2

χσs

)
Ωs

+
(
A∞Φn+1/2

ησf
,Φn+1/2

χσf

)
Ωf

+ ∆t
n∑
i=0

(
I i + Ei

)
. (4.94)

Next, we apply the Cauchy-Schwarz Inequality, the equivalence of ‖·‖A∞,Ωf
to ‖·‖Ωf

shown in 3.8, the equivalence of ‖·‖A,Ωs to ‖·‖Ωs shown in 2.8, the norm relations (4.14),
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and the initial error bound (4.21), on the left hand side of (4.94) to find

ρs
(
∂tχ

n+1/2
u , χn+1/2

u

)
Ωs

+ ρf
(
∂tΦ

n+1/2
χv ,Φn+1/2

χv

)
Ωf

+
(
A∂tΦn+1/2

χσs
,Φn+1/2

χσs

)
Ωs

+
(
A∞Φn+1/2

χσf
,Φn+1/2

χσf

)
Ωf

≤ ‖Rn
u‖Ωs‖χu‖L∞∆t(L

2(Ωs)) + ‖Rn
v‖Ωf
‖Φχv‖L∞∆t(L2(Ωf )) + ρf‖χ0

v‖Ωf
‖Φχv‖L∞∆t(L2(Ωf ))

+ C
(
‖ηn+1/2
σs

‖Ωs + ‖η0
σs
‖Ωs

)
‖Φχσs

‖L∞∆t(L
2(Ωs)) + ‖Φj+1/2

ησf
‖A∞,Ωf

‖Φj+1/2
χσf
‖A∞,Ωf

+ ∆t
n∑
i=0

I i + Ei.

We will once again sum this equation over time steps. We take advantage of telescoping

by noting that for q = χu,Φχv ,Φχσs

(∂tq
n+1/2, q) =

1

2∆t

(
‖qn+1‖2 − ‖qn‖2

)
.

We will again sum (4.94) over the time steps. Recall that Φ0
q = 0. Therefore, the left hand

side of (4.94) is

ρs
2∆t

(
‖χnu‖2

Ωs
− ‖χ0

u‖2
Ωs

)
+

ρf
2∆t

(
‖Φn

χv‖
2
Ωf
− ‖Φ0

χv‖
2
Ωf

)
+

1

2∆t

(
‖Φn

χσs
‖2
A,Ωs
− ‖Φ0

χσs
‖2
A,Ωs

)
+

n∑
j=0

‖Φj+1/2
χσf
‖2
A∞,Ωf

=
ρs

2∆t
‖χnu‖2

Ωs
+

ρf
2∆t
‖Φn

χv‖
2
Ωf

+
1

2∆t
‖Φn

χσs
‖2
A,Ωs

+
n∑
j=0

‖Φj+1/2
χσf
‖2
A∞,Ωf

and we find

ρs
2∆t
‖χnu‖2

Ωs
+

ρf
2∆t
‖Φn

χv‖
2
Ωf

+
1

2∆t
‖Φn

χσs
‖2
A,Ωs

+
n∑
j=0

‖Φj+1/2
χσf
‖2
A∞,Ωf

≤
n∑
j=0

(
‖Rj

u‖Ωs‖χu‖L∞∆t(L
2(Ωs)) + ‖Rj

v‖Ωf
‖Φχv‖L∞∆t(L2(Ωf ))

+C
(
‖ηj+1/2
σs

‖Ωs + ‖η0
σs
‖Ωs

)
‖Φχσs

‖L∞∆t(L
2(Ωs)) + ‖Φj+1/2

ησf
‖A∞,Ωf

‖Φj+1/2
χσf
‖A∞,Ωf

+∆t
N∑
i=0

(
I i + Ei

))
.
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The remaining steps are similar to those used in Lemma 4.3.16. We again note that

this equation is true for all time steps so we take the maximum on the left hand side to

achieve

ρs‖χu‖2
L∞∆t(L

2(Ωs)) + ρf‖Φχv‖
2
L∞∆t(L2(Ωf )) + ‖Φχσs

‖2
L∞∆t(L

2(Ωs)) + 2∆t
N∑
j=0

‖Φi+1/2
χσf
‖2
A∞,Ωf

≤ I + II + III + IV + V + V I + V II

where

I = 2∆t
N−1∑
j=0

‖Rj
v‖Ωf
‖Φχv‖L∞∆t(L2(Ωf )),

II = 2C∆t
N−1∑
j=0

‖ηj+1/2
σs

‖Ωs‖Φχσs
‖L∞∆t(L

2(Ωs)),

III = 2∆t
N−1∑
j=0

‖Rj
u‖Ωs‖χu‖L∞∆t(L

2(Ωs)),

IV = 2C∆t
N−1∑
j=0

‖η0
σs
‖Ωs‖Φχσs

‖L∞∆t(L
2(Ωs)),

V = 2C∆t
N−1∑
j=0

‖Φj+1/2
ησf
‖A∞,Ωf

‖Φj+1/2
χσf
‖A∞,Ωf

,

V I = 2Tf∆t
N−1∑
i=0

(
I i + Ei

)
.

For each of the terms I and II we will apply Lemma 4.3.6 with ε chosen to ensure

positive terms on the right hand side as in Lemma 4.3.16. See (4.78) for an example. To

bound III, we use Young’s Inequality with the value of ε chosen in same way as above to

find

III ≤ C

(
∆t

N−1∑
j=0

‖Rj
u‖Ωs

)2

+
ρs
2
‖χu‖2

L∞∆t(L
2(Ωs)).

As sums of constants with respect to j the terms IV is bounded with Young’s Inequality

with appropriate ε. See (4.79) for an example.

119



For V , using Young’s Inequality we find

V ≤ ∆t
N−1∑
j=0

‖Φj+1/2
ησf
‖2
A∞,Ωf

+ ∆t
N−1∑
j=0

‖Φj+1/2
χσf
‖2
A∞,Ωf

.

Finally for V I we recall the bound (4.76) from the previous Lemma and apply Lemma

4.3.6 and Young’s Inequality as needed. Specifically, for I i we have

In ≤ C
(
hk‖ut‖L∞∆t(H

2(Ωs)) + h−1/2‖ũnt − ∂ctun‖Γ

)
‖Φχσs

‖L∞∆t(L
2(Ωs)).

from (4.76). Therefore we choose the appropriate ε in Lemma 4.3.6 and Young’s Inequality

to find

2Tf∆t
N−1∑
i=0

I i ≤ Ch2k∆t
N−1∑
i=0

‖ut‖2
L∞∆t(H

2(Ωs)) + Ch−1∆t
N−1∑
i=0

‖ũit − ∂ctui‖2
Γ +

1

8
‖Φχσs

‖2
L∞∆t(L

2(Ωs))
.

A similar procedure is repeated on 2Tf∆t
∑N−1

i=0 Ei by recalling (4.75). Using these bounds

on I−V I, the initial bound (4.21), and combining like terms on the left hand side, we find

‖χu‖2
L∞∆t(L

2(Ωs)) + ‖Φχv‖
2
L∞∆t(L2(Ωf )) + ‖Φχσs

‖2
L∞∆t(L

2(Ωs)) + ∆t
N−1∑
j=0

‖Φj+1/2
χσf
‖2
A∞,Ωf

≤ I + II + III + IV + V + V I

where

I = C∆t
N−1∑
j=0

‖Rj
v‖2

Ωf
,

II = C

(
∆t

N−1∑
j=0

‖Rj
u‖Ωs

)2

,

III = C∆t
N−1∑
j=0

‖ηj+1/2
σs

‖2
Ωs

+ ‖Φj+1/2
ησf
‖2

Ωf
,

IV = Ch2k
(
‖ut‖2

L∞∆t(H
2(Ωs)) + ‖v‖2

L∞∆t(H2(Ωf ))

)
,

V = C∆t
N−1∑
i=0

(
h2k‖ũit − ∂ctui‖2,Ωs + h−1‖ũit − ∂ctui‖2

Γ

)
V I = ‖η0

σs
‖2

Ωs
.
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To bound I we first note the following relationship which is obtained by use of the Triangle

Inequality:

‖Rj
v‖Ωf

≤ ∆t
N−1∑
j=0

‖rjv‖Ωf
.

Therefore, by using Hölder’s inequality, Lemma 4.3.11 and (4.16b) we find

‖Rj
v‖2

Ωs
≤ C∆t

N∑
j=0

‖rjv‖2
Ωs

≤ C∆t4‖vttt‖2
L2(0,T ;L2(Ωf )).

To bound II, we follow the work of [35] and note that

‖Rj
u‖Ωs ≤ C∆t

N∑
j=0

‖rju‖Ωs

≤ C∆t2
(
‖uttt‖L1(0,T ;L2(Ωs)) + ‖utttt‖L1(0,T ;L2(Ωs))

)
and therefore

II ≤ C∆t4
(
‖uttt‖2

L1(0,T ;L2(Ωf )) + ‖utttt‖2
L1(0,T ;L2(Ωf ))

)
.

The next two terms in III are bounded using the Triangle Inequality and the ap-

proximation property (4.9a). The terms in IV depend only on the regularity of the weak

solutions. The terms in V are bounded by noting (4.16b). Note that this term also appeared

in and was bounded in the previous Lemma 4.3.16, see (4.80)

Finally the terms of V I are bounded by (4.21). Thus we obtain

‖χu‖2
L∞∆t(L

2(Ωs)) + ‖Φχv‖
2
L∞∆t(L2(Ωf )) + ‖Φχσs

‖2
L∞∆t(L

2(Ωs)) + ∆t
N−1∑
j=0

‖Φi+1/2
χσf
‖2
A∞,Ωf

≤ C
(

∆t4‖vttt‖2
L2(0,T ;L2(Ωf )) + ∆t4

(
‖uttt‖2

L1(0,T ;L2(Ωs)) + ‖utttt‖2
L1(0,T ;L2(Ωs))

)
+h2m1‖σs‖2

L∞∆t(H
m1 (Ωs)) + h2m1‖σf‖2

L∞∆t(Hm1 (Ωf )) + h2k‖ut‖2
L∞∆t(H

2(Ωs))

+‖v‖2
L∞∆t(H2(Ωf )) + h2k‖v‖2

L∞∆t(H2(Ωf )) + ∆t4‖uttt‖2
L2(0,T ;H2(Ωs))

+h−1∆t4‖uttt‖2
L2(0,T ;H2(Γ)) + h2m1‖σ0

s‖m1

)
(4.95)
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Theorem 4.4.4. Under the assumptions of Lemma 4.4.3

‖u− uh‖2
L∞∆t(L

2(Ωs)) ≤ C4

(
∆t4 + h2m1 + +h−1∆t4 + h2k + h2l

)
+ Ch2m2 (4.96)

with C4 as defined in (4.93) and C = C(‖u‖2
L∞∆t(H

m2 (Ωs))). Here m1 and m2 are convergence

rates determined by the mixed finite element spaces chosen as in (4.9a) and (4.9b), k is

determined by the consistency error as in (4.20), and l is a convergence rate determined by

the mixed finite element spaces used as described in Lemma 4.3.8.

Proof. This follows directly of Lemma 4.4.3 and the Triangle Inequality. Note that the

value of C depends on the function norms in (4.95)

4.5 Numerical Results

In this section, we will present numerical results using the conforming and nonconforming

Arnold-Winther mixed finite elements described for the linear elasticity problem in Sections

2.3.3 and 2.3.4. Recall that the conforming method enforces continuity of the stress at

vertices, which is a condition not required by the mixed variational formulation and may

be undesirable [7]. In an effort to confirm the expected convergence rates when studying the

solid or fluid domains separately, we have used problems with analytic solutions. However,

these analytic solutions have been continuous and we have observed expected convergence

rates when using the conforming mixed finite elements.

For the FSI problem, we again test problems with analytic solutions. First, we test a

constructed problem with an analytic solution that is continuous at the interface between

the solid and fluid. This test problem has been constructed to preserve this continuity and

not in accordance with a realistic physical problem. Its value is only as a test problem with

an analytic solution. Secondly, we test a problem found in [67] which is designed with the

interaction between fluids and solids of similar density in mind. This problem is based on
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one originally present in [9]. Only the normal component of stress is continuous across the

interface in this test problem.

Before presenting numerical results using these test cases, we describe the expected

convergence rate using the conforming and nonconforming cases. For the conforming case,

we expect that there is no consistency error, thus terms involving the consistency error

bound h2k do not effect the expected convergence. In the case of the conforming element

we expect m1 = 3, m2 = 2 and l = 2 provided that a finite element space with sufficient

accuracy is used in approximating the fluid pressure as described in section 3.2.1. Assuming

there is sufficient regularity in the solutions ω and σ, by Theorem 4.3.17,

‖∂t (u− uh)‖2
L∞∆t(L

2(Ωs))
+ ‖v − vh‖2

L∞∆t(L2(Ωf )) + ‖σs − σsh‖2
L∞∆t(L

2(Ωs))

+ ∆t
N∑
i=1

‖σf − σfh‖2
A∞,Ωf

≤ C
(
∆t4 + h4 + h−1∆t4

)
. (4.97)

Additionally from Theorem 4.4.4

‖u− uh‖2
L∞∆t(L

2(Ωs)) ≤ C
(
∆t4 + h4 + h−1∆t4

)
. (4.98)

On the other hand, in the case of the nonconforming element we expect m1 = 1, m2 = 1,

k = 1, and l = 1 in Theorem 4.3.17 giving

‖∂t (u− uh)‖2
L∞∆t(L

2(Ωs))
+ ‖v − vh‖2

L∞∆t(L2(Ωf )) + ‖σs − σsh‖2
L∞∆t(L

2(Ωs))

+ ∆t
N∑
i=1

‖σf − σfh‖2
A∞,Ωf

≤ C
(
∆t4 + h2 + h−1∆t4

)
(4.99)

and, from Theorem 4.4.4,

‖u− uh‖2
L∞∆t(L

2(Ωs)) ≤ C
(
∆t4 + h2 + h−1∆t4

)
. (4.100)

We see that in both the conforming and nonconforming case the effect of the interface

integral terms is seen in the h−1∆t4 term. From this, we may expect an increase in error as

123



the grid is refined spatially. However if we make the restriction that h and ∆t are reduced

at the same rate, that is h ∼ ∆t, then this factor becomes ∆t3.

In the case of the conforming mixed finite element space, (4.97) and(4.98) are now

‖∂t (u− uh)‖2
L∞∆t(L

2(Ωs))
+ ‖v − vh‖2

L∞∆t(L2(Ωf )) + ‖σs − σsh‖2
L∞∆t(L

2(Ωs))

+ ∆t
N∑
i=1

‖σf − σfh‖2
A∞,Ωf

≤ C
(
∆t3 + h4

)
and

‖u− uh‖2
L∞∆t(L

2(Ωs)) ≤ C
(
∆t3 + h4

)
respectively. This is lower than the second order convergence rate in time observed for the

solid and fluid subdomains. However in the nonconforming case (4.99) and (4.100) become

‖∂t (u− uh)‖2
L∞∆t(L

2(Ωs))
+ ‖v − vh‖2

L∞∆t(L2(Ωf )) + ‖σs − σsh‖2
L∞∆t(L

2(Ωs))

+ ∆t
N∑
i=1

‖σf − σfh‖2
A∞,Ωf

≤ C
(
∆t3 + h2

)
and

‖u− uh‖2
L∞∆t(L

2(Ωs)) ≤ C
(
∆t3 + h2

)
.

Although this shows a degraded rate in terms of time, as both time and spatial are being

reduced simultaneously, the overall observed rate is limited by the h2. That is, we expect

only first order convergence when considering the L∞-norm of each variable. Therefore the

effect of the interface integral terms may not be observed.

FSI Example 1

To verify these experimental results numerically, we attempt use the model to find an

approximation in the rare case where the analytic solution is known. Consider the domain
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Ω = [0, 1] × [0, 1] divided into fluid and structure subdomains Ωf = [0, 1] × [0, .5] and

Ωs = [0, 1]× [.5, 1]. Then consider the test problem with the analytic solution

u =

et sin(x) sin(y)

et cos(x) cos(y)

 , v =

et sin(x) sin(y)

et cos(x) cos(y)

 .
The other variables σs and fs are constructed from this result.

fs =

et(ρs − 2µ) sin(x) sin(y)

et(ρs − 2µ) cos(x) cos(y)

 , ff =

et(ρs − 2µ) sin(x) sin(y)

et(ρs − 2µ) cos(x) cos(y)


where µs = µf = µ and ρs = ρf which is not realistic physically. By construction ut = v

over the entire region so the interface condition (4.3a) is satisfied no matter where the

interface falls in the domain. Furthermore for this particular system σs = σf in the entire

domain, satisfying the interface condition (4.3b). The interface in this case falls along

the line y = 0.5. However this solution is formed just as an academic example. It has

little or no physical meaning and is used solely for verification purposes. The parameters

µ = 3.57× 104, λ = 1.43× 105, and rhoS = ρf = 1 have been used here.

In Figure 4.2 we show a example graphs for the variable ω1. and in Figure 4.3 there

is a example graphs for σ11. We see that results obtained using both the conforming and

nonconforming elements, shown in the top row of the figures, yield graphs that are nearly

indistinguishable from the analytic solution, show in the bottom row.

In Table 4.1 and Figure 4.4, we show the results of a convergence study using this FSI

example 1. We see a better than expected second order convergence for both the stress

σ and displacement/ velocity ω. This may be due the fact that the interface is artificial

since σs = σf . In Table 4.2 and Figure 4.5, we show the results of a convergence study

using the nonconforming element instead. In this case we observe an unexpected drop in

convergence rate in the last step of refinement. For a possible explanation, we note the

unrealistic nature of the problem. As noted in the introduction, in some cases, such as

when the density of the fluid and the solid are comparable, convergence issues have been

observed [79]. Explanations of the causes of these instabilities,called added mass effects,

can be found in [30, 44]. Setting ρs = ρf may cause convergence issues in this case.
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Figure 4.2: Solution graphs for the first component of displacement, ω1 for the FSI example

1 at Tf = 1 with h = 1
16

and ∆t = 1.25× 10−2: using the conforming element (left), using

the nonconforming element (right), and the exact analytic solution (bottom).
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Figure 4.3: Solution graphs for the first component of stress, σ11 for the FSI example 1 at

Tf = 1 with h = 1
16

and ∆t = 1.25 × 10−2: using the conforming element (left), using the

nonconforming element (right), and the exact analytic solution (bottom).
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Table 4.1: Convergence study results for FSI Example 1 with the conforming element

h ∆t ‖ω − ωh‖L∞∆t(Ω) Order ‖σ − σh‖L∞∆t(Ω) Order

1
2

1.000E-01 3.952E-02 — 3.623E+02 —

1
4

5.000E-02 9.844E-03 2.01 6.742E+01 2.43

1
8

2.500E-02 2.459E-03 2.00 1.513E+01 2.16

1
16

1.250E-02 6.146E-04 2.00 3.664E+00 2.05

1
32

6.250E-03 1.537E-04 2.00 9.069E-01 2.01

1
64

3.125E-03 3.841E-05 2.00 2.269E-01 2.00

10−2 10−1 100
10−5

10−4

10−3

10−2

10−1

100

101

102

103

1

2

h

E
r
r
o
r

 

 

||ω − ω
h
||

L
∞

∆ t
(Ω)

||σ − σ
h
||

L
∞

∆ t
(Ω)

Figure 4.4: Graphical representation of the convergence study results for FSI Example 1

with the conforming element
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Table 4.2: Convergence study results for FSI example 1 with the nonconforming element

h ∆t ‖ω − ωh‖L∞∆t(Ω) Order ‖σ − σh‖L∞∆t(Ω) Order

1
2

1.000E-01 3.967E-02 — 5.100E+03 —

1
4

5.000E-02 9.912E-03 2.00 2.629E+03 0.96

1
8

2.500E-02 2.615E-03 1.92 1.351E+03 0.96

1
16

1.250E-02 1.042E-03 1.33 6.981E+02 0.95

1
32

6.250E-03 4.373E-04 1.25 3.425E+02 1.03

1
64

3.125E-03 3.165E-04 0.47 1.807E+02 0.92
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Figure 4.5: Graphical representation of the convergence study results for FSI Example 1

with the nonconforming element
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Additionally, when using the nonconforming element, we have observed that the con-

dition numbers linear system solved for this example are quite large. For example, when

h = 1
2

and ∆t = 0.1 the condition numbers are approximately 1× 108 and when h = 1
4

and

∆t = 0.05 the condition numbers are approximately 1× 109. We have attempted to reduce

this large condition number by implementing a preconditioned version of the FGMRES

iterative method using the incomplete LU decomposition [87, 88]. This is used as a black

box and does not converge in 1000 iterations per time step.

We have observed smaller condition numbers when λ = µ = 1. Results of a convergence

study with this change are shown in Table 4.3 and Figure 4.6. For this case, we no longer

see the unexpected drop in convergence rate. The convergence rate in σ is roughly the

expected first order rate by the last refinement and the convergence rate in ω is higher

than expected at 2.

Finally, recall that we have used the method described in Section 3.2.1 to find an

approximation to σ at t = 0. Here we have found an approximation to the pressure p

at t = 0 and used it to form and solve a linear system to find σ0
fh
. However, we may

have alternatively used the definition of fluid stress (3.2) at t = 0 and approximation to the

pressure p at t = 0 to find a different approximation to fluid stress. Results of a convergence

study using this different initial condition are shown in Table 4.4 and 4.7. When looking at

the the convergence rates of ω we observe declining rates of convergence up to the point

when h = 1
32
. However, in the last refinement, the rate increase above the expected rate of

1. A similar pattern may occur for our original problem show in Table 4.2, however, we

are unable to refine this further due to computing resource and computing time restraints.

FSI Example 2

Next, consider the example problem studied in [69]. Again, consider the domain Ω = [0, 1]×

[0, 1] divided into fluid and structure subdomains Ωf = [0, 1]× [0, .5] and Ωs = [0, 1]× [.5, 1].
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Table 4.3: Convergence study results for FSI example 1 with the nonconforming element

with λ = µ = 1

h ∆t ‖ω − ωh‖L∞∆t(Ω) Order ‖σ − σh‖L∞∆t(Ω) Order

1
2

1.000E-01 3.988E-02 — 1.413E-01 —

1
4

5.000E-02 9.918E-03 2.01 7.229E-02 0.97

1
8

2.500E-02 2.476E-03 2.00 3.672E-02 0.98

1
16

1.250E-02 6.185E-04 2.00 1.850E-02 0.99

1
32

6.250E-03 1.551E-04 2.00 9.677E-03 0.93

1
64

3.125E-03 3.888E-05 2.00 4.731E-03 1.03
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Figure 4.6: Graphical representation of the convergence study results for FSI Example 1

with the nonconforming element with λ = µ = 1.
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Table 4.4: Convergence study results for FSI example 1 with the nonconforming element

with change initial condition

h ∆t ‖ω − ωh‖L∞∆t(Ω) Order ‖σ − σh‖L∞∆t(Ω) Order

1
2

1.000E-01 3.976E-02 — 5.828E+03 —

1
4

5.000E-02 1.009E-02 1.98 2.969E+03 0.97

1
8

2.500E-02 3.238E-03 1.64 1.539E+03 0.95

1
16

1.250E-02 2.104E-03 0.62 8.344E+02 0.88

1
32

6.250E-03 1.164E-03 0.85 4.154E+02 1.01

1
64

3.125E-03 4.883E-04 1.25 1.891E+02 1.14
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Figure 4.7: Graphical representation of the convergence study results for FSI Example 1

with the nonconforming element with changed initial condition
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The analytic solution is given as

u =

sin(x+ t) sin(y + t)

cos(x+ t) cos(y + t)

 ,
v =

 cos(x+ t) sin(y + t) + sin(x+ t) cos(y + t)

− sin(x+ t) cos(y + t)− cos(x+ t) sin(y + t)

 ,
p = 2µf (sin(x+ t) sin(y + t)− cos(x+ t) cos(y + t)) + 2µs cos(x+ t) sin(y + t)

where p is the fluid pressure. These expressions are used to find an analytic expression

for stress. For this case, the following parameters are used: ρs = 1.9 g
cm3 , µs = 3 dyne

cm2 , λ =

4.5 dyne
cm2 , ρf = 1 g

cm3 , and µf = .0013 g
cm·s . Although the interface condition (4.3a) on dis-

placement and velocity is satisfied throughout the region, the condition on the stress (4.3b)

is only satisfied in some locations in the domain. In particular, it is satisfied if the interface

is horizontal (i.e. n = (0, 1)T ).

Table 4.5 shows the results of a a convergence study with this example 2 using the

conforming element and refining both the spatial grid and reducing the time step simulta-

neously. For both variables, σ and ω, we see a convergence rate lower than the expect rate

of 1.5. Specifically, by the final refinement, for σ the observed convergence rate is approx-

imately .67 and for ω is approximately .37. This may be due to the fact the conforming

element forces continuity of the stress at vertices. Enforcing a condition that is not true of

the analytic solution may result in the reduced convergence rates.

Table 4.6 shows the results of a convergence study with this example 2 using the non-

conforming elements and refining both the spatial grid and reducing the time step simulta-

neously. For the displacement/velocity variable ω, we observe a faster a convergence rate

of 2.92 for the final refinement, despite the expected first order convergence. Although a

similar phenomena is observed for the elasticity only or fluid only problem in the previous

sections, the rate of convergence here is faster than the observed rates for the separated

problems. However the convergence rate for the stress variable is close to the expected rate

of 1.
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Table 4.5: Convergence study results for FSI Example 2 with the conforming element

h ∆t ‖ω − ωh‖L∞∆t(Ω) Order ‖σ − σh‖L∞∆t(Ω) Order

1
2

1.000E-01 2.044E-01 — 1.321E+00 —

1
4

5.000E-02 4.975E-02 2.04 9.610E-01 0.46

1
8

2.500E-02 3.232E-02 0.62 6.715E-01 0.52

1
16

1.250E-02 2.276E-02 0.51 5.259E-01 0.35

1
32

6.250E-03 1.523E-02 0.58 4.143E-01 0.34

1
64

3.125E-03 9.599E-03 0.67 3.202E-01 0.37
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Figure 4.8: Graphical representation of the convergence study results for FSI Example 2

with the conforming element
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Table 4.6: Convergence study results for FSI Example 2 with the nonconforming element

h ∆t ‖ω − ωh‖L∞∆t(Ω) Order ‖σ − σh‖L∞∆t(Ω) Order

1
2

1.000E-01 3.087E-01 — 1.573E-01 —

1
4

5.000E-02 9.687E-02 1.67 6.087E-02 1.37

1
8

2.500E-02 3.110E-02 1.64 3.400E-02 0.84

1
16

1.250E-02 6.748E-03 2.20 1.891E-02 0.85

1
32

6.250E-03 1.013E-03 2.74 9.148E-03 1.05

1
64

3.125E-03 1.337E-04 2.92 4.555E-03 1.01
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Figure 4.9: Graphical representation of the convergence study results for FSI Example 2

with the conforming element
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For this example we provide some example graphs in Figure 4.10 and 4.11. Recall that

for both the conforming and nonconforming elements, the finite element space for the vector

quantity is not subject to global continuity conditions. Figure 4.10 shows an example graph

for the variable ω1. On the left, the graph of the approximation ω1 using the conforming

method is shown. In this graph, we see that the elements near the interface show some

oscillations. These oscillations are not clearly visible in when the nonconforming element

is used, see the right side of Figure 4.10. Furthermore, in the graphs for the approximate

stress using the conforming MFEM, shown on the left side of Figure 4.11, we see that this

approximation is continuous across the interface. The graph of the analytic solution for σ11

on the bottom of Figure 4.11, shows that this continuity is not required. The approximation

σ11 using the nonconforming MFEM, shown on the right side of Figure 4.11, more closely

resembles the analytic solution.

FSI Example 3

As it is known that the added mass effect can cause convergence issues when the density of

the fluid and the solid are of similar densities, we study the convergence results again using

the example problem studied in [69] and FSI example 2. However, different parameters

are set. First, to test the case of differing densities, the following parameters are used:

ρs = 4 g
cm3 , µs = 3 dyne

cm2 , λ = 4.5 dyne
cm2 , ρf = 1 g

cm3 , and µf = .0013 g
cm·s . This is referred to as

parameter case A.

Tables 4.7 and 4.8 show the results of a convergence study. These convergence results

are similar to those observed in FSI example 2. Specifically, for the conforming case in Table

4.7 for both variables, σ and ω, we see a convergence rate lower than the expected rate of

1.5. By the final refinement, for σ the observed convergence rate is approximately 0.67 and

for ω is approximately 0.34. When using the nonconforming element, for the displacement

and velocity variable, we again observe convergence rate of 2.92 for the final refinement,

despite the expected first order convergence. The convergence rate for the stress variable

is close to the expected rate of 1.
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Figure 4.10: Solution graphs for the first component of displacement, ω1 for the FSI ex-

ample 2 at Tf = 1 with h = 1
16

and ∆t = 1.25× 10−2: using the conforming element (left),

using the nonconforming element (right), and the exact analytic solution (bottom).
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Table 4.7: Convergence study results for FSI Example 3 parameter case A with the con-

forming element

h ∆t ‖ω − ωh‖L∞∆t(Ω) Order ‖σ − σh‖L∞∆t(Ω) Order

1
2

1.000E-01 2.065E-01 — 1.348E+00 —

1
4

5.000E-02 4.392E-02 2.23 9.919E-01 0.44

1
8

2.500E-02 2.857E-02 0.62 7.065E-01 0.49

1
16

1.250E-02 1.849E-02 0.63 5.008E-01 0.50

1
32

6.250E-03 1.184E-02 0.64 3.855E-01 0.38

1
64

3.125E-03 7.453E-03 0.67 3.054E-01 0.34
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Figure 4.12: Graphical representation of the convergence study results for FSI Example 3

parameter case A with the conforming element
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Table 4.8: Convergence study results for FSI Example 3 parameter case A with the non-

conforming element

h ∆t ‖ω − ωh‖L∞∆t(Ω) Order ‖σ − σh‖L∞∆t(Ω) Order

1
2

1.000E-01 3.086E-01 — 1.555E-01 —

1
4

5.000E-02 9.684E-02 1.67 6.299E-02 1.30

1
8

2.500E-02 3.108E-02 1.64 3.444E-02 0.87

1
16

1.250E-02 6.748E-03 2.20 2.082E-02 0.73

1
32

6.250E-03 1.014E-03 2.73 9.532E-03 1.13

1
64

3.125E-03 1.338E-04 2.92 4.727E-03 1.01
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Figure 4.13: Graphical representation of the convergence study results for FSI Example 3

parameter case A with the nonconforming element
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Finally, we set all parameters equal to 1. This provides a mathematical test despite not

being physically realistic. Specifically, use: ρs = 1, µs = 1λ = 1, ρf = 1, and µf = 1. This

is referred to a parameter case B.

Table 4.9 shows the result of a convergence study for parameter case B using the con-

forming elements. For both variables, σ and ω, we see again see convergence rates lower

than the expect rate of 1.5. However the convergence rates are higher in this case. By the

final refinement, the observed convergence rate for σ is approximately 1.02 and for ω it

is approximately 0.51. When using the nonconforming element, results are shown in 4.10,

for the displacement and velocity variable, we observe a convergence rate of 1.89 for the

final refinement, despite the expected first order convergence and the convergence rate for

the stress variable is slightly under the expected rate of 1 at 0.95. We clearly see that the

parameters effect convergence rates.

4.6 Conclusions and Future Work

In this dissertation, we have modeled the interaction between a linearly elastic solid and

the time-dependent Stokes flow of a fluid. The model equations are expressed in terms of

displacement and stress for the solid and velocity and stress for the fluid. Approximations

for stress obtained using mixed finite element methods with these primary variables are

more accurate than those obtained by using finite element methods and post processing.

Although this these types of problems have been studied separately, to our knowledge,

an FSI problem has not been studied using these models. Using these primary variables

has the additional benefit that the conditions at the interface are in terms of the primary

variables. We have developed a fully discrete model that does not explicitly include any

interface integrals. The motivation for this has been discussed.

For the linear elasticity problem, we show an improved error estimate when using the

nonconforming Arnold Winther element used with the elastostatic problem. Some numeri-

cal results are shown to confirm this error estimate. Some numerical results are show using
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Table 4.9: Convergence study for FSI example 3 parameter case B with the conforming

element

h ∆t ‖ω − ωh‖L∞∆t(Ω) Order ‖σ − σh‖L∞∆t(Ω) Order

1
2

1.000E-01 2.419E-02 — 6.809E-01 —

1
4

5.000E-02 6.461E-03 1.90 4.288E-01 0.67

1
8

2.500E-02 2.527E-03 1.35 2.761E-01 0.64

1
16

1.250E-02 1.095E-03 1.21 1.875E-01 0.56

1
32

6.250E-03 5.393E-04 1.02 1.293E-01 0.54

1
64

3.125E-03 2.657E-04 1.02 9.071E-02 0.51
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Figure 4.14: Graphical representation of the convergence study results for FSI Example 3

parameter case A with the conforming element
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Table 4.10: Convergence study for FSI example 3 parameter case B with the nonconforming

element

h ∆t ‖ω − ωh‖L∞∆t(Ω) Order ‖σ − σh‖L∞∆t(Ω) Order

1
2

1.000E-01 1.303E-02 — 6.805E-02 —

1
4

5.000E-02 3.337E-03 1.97 3.399E-02 1.00

1
8

2.500E-02 8.544E-04 1.97 1.725E-02 0.98

1
16

1.250E-02 2.225E-04 1.94 8.967E-03 0.94

1
32

6.250E-03 5.798E-05 1.94 4.626E-03 0.95

1
64

3.125E-03 1.564E-05 1.89 2.400E-03 0.95
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Figure 4.15: Graphical representation of the convergence study results for FSI Example 3

parameter case B with the nonconforming element
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both the conforming and nonconforming Arnold Winther elements in both the static and

dynamic cases.

For the Stokes fluid flow problem, when the model equations are expressed in terms

of fluid stress and velocity, the same MFEMs are used to approximate the solution in the

fluid domain and the solid domain. Although this has been studied in the static case [27],

we extend to the nonstationary case. However, this requires careful treatment of the initial

conditions to find an approximation to the fluid stress at the initial time. In this work,

we have used a second finite element method to find an approximate fluid pressure at the

initial time. As long as this pressure is found with enough accuracy, the stress at the initial

time can be found with enough accuracy. However, it may be desirable to devote future

work to finding an approximation to stress at the initial time step that does not require

these complications.

The models for elasticity and fluid flow have then been combined to study the fluid-

structure interaction problem. From the a priori analysis presented, we see that the presence

of an interface is negatively impacting the expected error bounds. Depending on the specific

mixed finite element method chosen, this impact may not be seen. For example, consider the

nonconforming elements proposed by Arnold and Winther [7]. In this case, the consistency

error associated with these elements limits the expected convergence rate more than the

interface integral terms. Therefore, the convergence rate is not impacted by the interface.

Numerical results showing this impact have been included and discussed in the previous

section. However, to use a mixed finite element space where the consistency error does

not limit the expected convergence rate more than the interface integral terms, it may be

useful to impose the interface conditions differently or by adding stabilization terms. More

work is required on this topic.

Furthermore, we have tested this numerical model using the conforming mixed finite

element space proposed by Arnold and Winther [6]. Recall that when using this space,

the approximation to stress is continuous at the mesh vertices, which is not required by

the FSI model. We have observed a sub optimal convergence rate when attempting to
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approximate a discontinuous stress. Although it is known that the continuity of stress

at the mesh vertices is unavoidable, future work may be done to enforce the interface

conditions differently. For example additional terms may be added to the model along the

interface. This may improve convergence rates.

Alternatively, a partitioned method may be more suitable when using conforming mixed

finite element spaces. When a partitioned method is used a separate mesh is used for

the solid and fluid subdomains. Therefore the continuity of stress at the mesh vertices

will not be enforced at the interface. However, different convergence issues will arise.

Many partitioned methods have been proposed that may extend to the case where stress,

displacement and velocity are primary variables. Further study is required on this topic.

Finally, in this dissertation, a fixed reference domain for both the fluid and solid subdo-

mains has been used. Although this simplification is reasonable for some cases, more work

is required to extend this model for use in general cases. This may be done by using the so

called Arbitrary Lagrangian-Eulerian method. Then the interface will be allowed to move.
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