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Abstract

For national economy, it is very important to have a reliable infrastructure. Because of this,
all over the world, new roads are constantly being built and old roads are being maintained
and, if necessary, expanded and/or repaired. Building a good quality road is very expensive,
it costs several million dollars per kilometer. It is therefore crucial to make sure that the
newly built and newly repaired roads are sufficiently stiff — so that they can withstand the

predicted volume of traffic for a sufficient number of years.

Current methods of estimating the stiffness are time-consuming and labor-consuming. The
most accurate technique is to take a sample from the compacted subgrade or base, bring
it to the lab, and measure the mechanical parameters that characterize the corresponding
stiffness — this takes days. Another possibility is to measure the road stiffness on-site.
There are several different measuring techniques for such measurements, but they are all
very labor-intensive and often take days to acquire and process the data. The main idea
of intelligent compaction is to measure the road’s mechanical properties while the road is
being compacted, by placing accelerometers on the rollers and/or geophones (sensors for

detecting ground movement) at different depths at several locations.

The main challenge that prevents intelligent compaction from being a widely accepted
road building technique is that the relation between the mechanical properties of the soil
and the resulting accelerations is very complex, it is described by a system of dynamic
non-linear partial differential equations. It is therefore desirable to determine the desired
characteristic in real time, without the need to solve the corresponding system of partial
differential equations. This is the main task that we perform in this study. In the process
of implementing this task, we also solve several auxiliary tasks which can be used in a more

general data processing setting.

vi
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Chapter 1

Formulation of the Problem
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1.1 Need to Determine Mechanical Properties of Earth-
works During Road Construction: Formulation of a

Practical Problem

For national economy, it is very important to have a reliable infrastructure. Because of this,
all over the world, new roads are constantly being built and old roads are being maintained
and, if necessary, expanded and /or repaired. Building a good quality road is very expensive,
it costs several million dollars per kilometer. It is therefore crucial to make sure that the
newly built and newly repaired roads can withstand the predicted volume of traffic for a

sufficient number of years.

Most roads consist of several layers. The road is built on top of the soil. Soil is rarely
stiff enough, so usually, the soil is first compacted — and, if needed, additional stiffening
materials called stabilizers (or treatments) are added to the soil before compaction. The

resulting layer of compacted soil is known as the subgrade.



On top of the subgrade, additional stiff material is placed, called a base, it is usually gravel.

The base is also compacted, to make it even stiffer.

The base is usually reasonably thick — between 15 to 30 cm. It is difficult to compact a
layer of such thickness, so usually, instead of placing all the base at once, practitioners place
first a thinner layer of the base material, compact it, then place another thinner layer, etc.,

until they reach the desired thickness.
Finally, asphalt or concrete is placed on top of the base.

For the road to be of high quality, all three layers must be sufficiently stiff. For example, if
the subgrade is not yet stiff enough, we should compact it further — or add more stabilizer

— to make it sufficiently stiff, otherwise the resulting road will not be of good quality.

Current methods of estimating the stiffness are time-consuming and labor-consuming. The
most accurate technique is to take a sample from the compacted subgrade or base, bring
it to the lab, and measure the mechanical parameters that characterize the corresponding
stiffness. Since most roads are built in areas which are far from the nearby labs, this
procedure usually takes days. While the road is being tested, the road building company
can either keep the road building equipment idle — which will cost money — or move it to
a new location, in which case there is a risk that, based on the lab results, there will be a
need to move the equipment back to do some more compaction, which also costs a lot of
money. To minimize this risk, companies usually over-compact the road — which also leads
to additional costs. And it is important to realize that most roads are built by contractors
paid by the taxpayer’s money, so additional unnecessary costs in road construction are

additional costs to taxpayers, costs that could be used for other useful purposes.

Another possibility is to measure the road stiffness on-site. There are several different
measuring techniques for such measurements, including light-weight deflectometers (LWD;
see, e.g., 47|, falling-weight deflectometers (FWD; see, e.g., [44, 68]), dynamic cone pen-
etrometers (DCP), neutron density gauges (NDG), etc.; see, e.g., [50]. All these techniques



are very labor-intensive, and while they are somewhat faster than bringing the sample to
the lab, they also take days to acquire and process the data. Besides, in contrast to the
lab measurements, these techniques do not directly measure stiffness, they measure density
and other parameters based on which we can only make very approximate estimates of the

desired road stiffness.

In addition, all the existing methods — both lab-based and on-site — are spot tests, they
only gauge the road stiffness at certain points. Thus, if the road has a relatively small weak
spot, these methods may not detect it — and based on these methods, we may erroneously
certify this road as ready for exploitation. Such a faulty road may soon require costly

maintenance — again, at the taxpayers’ expense.

1.2 Intelligent Compaction: Main Idea

The main idea of intelligent compaction (see, e.g., [3, 14, 51, 54, 55]) is that we can measure
the road’s mechanical properties while the road is being compacted, by placing accelerom-
eters on the rollers and/or geophones (sensors for detecting ground movement) at different
depths at several locations. Based on the results of the corresponding measurements, we

can, in principle, determine the mechanical properties of the road at all the locations.

1.3 Intelligent Compaction: Challenges

The main challenge that prevents intelligent compaction from being a widely accepted
road building technique is that the relation between the mechanical properties of the soil
and the resulting accelerations is very complex, it is described by a system of dynamic
non-linear partial differential equations. Even in an ideal situation, when we know all the
mechanical characteristics of the subgrade and of the base, it takes several hours on an up-
to-date computer to find the corresponding accelerations, and what we want is even more

complex: we want to perform back-calculation, to solve the inverse problem of determining



the mechanical characteristics based on the corresponding accelerations; this will take even

longer.

1.4 What We Plan to Do

What we need is a way to determine the desired characteristic in real time, without the

need to solve the corresponding system of partial differential equations.

1.5 The Resulting Tasks: A Brief Description

In line with the above formulation of the problem, we need to contribute to the solution of

the two main problems:

e first, for the 1-layer (subgrade) case, we need to determine the corresponding charac-

teristics of stiffness based on the acceleration measurements;

e second, for the 2-layer (subgrade + base) case, once we have started compacting the
base, we need to determine the mechanical characteristics of the base layer based
on the measured acceleration (and on the already-determined characteristics of the

subgrade).

Let us explain, in more detail, what is needed for these tasks.

1.6 Towards a Detailed Description of the Tasks

First, let us discuss what exactly mechanical characteristics we need.

At first glance, this question may seem easy since a similar problem has been actively
studied in civil engineering in general and, in particular, in the analysis of earthworks
related to construction of buildings, bridges, dams, etc. However, from the mechanical

viewpoint, road-related problems are different. For example, in building construction, we



have a reasonably constant stress on the underlying soil, while for a road, we have a fast
changing stress when a truck goes over this section of the road at a reasonably high speed.
To capture the effect of such dynamic loads on different constructions, we need to find the
value of the corresponding elastic modulus F. In situations when this modulus is measured

in the lab, it is called the resilient modulus E.

From this viewpoint, our objective is to estimate the values of the elastic modulus in both

layers at different locations.

One of the challenges here is that the usual partial differential equations that describes
the reaction of a media to different forces use different mechanical characteristics. It is
therefore important to understand how the elastic modulus depends on the more traditional
mechanical characteristics of the medium. There exists several models for such dependence
[59]. At present, the empirical comparison between different models seems to indicate that

one of these models is the most adequate:
0 154 Tt A
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where

is the bulk stress,

1

Toct = 3 \/(01 —02)? + (01 — 03)? + (02 — 03)?
is the octahedral shear stress, and oy, 09, and o3 are principal stresses. This model was
proposed in Ooi et al. [60], and in Mazari et al. [46], it was shown to be the most adequate

model for describing the elastic modulus.

Usually, the parameters k) and kf are determined by the material — e.g., whether it is clay or
different type of gravel — while the parameter k| varies strongly even for the same material
— e.g., for gravel, the value of k] depends on how big the grains are, what is their density,

etc. Thus, once we know the substance forming the soil and/or material used for the base



layer, we thus know the corresponding values & and k% — but not the corresponding values

of k1.

We want to determine the elastic modulus based on the measured values of acceleration.
To enhance compaction, the roller vibrates with a frequency between 20 and 60 Hz. So, the
whole process is periodic with this frequency, and the measured acceleration is also periodic
with the same frequency. So, to eliminate the noise, it is reasonable to perform a Fourier
transform, and to keep only the components corresponding to this known frequency [28|.

The resulting information can be equivalently described in terms of the displacement.

From this viewpoint, we face the following two tasks:

For the 1-layer case, determine the elastic modulus £ based on the displacement d;

and on the mechanical characteristics k5 and k% of the subgrade.

For the 2-layer case, determine the elastic modulus F of the base layer by using the

2-layer displacement ds, the previously measured 1-layer displacement d;, parameters

ki, and k5, of the subgrade, and parameters k5, and k%, of the base layer.

We need fast techniques for solving these two problems. So, we need simple expressions for

the corresponding solutions. There are two ways of getting such expressions:

e a traditional idea is to use the corresponding physics to come up with possible terms,
and then use regression techniques to find the parameters that best fit the empirical

data;

e an emerging approach of machine learning — which now means mostly neural networks
(see, e.g., |2, 31, 48, 49, 16]) — is not to fix any specific terms, but rather let the

computer find the terms which are empirically most appropriate.

In our research, we use both approaches, and select the best of the resulting models.



These tasks are particular cases of the general back-calculation problem; see, e.g., |32, 36,

37, 49, 52, 53, 75, 76].

1.7 Auxiliary Tasks

The first auxiliary task is related to the fact that while empirically, this model is known
to be the best, to be on the safe side, it is desirable to have some theoretical justification
for this formula — to make sure that this formula is indeed in line with the general theory
and that we are not missing any possible more accurate expression. Coming up with such
a theoretical explanation is our first task.

Find a theoretical justification for the empirical formula describing the dependence

of elastic modulus on other mechanical characteristics.

The second auxiliary task pertains to the fact that our formulas that solve the main Tasks
1 and 2 are based mostly on the results of computer simulations. Computer simulations are
inevitably simplifying: for example, such models usually assume that each layer is homo-
geneous, while in reality, the properties of each layer somewhat change from one location
to another — especially when we are talking about the subgrade, which is often nothing
else but the compressed original soil. It is therefore reasonable to compare the simulation
results with the actual measurement results. Such a comparison was performed in [46] for
a similar problem — of analyzing the Light Weight Deflectometer (LWD) measurements.
It turned out that the simulation results overestimate the stiffness: often, by a factor of
4. So, for that problem, to provide guaranteed bounds, we need to divide the simulated
results by a factor of 4 — in other words, to use the safety factor of 4. Since our problem
is similar, we expect that the same safety factor should work in our case as well — and our
preliminary results show that this is indeed the case. However, to be on the safe side, it

is desirable to have a theoretical justification for this empirical safety factor. So, we arrive



at:

Provide a theoretical justification for the empirical safety factor.

Other auxiliary tasks go beyond this particular problem, towards more general settings. In
general, how can we find simple formulas that best describe the results of experiments and

simulations?
e First, we perform measurements and/or run the corresponding simulations.

e After that, according to the usual statistical approaches, we divide the results of mea-
surement and simulation into the training set and the testing set (and the validation

set).
e Then, we select a criterion that formalizes what we mean by “best”.

e After that, we use the training set and the selected criterion to come up with ap-
propriate formulas; these formulas are then checked on the testing and validation

sets.
e Finally, if needed, we visualize the results, to make them clearer to the users.
In all these steps, we face important auxiliary tasks.

First, we need to determine how many simulations to run. This is an important issue: if
we run too few simulations, we may not reach the desired accuracy, but if we run too many
simulations, we will be wasting computation time that could be used, e.g., to run more

accurate simulation models.

Determine the appropriate number of simulations.

Then, we need to decide on the best way to divide the sample into training, testing, and

validation sets. This is also a very important issue: if we select too many values for the



testing and validation sets, we leave too few value for the training set and, as a result, the
models obtained by analyzing this set will not be very accurate. On the other hand, if we
keep too few values in the testing and validation sets, we will have too few samples to get
an adequate validation of the resulting models.

Come up with the most adequate division into training, testing, and validation sets.

Once we have measurement and simulation results, and we have selected a training set
from these results, we need to come up with a model that most adequately describes these
results. For this purpose, we need to select a criterion for checking how adequate is each

model.

The existing back-calculating techniques have been designed for problems for which the
range of the corresponding values is reasonably small. In such cases, to gauge how accurate
the model is, it is reasonable to simply take the difference between the actual and predicted
values. Because of this, most existing packages use the mean squared value of such a

difference to find the appropriate model.

In pavement engineering, the elastic modulus can change by orders of magnitude — espe-
cially when we take into account that the subgrade can differ from an already stiff rocky
soil to a very soft clay. In such situations, minimizing the mean square difference of the
absolute accuracy does not make too much sense — large values corresponding to stiff ma-
terials will dominate, and the small differences corresponding to an important case of soft
subgrade will be ignored. In such situations, it is more appropriate to use relative errors,

i.e., approximation errors described in terms of percentages of the original values.

In principle, we could re-write the existing software packages so that they take into account
relative error — but this is time-consuming, and besides, some of these packages are propri-
etary, they do not provide the users with the codes that we could modify. It is therefore

desirable to come up with ways of using the absolute-error minimization techniques to solve



relation-error minimization problems. This is our first auxiliary task:

Come up with ways of using the absolute-error minimization techniques to solve

relative-error minimization problems.

Once the sample is selected and the criterion is selected, we need to actually find the model
that most adequately fits the selected data. As we have mentioned, in our analysis, we use
both the traditional statistical methods and the soft computing methods such as neural

networks.

Traditional statistical methods have been used for decades and centuries. With these
methods, it is usually clear which techniques work best. In contrast, neural techniques are
still being developed; it is not always clear which techniques are the best. Thus, we arrive

at yet another auxiliary task:

Come up with neural network techniques which are most adequate for our data

processing problems.

Finally, once the results are ready, it is desirable to visualize them. Indeed, most of the
techniques provide numbers. For engineers and practitioners to be able to use and un-
derstand these numbers, it is desirable to wvisualize them. In particular, since most of the
estimates and predictions are probabilistic in nature, it is reasonable to be able to plot the
corresponding histogram, to give the user a clear understanding of the corresponding prob-
ability distribution. Here, we face another challenge: to come up with a clear histogram, we
need to select the appropriate bin size. If the bin size is too small, the resulting histogram
is chaotic, and does not give us a good understanding of the corresponding probability
distribution. If this bin size is too large, we get a good general picture, but we may miss
important details. In probability and statistics, there are methods of selecting optimal

bin sizes, but these methods assume that we already have a lot of information about the

10



probability distribution — and in our problem, like in many other engineering tasks, we do
not have this information. It is therefore important to solve the following task:

Come up with a general technique for selecting the optimal bin size for a histogram,

a technique that does not require that we have any prior information about the

corresponding probability distribution.

1.8 Tasks: Summary

In our research, we have the following five tasks:

e Task 1: for the 1-layer case, determine the elastic modulus E based on the displace-

ment dy and on the mechanical characteristics ki and kY of the subgrade.

e Task 2: for the 2-layer case, determine the elastic modulus E of the base layer by
using the 2-layer displacement dy, the previously measured 1-layer displacement dy,

parameters kb, and ki, of the subgrade, and parameters kY, and ki, of the base layer.

e Task 3: find a theoretical justification for the empirical formula describing the de-

pendence of elastic modulus on other mechanical characteristics.
e Task 4. provide a theoretical justification for the empirical safety factor.
e Task 5: determine the appropriate number of simulations.

e Task 6: come up with the most adequate division into training, testing, and validation

sets.

e Task 7: come up with ways of using the absolute-error minimization techniques to

solve relative-error minimization problems.

e Task 8: come up with neural network techniques which are most adequate for our

data processing problems.

11



e Task 9: come up with a general technique for selecting the optimal bin size for a
histogram, a technique that does not require that we have any prior information about

the corresponding probability distribution.

It should be mentioned that, in contrast to Tasks 1-3 which are specific for pavement
engineering applications, Tasks 4-8 are of more general interest, their results can be used

in many other problems of science and engineering.

1.9 Data

To work on these tasks, we use both the actual measurement results and the results of
computer simulation. In our opinion, while the actual measurement results are important
— to provide the ultimate tests of how good our results are — the most important part of
the data comes from simulations. This is different from many typical geophysical problems,
where models are very approximate: in our models, we know exactly what materials are at
each depth, and we use the equations of mechanics, which are known to be very accurate
in describing mechanical properties — while in geophysics, we often do not have a good
understanding of what material is at different depths, what is the shape of the borderline

between different materials, etc.

1.10 Structure of the Dissertation

In this dissertation, we present solutions to all the tasks. Solutions to Tasks 1 and 2 are
presented in Chapter 2, solution to Task 3 through 9 are presented, correspondingly, in

Chapters 3 to 9.

12



Chapter 2

Inverse Problem for Intelligent

Compaction: Main Results

Alrs S rsteon

2.1 Inverse Problem for Intelligent Compaction: Re-
minder

The main objective of this research is to develop methods for evaluating the quality of the

pavement in a timely manner.

We are considering a typical case of a pavement consisting of two layers:
e the subgrade and
e the base (placed over this subgrade).

In the process of road construction of a 2-layer pavement:
e First, the subgrade is reinforced (if needed) and then compacted.

e Then, the base is placed on top of the subgrade, and the pavement is compacted

13



again.

On each of these two compaction stages, sensors (accelerometers) are placed on the rollers.
The accelerations measured by these sensors are then used to gauge the quality of the

pavement.
A good quality pavement should have:
e a sufficiently stiff subgrade and
e a sufficiently stiff base.
Both for the subgrade and for the base, it is important to make sure:
e that in all the spatial locations, the pavement is stiff enough, and

e also that the stiffness is uniform across the pavement — otherwise, the traffic load
will be unequally distributed, leading to too much stress (and earlier wear) for some

locations.

For the subgrade, its stiffness can be extracted directly from the “pre-mapping”, i.e., from
the measurements performed while the subgrade is being compacted. Specifically, from on
the sensors attached to the compacting roller, we can determine the deflection d; caused
by the stress. The stiffness of the subgrade at each spatial location can then be determined

by dividing the known force of the roller by the deflection at this particular location.

In contrast, the stiffness of the base cannot be determined directly from the measurements.
From the sensors attached to the roller that compacts the 2-layer pavement, we can extract
the deflection dy that describes the stiffness of the 2-layer pavement. For each spatial

location, we need to evaluate the stiffness of the base from:
e the 2-layer deflection dy and
e the deflection d; that describes the stiffness of the subgrade.

In this evaluation, we can use the fact that we know what exactly material is used as the
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base and what exactly is the subgrade. Based on this information, we can determine the
mechanical characteristics of the subgrade and of the base, such as the values of the pa-

rameters k) and kj that describe the non-linearity of the corresponding materials according

E:k,' i+1 k/2 Toct+1 ké
LR F,

that described how the elastic modulus £ depends on the bulk stress

to the model

920'1+0'2+0'3

and on the octahedral shear stress

1
Toct = 3 \/(01 —09)%2 + (01 — 03)? + (02 — 03)?;

here, o, 09, and o3 are principal stresses. This model was proposed in [60], and in [46], it

was shown to be the most adequate model for describing the resilient stress.

A natural measure of the pavement stiffness is the corresponding elastic modulus. This
modulus is used in pavement design. Because of the non-linearity of the actual pavement
mechanics — as described by the above formula — the elastic modulus has different values
at different depths. To gauge the quality of the pavement, it is therefore desirable to
use the “average" (representative) modulus, that reflects the stiffness of the base as a
whole. A reasonable idea is therefore to use the modulus at half-depth of the base as this

representative stiffness.
Summarizing: by using
e the deflection d; of the subgrade and
e the deflection ds of the 2-layer pavement,

we need to estimate the representative modulus E of the base. In this estimation, we can

use the values ki, and k% corresponding to the subgrade and to the base.
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In contrast to the forward problem, when we know the mechanical properties of both layer
and we need to estimate the resulting deflections, the problem of reconstructing the material

properties of the base from the observed deflections is known as a the inverse problem.

2.2 Our General Approach to Solving the Inverse Prob-
lem

To test different methods of solving the inverse problem, we performed numerous simula-

tions of the forward problem, i.e.:
e the simulations of the subgrade and
e the simulations of the 2-layer pavements.

Both simulations were performed for different combinations of parameters describing the

mechanical properties of the two layers.

Since simulating the full dynamical non-linear behavior of the pavement is very time-
consuming, we performed the simulations on several simplified pavement models. Our
expectation was that some of these simplified models will be accurate enough to describe

the true behavior of the pavement. Specifically:

o We started with linear static models, in which the modulus is assumed to have the

same value within each layer.

e Next, we performed simulations based on non-linear static models, where we take into

account the above formula describing the dependence of the modulus on the depth.
e Finally, we also performed the dynamical simulations.
Specifically:

e First, we used the linear static simulations to find a method for solving the inverse
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problem in this approximation.

e Then, we modified this method so that it will be able to solve the non-linear static

case.

e After that, the method was further modified to accommodate the simulation results

that take the dynamic character of the problem into account.

2.3 Results of Our Analysis: Static Case

1-layer static case. For the 1-layer case, when we only have the subgrade, the represen-

c
tative modulus E; can be estimated based on the deflection dy: E; = T for a constant
1

¢ ~ 209; see Section 2.5.1 for the derivation of this formula.

2-layer static case. We started by analyzing the results of linear static and nonlinear
static simulations. In these two cases, we have found analytical formulas that compute the

modulus E5 of the base from the deflections d; and ds.

Static linear case. In this case, the modulus F, can be obtained by the following formula:

By = L exp (a(h) + (In(c) — a(h) dl) |

dy dy
In this formula, ¢ = 209, and the coefficient a(h) depends on the thickness h of the base:
e for h = 6 inches, we have a(h) = 1.89;
e for h = 12 inches, we have a(h) = 3.82;

e for h = 18 inches, we have a(h) = 4.66.

The detailed derivation of this formula is given in Section 2.5.1.

Static stationary nonlinear case: general description. In this case, we need to find

the representative modulus F of the base based on the following information:
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Figure 2.1: Linear static case

e the displacement ds of the 2-layer pavement;

e the values K and k% corresponding to the base; these values are denoted by k7, and

ki, and
e the information about the subgrade.
In the ideal case, we have as much information as possible about the subgrade; namely:
e the displacement d; of the subgrade; and

o the values ki, and k% corresponding to the subgrade; these values are denoted by ki,

and k.

For this case, we have come up with the following formulas that describe the representative

modulus E of the base.

Static stationary nonlinear case: 150 mm base (case of full information about

the subgrade). For the 150 mm cases, we have
In(dy - E) = 2.098 + 0.361 - k, + 0.336 - kj,+
0.093 - kb, - ki, +0.053 - (kb,)? +0.467 - (Kb, ) — 0.305 - (kb,)* — 0.264 - k), - kb, — 0.079 - (kb,)*+
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0.242 - K, - k), + 0.091 - Ky, - ki, + 0.053 - K}, - k) +

d d 2
5092 —0955- (L —1]) .
3.509 N 0.955 ( 7 )

The R? is 0.95, and the mean square accuracy of this approximation is 16%.

Static stationary nonlinear case: 300 mm base (case of full information about

the subgrade). For the 300 mm cases, we have
In(dsy - E) = 3.870 + 0.380 - k%, + 0.348 - k3, + 0.408 - k5, + 0.196 - kg, +

0.078 - kiy, - ki + 0.037 - (kj)* — 0.177 - (kb,)* — 0.160 - kb, - kj, — 0.029 - (kj,)*+

0.138 - Kfy, - Ky, + 0.065 - Kby - Ky, 4 0.069 - kb, - kb + 0.041 - kb, - kb +

dy d, 2
1.656- - —0294- (=L —1) .
do <d2 )

The R? is 0.96, and the mean square accuracy of this approximation is 11%.
Comment. The detailed derivation of these formulas is given in Section 2.5.2.

What if we only know the estimate of the subgrade’s representative modulus. As
we have mentioned in the beginning of this section, to estimate the representative modulus
E, of the subgrade, we do not really need to know the values of the parameters ki, and £
corresponding to the subgrade: it is sufficient to know the corresponding displacement d;.
As a result, practitioners do not need to estimate these parameters when compacting the

subgrade.

It is therefore reasonable to also consider a realistic scenario in which instead of the values
dy, ki, and k. corresponding to the subgrade, we only know the estimate F; that we

obtained when we compacted the subgrade.

Another reason why such a scenario is needed is that while, in principle, we could estimate
the values of these parameters based on our knowledge of the subgrade material: gravel,

sand, clay, etc., but from the viewpoint of accuracy, there is a big difference between the
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Figure 2.2: Case when we only know an estimate for E}

base and the subgrade: for the base, we prepare the material, while the subgrade is largely
the compressed soil. The properties of the base are thus reasonably well known, while the
properties of the subgrade may vary greatly from site to site. As a result, practitioners

often do not place much weight on the accuracy and reliability of such estimates.

In this scenario, in addition to the displacement do, and the parameters h, k},, and k%, that
describe the base, we have an estimate F; for the representative modulus of the subgrade.
To estimate the modulus F» in this scenario, we trained a neural network; the results of

this neural network are represented in Fig. 2.2 and Fig. 2.3.

Comment. Slightly more accurate estimates can be obtained if we take into account that
the above formula for the dependence of E; on d;, while reasonably accurate, is still ap-
proximate. Thus, we can get better estimates if, instead of using the estimate F;, we use

the displacement d; — this way, we avoid the effect of the above inaccuracy.

In other words, as inputs for estimating Es, we use da, h, ki, kj,, and the displacement

dy. The result of training the corresponding neural network model resulting estimates are

presented in Fig. 2.4 and Fig. 2.5.
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Figure 2.4: Case when we use d; instead of E

Even more accurate estimates for Fy can be obtained if we use the actual values E2°* of
the subgrade’s representative modulus F; instead of the value d; or the d;-based estimate
for F1. In this case, to estimate E,, we use the values ds, h, kb, k,, and E2°*. The results

of the corresponding neural network model are presented in Fig. 2.6 and Fig. 2.7.

To make comparison between these three neural network models easier, we combine the

distribution of the estimation errors of all three models in a single graph; see Fig. 2.8.

21



Cumulative Distribution, %

ANN E — Base, Mpa

100

90

80

70

60

50

40

30

20

Error Distribution

T T T Pe

—e—1, k2b, k3b, d1, d2| |
| |

700

600

500

400

100

20

30 40 50 60 70 80 90 100
Relative Error of Estimate, %

Figure 2.5: Case when we use d; instead of E

T T z
Cd
y = 098z <
R? = 093 P |
SEE = 32 bl
. . e z 4 id
vo 1 2T B
>
L fosaoe"
_r.' o 3 :\ 1 |
RS Foate gt
:.;:.“ ? '\‘i’ '.'&'i‘: :
-.:'."'
e L. N
T ’
— Line of Equality | |
p —+ 20% Error
y — = Linear Regresion
| | | | | 1
100 200 300 400 500 600 700

FE E — Base, Mpa

Figure 2.6: Case when we use the actual value F?

2.4 Analysis of the Dynamic Case: Dynamic Case Can

Be Reduced to Static Case

Desired accuracy. All the simulations are based on the simplifying assumption that both

the subgrade and the base are homogeneous. In practice, the mechanical properties of the

subgrade and of the base can randomly change by 20-25% within the same road segment.
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Figure 2.8: Comparative accuracy of three neural network models

Because of this, even if we know the average values of the parameters characterizing the base
and the subgrade, it is not possible to predict the mechanical properties of the pavement

at a given location with accuracy better than 20-25%.

From this viewpoint, if we have two models for predicting the mechanical properties of the

pavement:
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e a simplified easier-to-compute model and
e a more realistic model that requires much more computation time,

and if the predictions of these two models differ by less than 20-25%, this means that from
the practical viewpoint, the simplified easier-to-compute model is good enough — and there

is no practical need for more sophisticated computational models.

Is it necessary to perform dynamic simulations: formulation of the problem.
We started with the simplified easy-to-compute static model. In reality, the corresponding
processes are dynamic, so theoretically, to get a more accurate description, we need to take
the dynamic character of the processes into account and perform dynamic computations.
However, dynamic computations require an order of magnitude more computations than

the static ones.

Since our ultimate objective is to come up with formulas that will be easy to apply in the
field, we would like the resulting model to be as easy-to-compute as possible. In view of the
above-mentioned inaccuracies caused by inhomogeneity, a natural question is: do we really
need to perform dynamic computations? If by using static computations, we can get the
same results as with dynamic ones within the desired 20-25% accuracy, this would mean

that static computations are sufficient.

To check on this, we compared the results of static and dynamic simulations.

Comparing the results of static and dynamic simulations: 1-layer case. We
started by comparing the results of static and dynamic simulations on the 1-layer case,

when we only have the subgrade.

The elastic modulus of the subgrade is usually estimated by plugging in the standard values
of # and 7, into the general formula. It is assumed that, based on the structure of the
subgrade, we know the corresponding values of k) and k%, so the only parameter that we

need to determine to find out the elastic modulus is ;.
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We need to determine this parameter k] based on the deflection d;. In the static case, to
find the elastic modulus £, we had a formula for the expression In(d; - E) (see derivation
in Section 2.5) — and once we know this expression and we know d;, we can therefore

determine FE.

Let us therefore look for formulas that describe a similar expression In(d; - k7). For the

same values k7, k), and k3, we have two different deflections d;:
e the deflection d5** based on the static computations, and
e the deflection dfyn based on the dynamic computations.
Thus, we have two different expressions:
e the expression In(d§*™ - k) based on the static computations, and
e the expression ln(dcliyn - k1) based on the dynamic computations.

The question is: once we know In(d5** - k), can we reconstruct In(d*" - k/) with the desired

accuracy?

To check on this, we first tried to use linear regression, and to predict ln(dcliyn - k}) as a

linear function of In(d5*™* - k}):

In(dP™ - k}) = ag + ay - In(d5™ - k).
It turns out that we indeed have this dependence, with ag = 0.67 and a; = 0.91. The result-
ing mean square error is 14% — which is much smaller than the desired 20-25% threshold.

Interestingly, when we try to add all possible terms linear or quadratic in terms of &} and &
this dependence (i.e., terms proportional to kb, k%, (kb)?, (k)?, and Kk} - k}), the coefficients

at all these new terms were statistically insignificant (p > 0.01).

Thus, in the 1-layer case, the results of dynamic simulations can indeed be easily recon-
structed from the results of static simulations — and thus, in the 1-layer case, the time-

consuming dynamic simulations are not needed.
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2-layer case: which values to choose. For the dynamic case, the elastic modulus
depends not only on the location, but also on time. In our simulations, we simulated the
first six cycles of the corresponding vibrations. In these six cycles, we ended up with slightly

different values of the elastic modulus.

Similarly to how we decided to select the spatially-average value of the elastic modulus as
the most representative one, it is reasonable to select the time-average value of the elastic
modulus. Thus, as the representative modulus of the base, we selected the arithmetic

average of the values corresponding to all six cycles.

Comment. 1t is important to take into account that the main objective of the compaction
process is to compact the pavement, i.e., to improve the mechanical properties of the
pavement. Thus, in the real-life compaction process, the parameters k{, k5, and k% that
describe the mechanical properties of the base and of the subgrade, change with time until
they stabilize. The short last stage of the compaction process — when the pavement has
already been compacted and its mechanical properties have already stabilized — is therefore

the only stage at which the parameters £, k%, and k} do not change with time.

In our dynamic simulations, we assume that the parameters k], k5, and £ do not change
with time. Thus, our simulations corresponds to the above-mentioned last stage of the
compaction process, when the pavement has already been compacted. The six cycles of
our simulation — over which we average — thus correspond to the last 6 cycles of the actual

compaction process.

From this viewpoint, the average of the elastic modulus values corresponding to all 6 cycles
of the simulation corresponds to selecting the average of the last six cycles of the compaction

process.

How to compare static and dynamic cases. In many practical applications, the
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approximation accuracy is gauged by the mean square approximation error

n

def 1 2
N VAR
o . (Ay;)

i=1
where n is the number of approximated values and Ay; is the approximation error of the
1-th experiment. This estimation method works well when all the approximating values

are close to the actual values (that they are approximating), and thus, all approximations

errors are small.

However, in the same dynamic simulation, the values of the elastic modulus corresponding
to 6 cycles differ by a factor of 10. From the statistical viewpoint, when we have such
large differences, the traditional mean square error does not provide us with an adequate
measure of accuracy — since the mean square error will be influenced by such “outliers”; see,
e.g., [35]. In such situations, statistics recommends to use robust methods for estimating
the accuracy. The most widely use robust measure for estimating accuracy is the mean

absolute value of the absolute error, i.e., the Mean Absolute Error (MAE) Z |Ay;| [35].

This is the value that we will use to gauge how close are the results of static and dynamic

simulations.

Comparing the results of static and dynamic simulations: 2-layer case. In our
analysis, similar to the static case, we consider two typical thicknesses of the base: 150
mm and 300 mm. In both cases, we want to check whether the expression In(dg"" - E4™)
correspond to the dynamic case can be described in terms of the similar static expression
In(d5t - E5%) (with a possible influence of the parameters k) and kj characterizing the

base and the subgrade).

For the 150 mm case, the formula
In(dg™ - E®™) = ag + ay - In(dy™ - B,

with ag = 0.96 and a; = 0.81, predicts the results of the dynamic simulations with the 17%
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accuracy. For the 300 mm case, a similar formula with ag = 1.68 and a; = 0.69 provides a

even better 16% accuracy.

In both cases, the mean approximation error is below the 20% threshold. So, in the 2-
layer case as well, the results of dynamic simulations can be easily reconstructed from the
results of static simulations — and thus, in the 2-layer case, the time-consuming dynamic

simulations are not needed.

Comment. It is worth mentioning that we get an even better approximation accuracy if we
take into account possible non-linear terms in the dependence of the dynamic expression

on the static one, i.e., if we consider an approximation formula
ln(dgyn . Edyn) = ag+ aj - ln(d;tat X Estat)+

as - (hl(d;tat . Estat))Q + as - (hl(d;tat . Estat))B.

2.5 Derivation of the Formulas

2.5.1 Solving Inverse Problem for the Static Linear Case

Linear elastic equations: reminder. Linear elastic equations have the form

04,5 + FZ = 0, (Al)
1
€ij = E'<<1+V)'Uij_V‘5ij'Ukk)7 (2.2)
and
1
gij = 5 - (i +uj0), (2.3)

where, for each quantity a, a; means partial derivative of a with respect to x;:

o et da
i (9@
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The equation relating €;; and o0;; can be equivalently rewritten as

E-cij=1+v) 05 —v-0ij- Ok (2.22.)

In our forward simulations:
e the force F' is fixed, and
e the Poisson ratio v is fixed.
We:
e select the moduli E for the two layers, and

e compute the deflections ;.

1-layer case: analysis of the problem. In the 1-layer case, we assume that the modulus
E has the same value for all spatial locations and for all depths. Suppose that u; is a solution
corresponding to this modulus E. One can easily show that if we select a different modulus

E’, then we get deflections

E
Indeed, in this case, due to formula (3), we have ¢; = oA hence E'-¢}; = E-¢g;. Thus,

the equation (2.2a) — and hence, all three equations (2.1), (2.2a), and (2.3) — is satisfied

when we take the new deflections u; and the same stress o;; as before: o}, = 0.

1-layer case: conclusion. In the 1-layer case, the product of the displacement and the
modulus should be the same for all the values of the subgrade modulus. So, if for different
values of the modulus F;, we multiply this value by the displacement d;, we should get a

constant d; - F; = const, and

for this constant c.
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Indeed, for the results of numerical simulations, the product d; - F is almost the same, it

ranges from 204.5 to 211.5.

The 3-4% difference between the theoretical prediction and the results of numerical simula-
tions is clearly caused by the fact that we are using approximate finite-element techniques
to solve the elasticity equations. As ¢, we can thus take an average value of this product

c =~ 209.

2-layer case: general idea. In the 2-layer case, the ratio ds - E5 is no longer a constant,
it may depend on d; and ds:
dy - By = f(dy,ds). (2.5)

In the 2-layer case, arguments similar to the ones given in the analysis of the 1-layer case
show that if we multiply both moduli F; and F, by the same constant k, i.e., take F| = k-E}
and F) = k- Ey, the displacement dy should then divide by the same constant: d, = % ds.
In this case, the product ds - E5 remains the same: dj - E} = dy - E5. Thus, the formula

(2.5) and a similar formula relating d;, and E} imply that for all dy, ds, and k, we have
dy d
Flae) = sl i) = £ (1.2 (26)
In particular, for k = dy, we conclude that

F(di,do) = f (Z—:, 1) . (2.7)

When FE; = F,, then the two layers have the exact same mechanical properties, i.e., in
effect, we have the 1-layer case. In this case, we have d; = dy, and we have dy - Fy = c,

hence f(dy,d;) = c¢. So, we can rewrite the formula (2.7) as
da - By = f(di,d2) = g(r), (2.8)

where we denoted
s
ds
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and g(r) oy (r,1). The advantage of this equivalent form is that for d; = ds, i.e., for
r =1, we have dy - F5 = ¢ and thus, g(1) = c.

2-layer case: empirical analysis. For each simulation of the 12 inch case, we computed
the value of the product dy - F5 and the ratio. To get a general idea of how the product
depends on 7, we looked at the cases when d, - Fs is approximately equal to 400, to 800,
and to 1600. For these values, we got r ~ 1.3, r = 1.7, and r ~ 2.1. We noticed that the
increase from each case to the next one is the same: 1.7 — 1.3 = 2.1 — 1.7 = 0.4. So, when

we double the product, the value r increases by the same amount.

There is a known function that has this property: logarithm. Indeed, since the logarithm
of the product is equal to the sum of the logarithm, we have log(2z) = log(z) + log(2). So,

when we double the input to the logarithm, the result gets increased by the same constant
log(2).

A similar property holds for any linear function of the logarithm, i.e., for any function of

the type F'(z) it log(x). Indeed,

F(2z) = c1 + g - log(2x) = ¢ + ¢ - (log(x) + log(2)) =

c1 + co-log(z) + o - 1og(2) = (¢ + o - log(z)) + 2 - log(2) = F(x) + ¢y - log(2),

ie., F(2x) = F(z) + c.log(2). So, if we double z, the value of F(z) is increased by an

additive constant ¢, - log(2).

Resulting conjecture. We therefore conjectured that r is a linear function of the loga-
rithm In(ds - E5), or, equivalently, that the logarithm In(ds - Ey) should linearly depend on
T

d;

ln(dg-Eg):a—i—b-r:a—l—b-d— (2.9)
2

for some values a and b.
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For d; = dy, the formula (2.9) implies that In(c) = a+0b, so we can conclude that b = In(c)—a
and thus,
In(dy - Es) = a+ (In(c) —a) - —. (2.10)

This formula has been confirmed. It turns out that this formula perfectly describes

all the simulation results.

We checked this formula on the simulations corresponding to the two most frequently used
base thicknesses: h = 12 inches and h = 6 inches. We also tested in on the case of h = 18
inches. For all three thicknesses, we get a perfect first with the results of >200 simulations

corresponding to each thickness value.

Conclusion. If we know the deflections d; and d,, and the thickness h, then, from the

formula (2.11), we can determine the modulus F5 of the base as

1

E, = 5 - exp <a(h) + (In(c) — a(h)) - 3—;) . (2.12)

2.5.2 Solving Inverse Problem for the Static Non-Linear Case

Let us start with the 1-layer case. Similarly to the linear static case, let us start with

the 1-layer case, when we only have a subgrade.

In this case, we know the deflection d;, we know the parameters k) and kj characterizing

the subgrade, and we want to find the stiffness of the subgrade.

As a measure of this stiffness, it is reasonable to take a representative value

pew (L1 - Toct | 4 A (2.131)
A\ R P, '

for standard 6 and 7..;. Since we know the values £}, k%, 6, and 7., the only parameter

that we need to determine the representative modulus is k]. Let us analyze how we can

determine this parameter.
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As we have mentioned in Subsection 2.5.1, in the static linear case, the elastic modulus F

is related to the corresponding displacement d; by the formula
In(d, - E) = const. (2.14)

Substituting the expression (2.13) for the elastic modulus into the formula (2.14), we con-

1 / 9 ké Toct ké
n|d-kj- F+1 B +1 = const.
0 0

Taking into account that the logarithm of the product is equal to the sum of the logarithms

clude that

and that the logarithm of the power is equal to In(a®) = b - In(a), we conclude that

In(dy - k1) + ag - kg + a3 - ki = const, (2.15)

€ 0 € . . .
where we denoted as i <F + 1> and as L <Z°;t + 1). Thus, in the static linear
0 0
case, we have

In(d; - k7) = const — ay - kb — ag - k3. (2.16)

In other words, in the linear static case, the expression In(d; - k) is a linear function of the

parameters k) and k%.

In many cases — e.g., when the subgrade is sufficiently stiff — the linear model is a good
approximation. It is therefore reasonable to look for models in which we add smaller size
terms to the main (linear) terms. A natural class of such models are polynomial models,

where to linear terms, we add quadratic terms, then, if needed, cubic terms, etc.

Let us start with the quadratic terms. In general, adding quadratic terms means that we

are looking for the dependence of the type

In(dy - k}) = co+ co- kb + c3 - ks + con - (Kb)* + Kby - kby - Ky + c33 - (K5)2. (2.17)

2-layer case. In the nonlinear case, to predict the value In(d; - E'), in addition to the ratio
d—l that we used in the linear case, it is reasonable to also use terms quadratic in terms of

2
the parameters &k and k% — as in the formula (2.17) describing the 1-layer case.
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In the 1-layer case, we had two parameters kj and k5. In the 2-layer case, when we have

the base and the subgrade, we thus have four parameters:
e the two parameters k%, and k%, of the base, and
e the two parameters kb, and k%, of the subgrade.

d
So, if we add, to the linear dependence on d_l’ all possible terms quadratic in terms of the
2

parameters k) and k% of the base and of the subgrade, we get the following formula
ln(d2 . E) =Co+ Cop - l{léb + Csp - kéb + Cos - kés + C35 - kés‘i‘

Coop - (Khy)? + Casp - Kby - Kby 4 Cazp - (k)7 4 Cazs - (K5y)? + Cass - Ky - Ky + cass - (Khy)*+

/ ! / / / / ! !
Cavas = Koy, - Kog + Copss « Koy + ks + Cavas - Ky, - Kog + Capas - Kgp - Kzt

dy
- — 2.18
C1d ds ( )

d
In principle, we can also have quadratic terms that include d—l; such terms are:
2

d1 2 dl dl
—~ _1 ol == —1 ol = —1
(d2 ) ) 2b (d2 ) ) 3b <d2 )
dy dy
/ o / . -
e, (dz 1) . K, (d2 1) . (2.19)

We used the linear regression program available with the Excel Data Analysis tool to find
the coefficients ¢; that provide the best fit for the observed values dy - E. This tool not
only provides us with the best fit values of the coefficients, it also supplies, for each of the
coefficients, the p-value describing to what extent this particular variable is relevant for
predicting the desired value (in our case, the value of In(dy - E)). It is then reasonable
to only keep the coefficients for which the corresponding p-value is smaller than the given

threshold. In this analysis, we considered the usual threshold of 0.01.

The Excel tool allows us to use only up to 16 parameters, so we started with all the terms

from the formula (2.18). Then, we deleted terms for which the p-value was above our
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threshold 0.01, and replaced them with one of the remaining quadratic terms, after which

we repeated this process.

Both for the 150 mm and for the 300 mm cases, the only significant quadratic term con-
d d
taining d—1 turned out to be the term (d—l — 1) , all other terms from the list (2.19) turned
2 2
out to be insignificant.
In both cases, we also eliminated the insignificant term proportional to (k},)?. This makes
sense: non-linearity is most important for soft materials, and the base is much stiffer than

the subgrade. So, it makes sense that nonlinear terms corresponding to the base are much

less significant that the terms corresponding to the subgrade.

In the 150 mm cases, also terms proportional to kj, and k%, - k5, turned to be insignificant.

As a result, we got the formulas presented in the main text.

2.5.3 Static vs. Dynamic: What If We Use Mean Square Error

For 150 mm, we started by trying to describe ln(dgyn - B9 as a linear function of In(d5tt -
E=*%%). We got a good match, but with the mean square error of 29%, which is higher than
the desired threshold of 20-25%.

If we allow terms which are quadratic and cubic in terms of In(d5™" - E5**) | we decrease the
mean square error to 28% — still above the threshold. A peculiar thing about this was that
the p-values for all the terms were greater than 0.01. If we follow the standard statistical
procedures in this case, we would need to delete all the terms — which makes no sense. So,

in this case, we did not dismiss terms with large p-values.

When we added, to the terms proportional to
ln(dgtat . Evstat)7 (ln(d;tat . Estat))Q, and (hl(d;tat . Estat))37

terms which are linear in kb, k5, kb, kb, and dy/dy — 1, then we got to the desired 25%

accuracy.
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For the 300 mm case, a similar analysis lead to 18% accuracy. In this case, the only terms
that we need to add to terms depending only on In(d5* - E5***) where the terms proportional

to (ky,)? and kg, - k.
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Chapter 3

How to Estimate Elastic Modulus for

Unbound Aggregate Materials

Dore smarttlommatics i 30 ot way, e fioctvy of logrial it
Arr St

To ensure the quality of pavement, it is important to make sure that the elastic moduli —
that describe the stiffness of all the pavement layers — exceed a certain threshold. From
the mechanical viewpoint, pavement is a non-linear medium. Several empirical formulas
have been proposed to describe this non-linearity. In this chapter, we describe a theoretical

explanation for the most accurate of these empirical formulas.

Comment. The contents of this chapter was published in [6].

3.1 Formulation of the Problem

Need for estimating elastic modulus. To ensure the quality of a road, it is important to
make sure that all the pavement layers have reached a certain stiffness level. To characterize

stiffness of unbound pavement materials, transportation engineers use elastic modulus E.

The corresponding elastic modulus differs from the usual modulus of elasticity:
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e the usual modulus corresponds to a slowly applied load, while
e the desired elastic modulus characterizes the effect of rapidly applied loads — like

those experienced by pavements.

Need to take non-linearity into account. In the usual (linear) elastic materials, the
modulus does not depend on the stress value. In contrast, pavement materials are usually

non-linear, in the sense that the elastic modulus non-linearly depends on the stress.

Empirical formulas describing pavement’s non-linearity. Several empirical formulas
have been proposed to describe this dependence. Experimental comparison [46] shows that

the best description is provided by the formula (first proposed in [60])

0 2 1 ks
E=k w+1) (=41
) )

where P, is atmospheric pressure, 6 is the bulk stress, i.e., the trace

3
0= E Oii
i=1

of the stress tensor o;; (see, e.g., [69]), and

def 1 1
Toct = 520—12]_§02
1j

is the octahedral shear stress.
In terms of the eigenvalues o1, o9, and o3 of the stress tensor,
=0 1+ 09+ 03

and

. \/(01 — 09)2 + (09 — 03)% + (03 — 01)2.

Wl =

Toct =

What we do in this chapter. In this chapter, we provide a theoretical explanation for

the above empirical formula.
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This explanation uses the general idea that the fundamental physical formulas should not
change if we simply changing the measuring unit and/or the starting point for the mea-

surement scale.

Chapter outline. First, in Section 2, we briefly explain the general idea, that fundamental
physical formulas should not depend on the choice of the starting point or on the choice of

the measuring unit.

In Section 3, we use this general idea to describe possible dependence of the elastic modulus

E on, correspondingly, the bulk stress # and on the octahedral sheer stress 7.

Finally, in Section 4, we apply similar ideas to combine the two formulas for F(f) and
E(7oct) into a single formula E(0, 7o) that describes the dependence of the elastic modulus

on both stresses.

Comment. In our derivation, we are not using physical equation, we are only using expert
knowledge — which, in this case, is formulated in terms of invariance. From this viewpoint,
this chapter can be viewed as a particular case of soft computing, techniques for formalizing

and utilizing expert knowledge.

3.2 General Idea: Fundamental Physical Formulas
Should Not Depend on the Choice of the Starting
Point or of the Measuring Unit

Main idea. Computers process numerical values of different quantities. A numerical value
of a quantity depends on the choice of a measuring unit and — in many cases — also on the

choice of the starting point.

For example, depending on the choice of a measuring unit, we can describe the height of

the same person as 1.7 m or 170 cm. Similarly, we can describe the same moment of time
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as 2 pm (14.00) if we use El Paso time or 3 pm (15.00) if we use Austin time — the difference
is caused by the fact that the starting points for these two times — namely midnight (00.00)
in El Paso and midnight (00.00) in Austin — differ by one hour.

The choice of a measuring unit is rather arbitrary. For example, we can measure length in
meters or in centimeters or in feet. Similarly, the choice of the starting point is arbitrary:
when we analyze a cosmic event, it does not matter the time of what location we use to
describe it. It is therefore reasonable to require that the fundamental physical formulas
not depend on the choice of a measuring unit and — if appropriate — on the choice of the
starting point. We do not expect that, e.g., Newton’s laws look differently if we use meters

or feet.

Of course, if we change the units in which we measure one of the quantities, then we
may need to adjust units of related quantities. For example, if we replace meters with
centimeters, then for the formula v = d/t (that describes velocity v as a ratio of distance
d and time t) to remain valid we need to replace meters per second with centimeters per
second when measuring velocity. However, once the appropriate adjustments are made, we

expect the formulas to remain the same.

Not all physical quantities allow both changes. It should be mentioned that while
most physical quantities do not have any preferred measuring unit — and thus, selection
of a different measuring unit makes perfect physical sense — some quantities have a fixed
starting point. For example, while we can choose an arbitrary starting point for time, for

distance, 0 distance seems to be a reasonable starting point.

As a result, while the change of a measuring unit makes sense for most physical quantities,
the change of a starting point only makes sense for some of them — and a physics-based

analysis is needed to decide whether this change makes physical sense.

How to describe the change of a measuring unit in precise terms. If we replace

the original measuring unit with a new unit which is a times smaller, then all numerical
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values of the measured quantity get multiplied by a: 2’ = a - x.
For example, if we replace meters with centimeters — which are a = 100 times smaller —

then the original height of = 1.7 m becomes 2’ = a-x = 100 - 1.7 = 170 cm.

How to describe the change of the starting point in precise terms. If we replace
the original starting point by a new one which is b earlier (or smaller), then to all numerical

values of the measured quantity the value b is added: 2’ = x + b.

For example, if we replace El Paso time with Austin time — which is b = 1 hour earlier,

then the original time of x = 14.00 hr becomes 2’ = x + b = 14.00 + 1.00 = 15.00 hr.

In general, we can change both the measuring unit and the starting point. If

we first change the measuring unit and the starting point, then:
e first, the original value z first gets multiplied by a, resulting in 2’ = a - x, and
e then the value b is added to the new value 2/, resulting in 2"’ =2’ +b=a -z + .

Thus, in general, when we change both the measuring unit and the starting point, we get

a linear transformation © — a -z + b.

3.3 How Elastic Modulus Depends on the Bulk Stress
(and on the Octahedral Shear Stress)

What we do in this section. Let us first use the above idea to describe how the elastic

modulus E depends on the bulk stress 6.

Which invariances makes sense in this case. As we have mentioned in the previous

section,

e while the change of a measuring unit makes sense for (practically) all physical quan-

tities,
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e the change of the starting point only makes physical sense for some quantities.

Let us therefore analyze whether the change of the starting point makes sense for the elastic

modulus E and for the bulk stress 6.

For the elastic modulus, there is a clear starting point £ = 0, in which strain does not
cause any stress. So, for the elastic modulus, only a change in a measuring unit makes

physical sense.

In contrast, for the bulk stress, we can clearly have several choices of the starting point,
choices motivated by the fact that in addition to the external stress, there is also an always-
present atmospheric pressure. One possibility is to only count the external stress and thus,
consider the situation in which we only have atmospheric pressure as corresponding to zero
stress. Another possibility is to explicitly take atmospheric pressure into account and take
the ideal vacuum no-atmospheric-pressure situation as zero stress. In the first case, we can

select atmospheric pressures corresponding to different heights as different starting points.

What does it mean for the resulting formula to be independent: first approxi-
mation. For the dependence F(6), the requirement that this dependence does not change
if we change numerical values of § means the following. For every a > 0 and b, the depen-
dence in the new units E(a - 0 + b) has exactly the same form as in the old units — if we

also appropriately re-scale E. So, we should have
E(a-0+b) =c(a,b)- E(0) (3.3.1)
for some value ¢ which, in general, depends on a and b.

What are the functions that satisfy this condition: analysis of the problem. Let
us find all the functions E(#) for which, for some function ¢(a,b), the equality (3.1) holds

for all x, a > 0, and b.
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From the physical viewpoint, small changes in # should lead to small changes in F, i.e., in
mathematical terms, the dependence E(f) should be continuous. It is known that every
continuous function can be approximated, with any given accuracy, by a differentiable
function (e.g., by a polynomial). Thus, without losing generality, we can safely assume
that the dependence E(#) is differentiable.
Thus, the function
E(a-0+0)

E(0)

is also differentiable, as a ratio of two differentiable functions. For a = 1, the formula (3.1)

c(a,b) =

takes the form

E0+0b) =c(1,0) - E(0). (3.2)
Differentiating both sides of formula (3.2) with respect to b and setting b = 0, we get
E'(0) =c- E(9), (3.3)

where f'(x) denote the derivative, and ¢ is the derivative of ¢(1,b) with respect to b for

b=0.

The equation (3.3) can be rewritten as

dE

= —¢.E

o~
i.e., equivalently, as

dE

f =C- d@

Integrating both sides, we get In(FE) = ¢ - 0 + C for some constant Cy. Thus,
E=A-exp(c-0), (3.4)

where 4 & exp(Ch).

For b = 0 and a # 0, the equation (3.1) takes the form
E(a-0)=c(a,0)- E0).
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Substituting the expression (3.4) into this formula, we conclude that
A-exp(c-a-0)=c(a,0)-exp(c-0). (3.5)

When ¢ # 0, the two sides grow with 6 at a different speed, so we should have ¢ = 0 and
E(0) = const.

Thus, the only case when the formula F(6) is fully invariant is when we have a linear

material, with F(f) = const.

Since we cannot require all the invariances, let us require only some of them.
Since we cannot require invariance with respect to all possible re-scalings, we should require

invariance with respect to some family of re-scalings.

If a formula does not change when we apply each transformation, it will also not change
if we apply them one after another, i.e., if we consider a composition of transformations.
Each shift can be represented as a superposition of many small (infinitesimal) shifts, i.e.,
shifts of the type 8 — 6 + B - dt for some B. Similarly, each re-scaling can be represented
as a superposition of many small (infinitesimal) re-scalings, i.e., re-scalings of the type
0 — (1+A-dt)-0. Thus, it is sufficient to consider invariance with respect to an infinitesimal

transformation, i.e., a linear transformation of the type

00 =(1+A-dt)-0+B-dt.

Invariance means that the value E(0’) has the same form as E(0), i.e., that E(6’) is obtained
from E(f) by an appropriate (infinitesimal) re-scaling £ — (1 + C' - dt) - E. In other words,

we require that

E(Q+A-dt)-0+B-dt)=(1+C-dt)-E®), (3.6)

i.e., that
E@+ (A-0+ B)-dt)=FE()+ C - E(9) -dt.
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Here, by definition of the derivative, E(6 + ¢ - dt) = E(f) + E'(0) - ¢ - dt. Thus, from (3.6),

we conclude that
E@®)+ (A-0+B)-E'(0)-dt = E0)+C - E(9) - dt.

Subtracting £() from both sides and dividing the resulting equality by dt, we conclude
that
(A-0+B)-E'(9)=C-E(@9).

Since E'(0) = %

one side and all the terms related to 6 to another side. As a result, we get

, we can separate the variables by moving all the terms related to E to

dE do

f‘C'A-eﬂf

Degenerate cases when A = 0 can be approximated, with any given accuracy, by cases
when A is small but non-zero. So, without losing generality, we can safely assume that

€ e B
A # 0. In this case, for x o+ k, where k 2 we have

A?
dE dx
—_— = —
E x’

of C :
where ¢ % = Integration leads to In(E) = ¢ - In(x) + Cy for some constant Cp, thus

A
E=Cy - 2¢ for C; aof exp(Cy), i.e.,

E0) =C, - (0 + k). (3.7)

6
Dependence on the bulk stress: conclusion. If we represent 6 + k as k - <E + 1>,
then we get the desired dependence of E on 6:

E:02-<%+1>C, (3.8)

def

where Cy = C] - k°.
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Dependence on the octahedral sheer stress. Similarly, we can conclude that the
dependence E(7.c) of the elastic modulus E on the octahedral sheer stress 7, has the

form

E=C,. (% + 1)6/ , (3.9)

for some constants C%, &/, and ¢'.

3.4 How to Combine The Formulas Describing Depen-
dence on Each Quantities into a Formula Describing
Joint Dependence

Idea. We have used the invariance ideas to derive formulas F(f) and E(7.) describing
dependence of E on each of the quantities # and 7,.. Let us now use the same ideas
to combine these two formulas into a single formula describing the dependence on both

quantities 0 and 7,¢;.

Based on the previous analysis, for each pair (6, 7,c;), we know the value of the modulus
E:

e the value £} R (0) that we obtain if we ignore the octahedral sheer stress and only

take into account the bulk stress; and

e the value F, g (Toct) that we obtain if ignore the bulk stress and only take into

account the octahedral sheer stress.

Based on these two values F and FEs, we would like to compute an estimate E(F;, E,) for

the modulus that would take into account both inputs.

All three values F, E7, and E5 represent modulus. Thus, for all three values, only scaling
is possible. So, the invariance requirement takes the following form: for every p and g,

if we apply the re-scalings £y — p- E; and Ey; — ¢ - E5, then the resulting dependence
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E(p-E1, q-F5) has the same form as the original dependence E(E;, F5) — after an appropriate

re-scaling by some parameter ¢(p, ¢) depending on p and q.

So, for every p and every ¢, there exists a ¢(p, q) for which, for all E; and Es, we have

E(p-E1,q- Ey) =c(p,q) - E(Ey, Es). (3.10)

Analysis of the problem. If we re-scale only one of the inputs, e.g., F, we get

E(p- Er, Ep) = ai(p) - E(E, Ea), (3.11)

where ¢ (p) dof c(p, 1). If we first re-scale by p and then by p’, then this is equivalent to one

re-scaling by p - p’. In the first case, we get
E((p-p) - Ev, Bx) = E(p'- (p- En), Ea) =

c(p)-E(p- E1, Ey) = c1(p') - e1(p) - E(E4, Es). (3.12)

In the second case, we get
E((pp/)El,Ez) :Cl(pp/)E(El,Eg) (313)

Since the left-hand sides of the equalities (3.12) and (3.13) are equal, their right-hand sides

must be equal as well. Dividing the resulting equality by E(FE;, Es), we conclude that

alp-p)=alp) - -al). (3.14)

Differentiating this equality by p’ and taking p’ = 1, we conclude that

p-ci(p) = co - a(p),

where ¢ & ¢ (1). Thus,
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so integration leads to In(c;) = ¢ - In(p) + const, and

c1(p) = const - p®. (3.15)

For FE; = 1, the formula (3.11) takes the form

E(p, E5) = const - p® - E(1, Es), (3.16)
i.e., renaming the variable,
E(FE,, Ey) = const - B - E(1, Ey). (3.17)
Similarly, we have
E(E,, E5) = const’ - E* - E(Ey, 1), (3.18)

for some constants const’ and ¢. In particular, for Fy = 1, the formula (3.18) takes the
form

E(1, By) = const’ - ES° - B(1,1). (3.19)
Substituting this expression into the formula (3.17), we get
E(Ey, E5) = const - E - const’ - E5 - B(1, 1). (3.30)

Substituting expressions (3.8) and (3.9) for E; and E, into this formula, we come up with

the following conclusion.

Conclusion. From the invariance requirements, we can conclude that the dependence of

E on 0 and 7, has the form

6 k2 Toct ks
E(Q,Toct):/ﬁ' %—Fl ( k'/ —|—1> s

where ky = ¢ - ¢o, k3 = ¢ - ¢, and

ki = const - const’ - E(1,1) - CS - (C4)°.
Thus, we indeed get a theoretical explanation for the empirical dependence.
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Remaining open problems. In this chapter, we used symmetry ideas to provide a
solution to one specific physics-related engineering problem: estimating the elastic modulus

for unbound aggregate materials.

While there are not too many papers that use symmetries to solve engineering problems,
the use of symmetries is ubiquitous in theoretical physics (see, e.g., [17]), and the use of

symmetries can help explain many empirical formulas in soft computing [58].

We therefore hope that our example will lead to future application of symmetry ideas in

engineering.
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Chapter 4

Safety Factors in Soil and Pavement

Engineering
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Comment. The contents of this chapter was published in [24].

4.1 What Is a Safety Factor

Models are approximations to reality. To describe a complex real-life process by a feasible
model, we find the most important factors affecting the process and model them. Thus, we
ignore small factors; they may be smaller than the factors that we take into account but
they still need to be taken into account if we want to provide guaranteed bounds for the
desired quantities. To take these small factors into account, engineers multiply the results

of the model by a constant known as the safety factor.
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4.2 Safety Factors in Soil and Pavement Engineering:
Empirical Data

In many applications, a safety factor is 2 or smaller. However, in soil and pavement
engineering, comparison of the resilient modulus predicted by the corresponding model and
the modulus measured by Light Weight Deflectometer shows that, to provide guaranteed

bounds, we need a safety factor of 4; see, e.g., [46]. How can we explain this?

4.3 Explaining the Safety Factor of 2: Reminder

The usual safety factor of 2 is explained, e.g., in [43]; here is the explanation.

Let A be the model’s estimate. When designing the model, we did not take into account
some factors. Let’s denote the effect of the largest of these factors by A;. The factors that
we ignored are smaller than the one we took into account, so A; < A, ie., Ay € [0,A]. We
do not have any reason to assume that any value from the interval [0, A] is more frequent
than others; thus, it makes sense to assume that A; is uniformly distributed on [0, A].

Then, the average value of Ay is A/2.

The next smallest factor A, is smaller than A;. The same arguments shows that its average

value is A, /2, ie., Ay =272 A. Similarly, Ay = 27%. A, hence the overall estimate is

A+Ai+...=A+27V A4+ +27F A4 =2A.

4.4 A Similar Explanation for the Safety Factor of 4

Empirical data shows that for soil and pavement engineering, 2 is not enough. This means

that A; should be larger than our estimate A/2: Ay € [A/2, A].

In this case, the average value from this interval is Ay = (3/4) - A.
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Similarly, we get Ay = (3/4)*- A, Ay = (3/4)% - A and thus,
A+A 4. A+ = A (14344 + B/ +..)=A/(1 -3/4) = 4A.

Thus, the safety factor of 4 is indeed explained.
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Chapter 5

How Many Monte-Carlo Simulations
Are Needed: Case of Interval

Uncertainty
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In this chapter, we provide a partial answer to the question of how many Monte-Carlo
simulations are needed: namely, we provide this answer for the case of interval uncertainty.
A recent study of using Monte-Carlo simulations technique for the analysis of different
smart electric grid-related algorithms shows that we need approximately 500 simulations
to compute the corresponding interval range with 5% accuracy. In this chapter, we provide

a theoretical explanation for these empirical results.

Comment. The contents of this chapter was published in [23].
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5.1 Formulation of the Problem

Need for interval uncertainty. Data processing means processing measurement results.
Measurements are never absolutely accurate: the result x of measuring a physical quantity
is, in general, somewhat different from the actual (unknown) value x of the corresponding

quantity.

In the ideal case, we should know which values of the measurement error Ax ¥z are
possible, and what is the probability of different possible values. These probabilities can

be determined if we have a sufficiently large number of situations in which:

e we know the exact values (to be more precise, we have very good estimates of the

exact values) and
e we also have measurement results.

In practice, however, we often do not have enough data to determine the corresponding
probabilities. In such situations, often, the only information that we have about the mea-

surement error is the upper bound A on its absolute value:
|Ax| < A;

see, e.g., [65]. Then, once we have the measurement result z, the only information that we
have about the (unknown) actual value x is that this value belongs to the interval [z, 7] =
[z — A,z + A]. The resulting uncertainty is therefore known as interval uncertainty; see,
e.g., [34, 45, 56].
Need to propagate interval uncertainty. A data processing algorithm f:

e starts with the results zi,..., 7, of data processing, and

e uses these results to compute an output y = f(Z1,...,Z,).

This output:
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e can be an estimate of some difficult-to-measure quantity, or
e it can be an estimate of the future value of some quantity y.

The corresponding algorithm is usually based on the known relation y = f(x1,...,z,) be-
tween the actual values of the corresponding quantities. Since, in general, the measurement
results z; are somewhat different from the actual values x;, the result y = f(Z1,...,7,)
of applying the algorithm f to the measurement results is, in general, somewhat different

from the actual value y = f(xq,...,2,):

def ~

Ay =y—-y#0.

It is therefore desirable not only to produce the estimate v, but also to find out what the

possible values of the corresponding quantity y are.

We know that each quantity x; can take any values within the corresponding interval [z;, Z;].

Thus, the desired range of possible values of y have the form

v,y ={y=flz1,....2n) s 21 € [1,T1], ..., 2y € [z, T}

The problem of computing this range is known as the main problem of interval computa-

tions; see, e.g., [34, 45, 56].

Need for approximate methods. It is known that, in general, the problem of comput-
ing the range [ g,@} exactly is NP-hard; see, e.g., [38]. This means that, unless P=NP
(which most computer scientists believe to be impossible), no feasible algorithm can always
compute this range exactly. Thus, we need to use approximate methods for computing the

desired range.

A natural option: Monte-Carlo technique. One of the natural ways to compute the

range is to use Monte-Carlo techniques. In this technique, several (N) times:

(k)

e we generate random numbers z; ’ uniformly distributed on the corresponding intervals

[z;,7;], and then

95



e we compute y(’“) =f (mgk), . ,x%k)).

When N — oo, the generated random values z(*) = (xgk), P

), 1 <k < N, cover all
parts of the box [z,, 7] X ... X [z,,T,]. Thus, in the same limit, the corresponding values
y®) = f (xgk), e ,x,(lk)> fill the entire interval [g,y] . S0, to estimate the desired range, we
can use the range formed by the values y® corresponding to a sufficiently large number

N, namely, the range

How many simulations do we need? Which value N should we choose? Usually, N is
chosen as follows: we repeat the simulations for larger and larger N, and we stop when a

further increase in NV does not change the resulting range.

Smart electric grid simulations: empirical results. One of the important application
areas is the application to electric grids. Electric grids are known to be unstable: a minor
change in supply or demand can potentially cause a serious disruption and a blackout. To

avoid such situations, engineers employ complicated (“smart”) control algorithms.

New improvements for such algorithms are being proposed all the time. To make sure that
the new algorithm works well, we need to make sure that the resulting characteristics of the
electric grids remain within their stable bounds. Since the parameters of the electric grid
are only measured with uncertainty, it is important to make sure that we have stability for
all possible combinations of these parameters. One way to do it is to perform Monte-Carlo
simulations and to check that the system remains stable for all NV resulting combinations

<a:§k), e ,d@), 1 < k < N. How many combinations should we choose?

An empirical study [42] showed that if we are interested in 5% accuracy — a typical require-
ment for data analysis — then we need approximately N = 500 simulations to get good

results:
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e if we have smaller N, e.g., N =100 or N = 200, we underestimate the range of y’s;

e on the other hand, if we use a larger N — e.g., N = 1000 — we do not achieve any

significant improvement in comparison to the case N = 500.

The authors of this study do not have any theoretical explanation for this empirical result.

What we do in this chapter. In this chapter, we provide the desired theoretical expla-

nation.

5.2 Explanation

Accuracy of Monte-Carlo simulations: reminder. It is known (see, e.g., [71]) that
if we estimate a quantity based on m measurements, then the relative accuracy of this

estimate is

3

Let us apply this general feature to our case study. Our goal is to reach the accuracy

of e = 5% = 0.05.

In view of the above formula, to find the number of simulations needed to reach this
accuracy, we must find the value m for which

1
— =~ 0.05.

Vvm
This approximate equality is equivalent to

1

~ —— = 20.
vm 0.05

By squaring both sides of this approximate equality, we get

m =~ 20% = 400.
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Taking into account that 500 was not the exact optimal value — it was just better than 100,

200, and 1000 — we conclude that m = 400 is a perfect fit for the observed empirical data.

Thus, we provide the desired explanation for the smart electric grid-related simulation

results.
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Chapter 6

Why 70/30 or 80/20 Relation Between

Training and Testing Sets

Sobsndfle dbscovory and soimtfle donnidiose Koo Loon akwed ondly by thovs okl

fave gone in pocrd of o wiltbout any fractial puspioi whaticever i o

When learning a dependence from data, to avoid overfitting, it is important to divide the
data into the training set and the testing set. We first train our model on the training set,
and then we use the data from the testing set to gauge the accuracy of the resulting model.
Empirical studies show that the best results are obtained if we use 20-30% of the data for
testing, and the remaining 70-80% of the data for training. In this chapter, we provide a

possible explanation for this empirical result.

Comment. The contents of this chapter appeared in [21].

6.1 Formulation of the Problem

Training a model: a general problem. In many practical situations, we have a model

for a physical phenomenon, a model that includes several unknown parameters. These
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parameters need to be determined from the known observations; this determination is

known as training the model.

Need to divide data into training set and testing set. In statistics in general,
the more data points we use, the more accurate are the resulting estimates. From this
viewpoint, it may seem that the best way to determine the parameters of the model is to
use all the available data points in this determination. This is indeed a good idea if we are

absolutely certain that our model adequately describes the corresponding phenomenon.

In practice, however, we are often not absolutely sure that the current model is indeed
adequate. In such situations, if we simply use all the available data to determine the
parameters of the model, we often get overfitting — when the model describes all the data
perfectly well without being actually adequate. For example, if we observe some quantity
x at n different moments of time, then it is always possible to find a polynomial f(t) =
ap+ai-t+as-t>+...+a,_1-t"! that will fit all the data points perfectly well — to find
such a polynomial, it is sufficient to solve the corresponding system of n linear equations

with n unknowns ag, ..., a,_1:
2 n—1 =1
a0+a1-t1+a2-ti—i—...+an_1-ti , 1=1,...,Nn.

This does not mean that the resulting model is adequate, i.e., that the resulting polynomial
can be used to predict the values z(t) for all ¢: one can easily show that if we start with
noisy data, the resulting polynomial will be very different from the actual values of z(t).
For example, if n = 1 and the actual value of z(t) is a constant, then, due to noise, the
resulting polynomial x(t) = ag + a; - t will be a linear function with a; # 0. Thus, for large
t, we will have x(t) — oo, so the predicted values will be very different from the actual

(constant) value of the signal.

To avoid overfitting, it is recommended that we divide the observations into training and

testing data:

e First, we use the training data to determine the parameters of the model.
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e After that, we compare the model’s predictions for all the testing data points with
what we actually observed, and use this comparison to gauge the accuracy of our

model.

Which proportion of data should we allocate for testing? Empirical analysis has
shown that the best results are attained if we allocate 20-30% of the original data points

for testing, and use the remaining 70-80% for training.
For this division, we get accuracy estimates which are:

e valid — in the sense that they do not overestimate the accuracy (i.e., do not underes-

timate the approximation error), and

e are the more accurate among the valid estimates — i.e., their overestimation of the

approximation error is the smallest possible.

What we do in this chapter. In this chapter, we provide a possible explanation for this

empirical fact.

6.2 Formal Description and Analysis of the Problem

Training and testing: towards a formal description. Our goal is to find the depen-
dence of the desired quantity y on the corresponding inputs x4, ..., z,. To be more specific,

we assume that the dependence has the form

y=flar,...,am,x1,...,T,),

for some parameters aq, ..., a,,. For example, we can assume that the dependence is linear,

in which case m =n + 1 and
Yy=a1-T1+...+tay Tp+ AQny1.

We can assume that the dependence is quadratic, or sinusoidal, etc.
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To find this dependence, we use the available data, i.e., i.e., we use N situationsk =1,...,n
in each of which we know both the values of the inputs a:gk), ey 2 and the corresponding

output y*.

Let p denote the fraction of the data that goes into the training set. This means that out
of the original N patterns (xgk), e ,xﬁf), y(k)):

e N - p patterns form a training set, and
e the remaining (1 — p) - V patterns form a testing set.

We use the training set to find estimates ay,...,a,, of the parameters aq,...,a,,. Then,
for each pattern (xgk), . ,x%k), y(k)) from the testing set, we compare the desired output

y®) with the result
99 = f (@, 2)

of applying the trained model to the inputs. Based on the differences

def
ey — g,

we gauge the accuracy of the trained model.
How do we gauge the accuracy of the model. Many different factors influence the fact

that the resulting model is not perfect, such as measurement errors, approximate character

of the model itself, etc.

It is known that under reasonable assumptions, the distribution of a joint effect of many
independent factors s close to Gaussian (normal) — the corresponding mathematical result
is known as the Central Limit Theorem; see, e.g., [71]. Thus, we can safely assume that

the differences dj, are normally distributed.

It is known that a 1-D normal distribution is uniquely determined by two parameters: mean

value 11 and standard deviation o. Thus, based on the differences dy, we can estimate:

e the mean value (bias) of the trained model, and
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e the standard deviation o describing the accuracy of the trained model.

A general fact from statistics: reminder. In statistics, it is known that when we use

M values to estimate a parameter, the standard deviation of the estimate decreases by a

factor of vV M.

Example. The factor-of-v/M decrease is the easiest to explain on the simplest example
when have a single quantity ¢, and we perform several measurements of this quantity by
using a measuring instrument for which the standard deviation of the measurement error
is 0g. As a result, we get M measurement results ¢q,...,qy. As an estimate for ¢, it is

reasonable to take the arithmetic mean

i— Gi+ ...+ qm
-
Then, the resulting estimation error ¢ — g, i.e., the difference between this estimate and the

actual (unknown) value ¢ of the quantity of interest has the form

M M

Gt taw (—a)+...+(—0q)

By definition, for each difference ¢; — ¢, the standard deviation is equal to og. and thus,

the variance is equal to o3.

Measurement errors corresponding to different measurements are usually independent. It
is known that the variance of the sum of independent random variables is equal to the sum
of the variances. Thus, the variance of the sum (¢; — q) + ... + (qa — q) is equal to M - o2,
and the corresponding standard deviation is equal to \/m = /M -05. When we divide

the sum by M, the standard deviation also divides by the same factor. So, the standard
M - 0o o))

M VM

Let us use the general fact from statistics. We estimate the parameters of the

deviation of the difference ¢ — ¢ is equal to

model based on the training set, with p - NV elements. Thus, the standard deviation of the

corresponding model is proportional to

ﬁH
2.
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When we gauge the accuracy of the model, we compare the trained model with the data
from the testing set. Even if the trained model was exact, because of the measurement
errors, we would not get the exact match. Instead, based on (1 — p) - N measurements, we

would get the standard deviation proportional to —————.
(I1-p) N

We want to estimate the difference d; between the trained model and the testing data.
It is reasonable to assume that, in general, the errors corresponding to the training set
and to the testing set are independent — we may get positive correlation in some cases,
negative correlation in others, so, on average, the correlation is 0. For independence random
variables, the variance is equal to the sum of the variances. Thus, on average, this variance

is proportional to

2
( 1 )2 N 1 I SR B 1
V- N (I1—p)-N pN (1-p) N (p-(1-p) N
Thus, to get the smallest possible estimate for the approximation error, then, out of all

possible values p, we need to select the value p for which the product p- (1 —p) is the largest
possible.

Which values p are possible? The only remaining question is now: which values p are

possible?

Our requirement was that we should select p for which the gauged accuracy is guaranteed
not to overestimate the accuracy. In precise terms, this means that the standard deviation
of the trained model - i.e., the standard deviation of the estimate 7*) — should be smaller
than or equal to the standard deviation of the difference d; by which we gauge the model’s

accuracy:

o [ﬁk)} < oldy).
Here, dj, = y®) — 4 is the difference between:

e the estimate §*) whose inaccuracy is cased by the measurement errors of the training

set and
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e the value y® whose inaccuracy is cased by the measurement errors of the testing set.

So, we must have

o[7%) < o [7 - V).

In general, for two random variables 1 and ry with standard deviations o[ri] and o[ry], the
smallest possible value of the standard deviation of the difference is |o[r1—|o[rs]| (see, e.g.,
71)):

olry — o] > |o[r] — ara]l.
In particular, for the difference dj, = 7 — y*®), the smallest possible value of its standard
deviation o [g’f’“) — y(’“)] is

ok

o 7 ik

J—oly
Thus, to make sure that we do not underestimate the measurement error, we must guarantee

that
o ] <o g™ = o [y™]],

i.e., that a < |a — b|, where we denoted a ey [37(’“)} and b & & [y(k)} .

In principle, we can have two different cases: a < b and b < a. Let us consider these two

cases one by one.

o If a > b, then the desired inequality takes the form a < a — b, which for b > 0 is

impossible.

e Thus, we must have b < a. In this case, the above inequality takes the form a < b—a,

i.e., equivalently, 2a <b.

Thus, we must have
20 [9] < o [y)].

Since the inaccuracy of the estimate 7*) comes only from measurement errors of the training

set, with p - N elements, we have




for some oy. Similarly, since the inaccuracy of the estimate y*) comes only from measure-
ment errors of the testing set, with (1 — p) - IV elements, we have
®)] — %0
o [y™] = :
(1-p)-N
Thus, the above inequality takes the form

2] 0o
<

SV (1-p)-N

Dividing both sides of this inequality by ¢y and multiplying by v/N, we conclude that

1
I1—p

IN

NI

Squaring both sides, we get

SIS
VAN

1
1—p
By bringing both sides to the common denomination, we get 4—4p < p,i.e., 4 < 4dp+p = 5dp
and p > 0.8.

Thus, to make sure that our estimates do not overestimate accuracy, we need to select the

values p > 0.8.

Towards the final conclusion. As we have mentioned earlier, out of all possible values
p, we need to select a pone for which the product p - (1 — p) is the largest possible. For
p > 0.8, the function p- (1 — p) is decreasing. Thus, its largest values is attained when the

value p is the smallest possible — i.e., when p = 0.8.

So, we have indeed explained why p =~ 80% is empirically the best division into the training

and the testing sets.
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Chapter 7

How to Use Absolute-Error-Minimizing

Software to Minimize Relative Error

%WW@MMWM%/%W&M&WW%/M@&M
alout o

In many engineering and scientific problems, there is a need to find the parameters of a
dependence from the experimental data. There exist several software packages that find
the values for these parameters — values for which the mean square value of the absolute
approximation error is the smallest. In practice, however, we are often interested in mini-
mizing the mean square value of the relative approximation error. In this chapter, we show

how we can use the absolute-error-minimizing software to minimize the relative error.

Comment. The contents of this chapter was published in [26].

7.1 Formulation of the Problem

Practical problem. In many practical situations, we know that the dependence between

the quantity y and related quantities x1,...,z, has the known form, i.e., the form y =
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f(z1,...,xp,C1,. .., Cp) with a known function f and unknown values of the coefficients

Cly...,Cm.

Examples. For example, we may know that y linearly depends on x;, in which case the

desired dependence has the form
Yy=cC1-T1+...+Cy Ty + Cpnt1
for some unknown values ¢;.

We may have a quadratic dependence, in which case

y:cl-x1+...+cn-yn+cn+1+cn+2-x%+cn+3-x1-x2—l—...

These two cases are particular cases of a more general situation in which the dependence

of the expression f(x1,...,2p,c1,...,¢n) on the coefficients ¢; is linear, i.e., in which
m
flxy, .. xp, 01,00 0m) = ch i, )
j=1
for given functions fi(z1,...,2n), ..., f(T1, ..., Tp).

We may also have a more complex dependence, in which the dependence on the coefficients
¢; is nonlinear. For example, in radioactive decay, once we know the initial amount y, of
the radioactive material, then the amount y remaining after time x; is described by the

formula y = yo - e”“*1, for an appropriate to-be-determined coefficient c¢;.

What information we have to solve this problem. In the above situation, it is
necessary to determine the values of these parameters cq,..., ¢, from the experimental

data.

In engineering, geosciences, and in many other application areas, this is known as the
inverse problem — as opposed to the forward problem, when we know the values of z; and
¢j, and we use the dependence y = f(z1,...,2p,¢1,...,Cp) to predict the value of the

quantity y.
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To solve the inverse problem, we can use the results coming out of several (K) situations
in which both y and z; have been measured, and we use the results y*) and xEk) of these

measurements to find the coefficients ¢; for which, for each k from 1 to K, we have

y(k) ~ f (xgk), e ,mg“),cl, . ,cm> .

It is important to emphasize that since measurements are never absolutely accurate — there
is always some measurement error — the measurement result y® is only approximately

equal to the quantity f <:cgk), e ,x%k), Cly. .. ,cm); see, e.g., [65].

There exist many software packages that minimize the absolute error. The
standard approach to solving the above problem is the Least Squares approach (see, e.g.,
[71]), in which we find the coefficients ¢y, ..., ¢, for which the mean square value of the
(absolute) approximation error is minimized, i.e., that minimize the expression f: (Ay(k))z,

k=1
where by Ay* we denoted the (absolute) approximation errors

Ay(k) déf y(k) - f (xgk)v cee 7:C1(1k)7cl’ T ’Cm> )

For example, MatLab has such programs — both for the linear and for the nonlinear cases.
In addition, neural network packages — in particular, the MatLab neural network toolbox

— minimize the above sum of squares; see, e.g., [9].

Some of these packages only deal with situations in which the dependence
f(z1,...,Tp,c1,...,Cp) is linear in terms of the coefficients. In these cases, the above

problem takes the form

Yy ch - f; (x(l), o ,:cﬁf)) ,

7j=1
and the Least Squares idea means minimizing the sum (Ay("’))Q, where
j=1
Ay = ¢ _ Z ¢+ f; (:13(1), . ,x%k)) .
j=1
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These packages usually assume that we know the values ¢*) and pgk), cee p,(fi) for all £ from

1 to K, and they find the coefficients ¢y, . .., ¢,, for which the sum

K

m 2
j=1

k=1
attains its smallest possible value. To apply such a package to our problem, it is sufficient

to take ¢¥) = ¢y(®) and p}k) =f <x§k), e ,x&’“).

Often, we need to minimize relative errors instead. While in many practical situ-
ations, minimizing the absolute approximation errors is a reasonable idea, in many other
situations, it is more appropriate to minimize relative approximation errors

)y det Ay

( =7
K 2

i.e., to be precise, to minimize the sum » (6y(k)) )
k=1

For example, if the desired dependence covers a wide range of possible values of y, e.g.,
ranging from y = 10 to y = 1000, it makes more sense to want to approximate all these
values with the same relative accuracy — e.g., 5% or 10% — than with the same absolute
accuracy, say, b — in the case of absolute accuracy, we have a very crude 50% accurate
approximation for small values y =~ 10 and an unnecessarily accurate (0.5% accurate)
approximation of values y &~ 1000 (unnecessarily accurate since we usually cannot even

measure y with such a high accuracy).

Problem. The problem is that, in contrast to minimization of absolute error, for which
there are several available software packages, not many packages are available for minimiz-

ing the relative error.

In principle, we can write our own code for solving this problem, but it would be much

easier if we could simply use the existing software.

What we do in this chapter. In this chapter, we show how we can use absolute-error-

minimizing software to minimize relative errors. In Section 2, we describe how to do it for
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the case when the dependence on the coefficients c; is linear. In Section 3, we consider the

general case, when the dependence on the coefficients ¢; may be non-linear.

7.2 Case When the Dependence on the Coefficients c; is
Linear

Description of the case: reminder. We assume that

m

y:ZCj'fj($17"'axn)7
j=1
for known functions fi (x1,...,2), ..., fm (z1,..., 7). Based on the results y* and xgk)
of measuring the corresponding quantities, we want to find the coefficients ¢y, ..., ¢, for
which
y(k) ~ Z Cj - fj (xgk)v SR >x£Lk)>
j=1
for all £ from 1 to K. To be more precise, we want to find the values ¢y, ..., ¢, for which
K of Ayk)
the sum ) (5y(k))2 is the smallest possible, where dy*) o ‘T(Jk) and
k=1 Y
Ayh) = y®) — doeioh (xﬁ e 7$nk)> :
j=1

We would like to use a Least Squares package. To solve our problem, we would like
to use a Least Squares package, that, given the values ¢* and pgk), cee pgf) for all k£ from
1 to K, find the values c¢; that minimize the sum

K m 2
. :

=1 7j=1



Analysis of the problem. Substituting the expression

Ay = k) ch f]<a:1 e 75))

into the definition of the relative approximation error 6y, we conclude that

(k) (k))

:I/‘l P xn

m f](
I_ch' y(k)

J=1

K
Thus, the problem of minimizing the sum (5y(k))2 of the squares of relative errors is

k=1
2
k
;N >) |

equivalent to the problem of minimizing the sum

]~
i)
=
\\Ms

k=1
(o0 a)
with ¢®) = 1 and pg-k) = @) . So, we arrive at the following recommendation.
Y
Recommendation. Our recommendation is to find the coefficients ¢y, . .., ¢,, by applying

a Least Squares package to the values ¢*) = 1 and

k k
(0, a)
o0 '
i Y

7.3 General (Possibly Nonlinear) Case

First idea: description. The above approach can be naturally extended to the nonlinear

case. Namely, minimizing the sum of relative errors

2
k) _ f (xgl),.. x%k), 1,...,cm>

K ) K y(

k
S ) =Y
k=1

k=1

is equivalent to minimizing the sum of the absolute differences

K 2
Z (Z(k) —4g ($§1)7 s 7'777(1k)’y(k)’cl’ T ’Cm>> ’

k=1
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where 2(®) =1 and

def f(T1,. 0 TpyCryen, Cm)
.g(xla"'axnayacla"'acm): Y .

Thus, we arrive at the following recommendation.

First idea: resulting recommendations. To minimize the relative error, apply the
absolute-error-minimizing software to find the coefficients ¢q,...,¢,, from the condition

that

n

) g (xgl), e ,x(k),y(k),cl, e ,cm>

for k=1,..., K, where we denoted z*) =1 and

)déf fxy, . xp, ey Cm)

g(xla"'axrwyacla"'acm y

Second idea: description. Alternatively, we can apply the existing software to ap-
proximate In(y) by the dependence In(f (xy,...,2Zn,c1,...,2m)), ie., find the coeffi-

K
cients ¢y, ..., ¢, for which the sum ) (AY("/’))2 is the smallest possible, where AY (%) def
k=1

Y(k) - F (x(lk)’ s 7x$1k)7 Cly. .. ,Cm); Y(k) déf hl (y(k)) and

def

F(xlv"'7$n7clv"'7cm) ln(f(mla"'axnaclv"'acm))‘

Second idea: justification. Measurement errors are usually relatively small, so we can
safely ignore terms which are quadratic (or of higher order) in terms of the corresponding
error. For example, if we measure with accuracy 10%, then the square of the corresponding
measurement error is about 1%, which is much smaller than 10% and can, therefore, be

safely ignored.

In our case, by definition of the approximation error Ay, we have

y o = f (xgk),...,mg‘c),cl,...,cm) + Ay,
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So,
In (y(k)) =In (f (a:gk), e ,asg‘:), Cly .- ,cm> + Ay(k)> .

If we expand this expression in Taylor series in terms of Ay®) and take into account that

1
the derivative of logarithm In (x) is —, we conclude that
x

In (y(k)) =1In <f (:vgk), e ,a:,(lk),cl, e ,cm>> +

1
f (xgk), - ,xﬁf),cl, .. .,cm>

As we have mentioned, in this expansion, we can safely ignore terms which are quadratic

Ay

(or of higher order) in Ay®, thus

In (y(k)) =1In (f (xgk), e ,x%k),cl, . ,cm>> +

1
f (:L’gk), o ,x%k),cl, . ,cm)

The expression in the denominator is equal to y* — Ay® thus

. Ay(k)_

1

k
In (y®) = In (f (g;g ),,..,ng),cl,,..,cm>) T Ay®).

Expanding again in terms of Ay® and ignoring quadratic and higher order terms, we

conclude that
(k)
k)Y — (k) k Ay
ln(y( )) —In <f (xl ,...,xg),cl,...,cm>) +W’

i.e., by definition of the relative error dy*), that

In (y(k)) —1In (f (:Egk),...,xglk),cl, . ,cm>> = oy ¥,

Thus,

Ym0

In (y(k)) —In (f (‘rgk)7 e 7x£1k)7cla s 7Cm)> = 5y(k)7

AYH® —y®k _ (:1;51), Lzl 617--->Cm> =

ie., AY® = §yk).
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K
So, minimizing the sum ) (AY(k))2 is indeed equivalent to the minimization of the mean
k=1
K

squares value of the relative error, i.e., to the minimization of the sum »_ (5y(k))2. Hence,
k=1
we arrive at the following recommendation.

Second idea: recommendation. To solve the desired relative-error-minimization

problem, we compute the values Y® L (y(k)) and form a new function

F(xy,...,zp,c1, 0 c00m) =In(f(x1,.. .1, . 0m)).
Then, we apply the absolute-error-minimizing package to find the coefficients ¢y, . .., ¢, for
which

YR ~ F (:ng), . ,a:,(lk),cl, . ,cm>

forall k=1,..., K.
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Chapter 8

How to Best Apply Deep Neural

Networks 1in (Geosciences

o e
k\% 2772072 {%ﬁ/}%i{//ﬁ&

The main objectives of geosciences is to find the current state of the Earth —i.e., solve the
corresponding inverse problems — and to use this knowledge for predicting the future events,
such as earthquakes and volcanic eruptions. In both inverse and prediction problems, often,
machine learning techniques are very efficient, and at present, the most efficient machine
learning technique is deep neural training. To speed up this training, the current deep
learning algorithms use dropout techniques: they train several sub-networks on different
portions of data, and then “average” the results. A natural idea is to use arithmetic mean
for this “averaging”, but empirically, geometric mean works much better. In this chapter,
we provide a theoretical explanation for the empirical efficiency of selecting geometric mean

as the “averaging” in dropout training.

Comment. The contents of this chapter was published in [25].
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8.1 Introduction

Main objectives of science. The main objectives of science are:

e to determine the state of the world, and

e based on this knowledge, to predict the future state of the world.
For example, in geosciences:

e we want to determine the density at different depths and at different locations based
on the observed data — seismic, gravitational, etc. (this is known as the inverse

problem) and
e based on this knowledge, we would like to be able to predict catastrophic events such

as earthquake and volcanic eruptions (this is known as the prediction problem).

Machine learning is often needed. In some situations, we know the equations describing
the physical phenomena, and we can use these equations to make necessarily determinations

and predictions. This is how, e.g., weather is predicted.

In many other situations, however, we either do not know the exact equations — or these
equations are too difficult to solve. In such situations, instead of using specific equations,

we can use general machine learning tools. In both problems:
e we start with a tuple of measurement results x, and

e we would like to estimate the tuple y of the desired quantities — e.g., the density

values or the values describing the future volcanic activity.

To make this prediction, we need to have a database of patterns, i.e., pairs (:L’(’“),y(k))

corresponding to past situations in which we know both z and y.

For example, if we are interested in predicting volcanic activity at least a week in ad-

vance, we need to use patterns in which y® is the observed volcanic activity and z*) are

7



measurement results performed at least a week before the corresponding activity.

Which machine learning techniques should we use: need for deep learning.
Learning is what living creatures have to do in order to survive. To learn, living creatures
use signals processed a network of special cells — neurons. It is reasonable to assume that
as a result of billions of years of improving winner-takes-all evolution, nature has come up
with an optimal — or near-optimal — way of learning. And indeed, artificial neural networks
— that are based on simulating networks of biological neurons — are, at present, the most

efficient machine learning technique; see, e.g., [29].

Specifically, the most efficient technique involves deep learning, where we have a large
number of layers with reasonably few neurons in each layer; the advantages of such an

arrangement are presented in |5, 29)|.

Deep neural networks has indeed been efficient in geosciences, both in inverse problem (see,

e.g., [22]) and in prediction problem (see, e.g., [20, 61, 62, 63]).

Need to speed up the learning process. To get a good description of the corresponding
phenomenon, it is desirable to have a large number of patterns. As a result, training on all

these patterns takes time. It is thus desirable to speed up computations.

When a person has a task that takes too long to do it by him/herself, a natural idea of
speeding it up is to ask for help and to have several people performing this task in parallel.
Similarly, a natural way to speed up computations is to perform them in parallel, on several

Processors.

Need to speed up the learning process naturally leads to dropout training.
For traditional neural networks, when we had a large number of neurons in each layer,
parallelization was reasonably natural: we just divide the neurons into several groups, and

have each processor simulate neurons from the corresponding group.

However, for deep neural networks, there is a relatively small number of neurons in each
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layer, so we cannot apply the above natural parallelization. A natural alternative idea is:

e to use different parts of the data for training (in parallel) on different sub-networks

of the network, and
e then to “average” the results.
Since for each of these trainings, we drop some of the patterns and some of the neurons,

this idea is known as a dropout; see, e.g., [29, 72, 73].

Which “averaging” works better in deep learning-related dropout training?
What is the best way to “average” the values vy, ..., v,, obtained from different parallel
trainings? The original idea was to use an arithmetic average, i.e., to use the value v for

which
e adding m identical copies of the value v leads to exactly the same result as
e adding m training results vy, ..., vp,:
mt...+v,=0v+...+ 0.

In this scheme, we get

However, it turned out that better results are attained if, instead of addition, we use
different combination rules a x b. In this case, as the result of such “averaging”, we take the
value v for which

Vi *... %k Uy =Vk...%0.

In particular, it turned out the empirically, the best results are attained if, as a combination
a * b, we use product instead of the sum [29, 79]. In this case, the result of “averaging” is
the geometric mean:

V= V... Up.
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Comment. Usually, the values are re-scaled, so that they fit into an interval, e.g., [0, 1]. So,

without losing generality, we can assume that all the averaged values v; are non-negative.

How can we explain this empirical success? The paper [79] has some qualitative
explanations of why geometric mean works better than arithmetic one in deep-learning
related dropout training. However, it does not provide a quantitative explanation of why

namely the “averaging” based on multiplication works best.

What we do in this chapter. In this chapter, we provide an explanation for the empirical
success of geometric mean in deep learning-related dropout training. To be more precise,
we list all “averaging” operations corresponding to optimal combination functions — optimal
under all possible reasonable optimality criteria. As a result, we get a 1-D family of possible
“averaging” operations — and it turns out that this list contains arithmetic and geometric

means as particular cases.

Thus, we provide a quantitative explanation of the empirical success of geometric mean in

deep learning-related dropout training.

Comment. Cannot we do better and explain why only the geometric mean is the best?
Probably this is possible if we explicitly select one optimality criterion. However, in our
general formulation, when we allow all possible optimality criteria, the appearance of the
arithmetic average is inevitable: it corresponds, for example, to using the Least Squares

optimality criterion

Z(Ui — )% — min,

i=1

a criterion that often makes sense in machine learning; see, e.g., [9, 29].
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8.2 What Is a Combination Operation? What Is a Rea-
sonable Optimality Criterion? Towards Precise Def-
initions

What is a combination operation? A combination operation (also known as an aggre-
gation operation or an aggregation function) a*b is a function that maps two non-negative

numbers a and b into a non-negative number a * b.

There are many different combination operations; see, e.g., [7, 10, 12, 13, 30, 74]. What
are the reasonable properties of the combination operations used in deep learning-related

dropout training?

First reasonable property of a combination operation used in deep learning-
related dropout training: commutativity. We have several results v; that were ob-
tained by using the same methodology — the only difference is that we randomly selected
a different set patterns and we randomly selected a different sub-network. From this view-
point, there is no reason to believe that some of these results are more valuable than others.
Thus, it makes sense to require that the result of combining two values should not depend

on the order in which they are presented, i.e., that a x b = b * a for all a and b.

In other words, it is reasonable to require that the combination operation be commutative.

Second reasonable property of a combination operation used in deep learning-
related dropout training: associativity. If we have three values a, b, and ¢, then we

can:
e first combine a and b and get a * b, and
e add, combine the result a x b with ¢, resulting in (a * b) * c.

Alternatively, we can:
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e first combine b nd ¢ into a single value b * ¢, and

e then combine a with the result b * ¢ of combining b and ¢, thus getting

ax(bxc).

It is reasonable to require that the result of combining the three values should not depend

on the order in which we combine them, i.e., that we should have

(axb)xc=ax(bxc).

In other words, it is reasonable to require that the combination operation be associative.

Third reasonable property of a combination operation used in deep learning-
related dropout training: monotonicity. It is reasonable to require that if one of the
combined values increases, then the result of the combination should also increase (or at
least not decrease). In other words, it is reasonable to require that a b is a (non-strictly)

increasing function of each of the variables:

e ifa<d,thenaxb<da xb, and

e if b <V, ,theaxb<axl.
Final reasonable property of a combination operation used in deep learning-
related dropout training: continuity. In practice, all the values are estimated only
approximately. It is therefore reasonable to require that a small difference between the ideal

value v; and the corresponding approximate computational result should not drastically

affect the result of the combination.

In precise terms, this means that the operation a % b should be continuous.

Towards the resulting definition of a combination function. So, we define a com-
bination operation as a commutative, associative, monotonic continuous function a * b of

two real non-negative variables.
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What is optimality criterion: a general discussion. Out of all possible combination
operations *, we should select the one which is, in some reasonable sense, optimal for
deep learning-related dropout training. How can we describe the corresponding optimality

criterion?

In many practical problems, when we talk about optimization, we have an objective function
whose value we want to maximize or minimize. However, this is not the most general case

of optimization.

For example, if we select an algorithm a for solving a certain problem, and we are interested
in achieving the fastest possible average computation time A(a), we may end up with
several different algorithms a, o/, ..., that have the exact same average computation time
A(a) = A(d’) = ... In this case, it makes sense to use this non-uniqueness to optimize
something else: e.g., the worst-case computation time W (a), or the robustness R(a) relative
to uncertainty of the inputs. Then, the actual optimality criterion that we use to select
the optimal algorithm can no longer be reduced to a single numerical objective function,
this criterion is more complex. Namely, in the resulting criterion, a is better than or of the

same quality as @’ (we will denote it by a > d') if:
e cither A(a) < A(d'),
e or A(a) = A(d') and W(a) < W (d').

If there are several algorithms which are optimal with respect to this new optimality crite-
rion, then we can use the remaining non-uniqueness to optimize something else, and thus,

get an even more complex optimality criterion.

This can continue until we finally get a criterion for which there is exactly one optimal

alternative.

From this viewpoint, to define an optimality criterion, we should not restrict ourselves to

numerical objective functions, we should have the most general definition.
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No matter how complex the criterion, what we need is to be able to compare two different

alternatives:
e cither a is better than b (a > b),
e or b is better than a (b > a),
e or these two alternatives are of the same quality (a = b).

Of course, this selection must be consistent: if a is better than b and b is better than c,
then we should be able to conclude that a is better than c¢. In other words, the preference

relation should be transitive.

From this viewpoint, it is reasonable to define an optimality criterion as a pre-ordering

relation, i.e., a relation a > b which is transitive and reflexive (i.e., a > a for all a).

Which optimality criteria are reasonable?

First reasonable property of an optimality criterion for comparing different
deep learning-related combination operations: the optimality criterion should
be final. As we have mentioned earlier, if the optimality criterion selects several different
alternatives as equally good, this means that this optimality criterion is not final: we still
need to come up with an additional criterion for selecting one of these “optimal” alternatives.
Selecting this additional criterion means that we modify the original optimality criterion

>.

At the end, we should end up with a final criterion, for which there is only one optimal

alternative.

Comment. It goes without saying that there should be at least one optimal alternative —

otherwise, if no alternative is optimal, what should we choose?

Second reasonable property of an optimality criterion for comparing different

deep learning-related combination operations: the optimality criterion should
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be scale-invariant. As we have mentioned earlier, the values v; are usually obtained from
re-scaling. Usually, we re-scale to the interval [0, 1] by dividing all the values by the largest

possible value of the corresponding quantity.

The resulting re-scaling is not unique: e.g., if we add one more quantity which is somewhat
larger than what we have seen so far, then the maximum increases, and we need to re-scale

the original values some more, i.e., replace the original values v; with res-scaled values A - v;.

In some cases, the values v; are not values of the physical quantity but probabilities. In
this case, the value are already in the interval [0, 1]. However, re-scaling is possible in this
case as well. Namely, most probabilities that we deal with are conditional probabilities,

and if we slightly change the condition, this leads to a re-scaling of the corresponding

PA& B
probabilities. Indeed, in general, P(A|B) = (P(—&B)) So, if B C B’, then for each event
P(A P(A
A C B, we have P(A| B) = % and P(A|B') = P((B’))‘ Thus, if we replace the original

condition B with the new condition B’, then all conditional probabilities are re-scaled:

P(A|B) =\ P(A|B), where A & i((g/)).

If instead of the original values a and b, we consider re-scaled values a’ = \-a and b’ = \-b,
then, instead of the combined value a * b, we get a new combined value (\-a) * (A-b). We

can re-scale it back into the old units, and get a new operation

axyb=A"-((A-a)x(\-b)).

This re-scaling should not affect the relative quality of different combination operations:

e if a combination operation * was better than a combination operation %', i.e., if we

had * > «/,
e then after re-scaling, we should get the same preference: ) > /.

In this sense, the optimality criterion for comparing different deep learning-related combi-

nation operations should be scale-invariant.
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This, we arrive at the following definitions.

8.3 Definitions and the Main Result

Definition. By a combination operation, we mean a commutative, associative, continuous
operation a x b that transforms two non-negative real numbers a and b into a non-negative

real number a x b and which is (non-strictly) monotonic in each of the variables, i.e.:

e ifa<d,thenaxb<d *b, and

o ifb<V, thenaxb<axl.
Definition. By a reasonable optimality criterion, we mean a pre-ordering (i.e., transitive
and reflexive) relation > on the set of all combination operations which is:

e final, in the sense that for this criterion, there exist only one optimal combination

operation kqp, for which ¥ % (ko > *); and
o scale-invariant: for every A > 0, if x > %', then %) > %\, where

def
a*)\b =

AL (- a) * (A b)),

Proposition. For every reasonable optimality criterion, the optimal combination operation
has one of the following forms: a b = 0, a x b = min(a,b), a x b = max(a,b), and

axb=(a®+b*)Y* for some a.

Discussion. What are the “averaging” operations corresponding to these optimal combi-

nation operations?

For a x b = 0, the property vy *...* v, = v *...x*xv is satisfied for any possible v, so this

combination operation does not lead to any “averaging” at all.
For a * b = min(a, b), the condition vy % ... % v, =v*...*xv leads to

v =min(vy, ..., Up).
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For a * b = max(a, b), the condition vy % ... % v, =v*...*v leads to
v =max(vy, ..., Un).

This “averaging” operation is actually sometimes used in deep learning — although not in

dropout training [29].

Finally, for the combination operation axb = (a®+b)"/®, the condition v, *. . .*v,, = v*...*v

(v‘f—b—...—i—v%)l/a
v=|———" :
m

For a = 1, we get arithmetic average, and for « — 0, we get the geometric mean — the

leads to

combination operation which turned out to be empirically the best for deep learning-related

dropout training.

Indeed, in this case, the condition v; * ... *v,, = v *...* v takes the form
(v + ... —i—vﬁ‘l)l/a =(*+... —i—v"‘)l/"‘,

which is equivalent to

For every real value a, we have

a® = (exp(In(a))® = exp(a - In(a)).
For small z, exp(z) = 1+ z, so a® = 1 + « - In(a). Thus, the above condition leads to
(I4+a-In(v))+...+ 1+ a-In(vy,)) =m- (14 a-In(v)),
ie., to
m+a-(In(vy) + ... +1In(vy,)) =m+m-a-In(v),

and thus, to

In(v) = In(v) + ... +n(vn) _ Invr ... Um);

m m
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hence to v = /v - ... - v,,.

So, we indeed have a 1-D family that contains combination operations efficiently used in

deep learning;:

e the arithmetic average that naturally comes from the use of the Least Squares opti-

mality criterion, and

e the geometric mean, empirically the best combination operation for deep learning-

related dropout training.

8.4 Proof

1°. Let us first prove that the optimal combination operation ., is scale-invariant, i.e.,

(*opt)r = *opt for all A.

Indeed, let us take any A and consider the combination operation (*.u)y. By definition,
*opt 1S the optimal combination operation, so *.,, > * for all combination operations x*.
In particular, for every combination operation *, we have *,, > *y-1. Thus, by scale-
invariance, we have (kopt)x > (*x-1)x = *. S0, (*opt)x is better than or of the same quality
than any other combination operation . This means that the combination operation (*opt)a

is optimal.

However, our optimality criterion is reasonable hence final; thus, it has only one optimal

combination operation. Hence, (sqpt)x = *.

By definition of the re-scaling operation *,, this means that
A ((A-a)x (Vb)) =axb,

i.e., equivalently, that
(A-a)x(A-b)=A-(axb). (8.1)
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2°. To complete the proof of the Proposition, we can now use our result — proven in [4] —
that every combination operation * that satisfied the condition (3.1) has one of the following

forms: a*b =0, a*b = min(a,b), a * b= max(a,b), and a * b = (a® + b*)"/* for some a.

The Proposition is thus proven.

8.5 Conclusions to Chapter 8

In many application areas, it is important to make accurate predictions of future events.
At present, among all machine learning techniques, deep learning algorithms leads to the
most accurate predictions. However, this accuracy comes at a price — deep learning algo-
rithms require much more computation time for training than any other machine learning

techniques. To speed up the training, researchers have proposed the “dropout” idea:
e we train different patterns on different sub-networks on the neural network, and then
e we “average” the results.

Which averaging operation should we use? In many similar situations, a simple arithmetic
average works the best — this can be explained by the fact that in many practical cases,
the errors are normally distributed, and for normal distributions, arithmetic average is
indeed provably the best averaging operation. So, researchers originally expected that
arithmetic average should work the best in dropout training as well. Just in case, they also
tried other statistics-motivated averaging operations. Surprisingly, it turned out that for
deep learning-related dropout training, neither the arithmetic average not other statistics-
motivated arithmetic operations work well. What works the best is the geometric mean, a

mathematical operation that does not seem to have a direct statistical motivation.

In this chapter, we provide a theoretical explanation for this surprising empirical success

of geometric means. Specifically:

e We first analyze what would be reasonable properties for a combination operation
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used in deep learning-related dropout training and what kind of optimality criteria

are appropriate for selecting the best combination operation.

o After that, we prove that for all reasonable optimality criteria, the optimal combina-
tion operation belongs to a special 1-parametric family, a family that includes both

the usual arithmetic mean and the empirically efficient geometric mean.
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Chapter 9

What Is the Optimal Bin Size of a

Histogram

%M%Mmm%fﬂ%dm//é;wmmﬂa%mﬁwmﬂﬁ/fé
WM%WW%%M%W/%WMW
%. o

A natural way to estimate the probability density function of an unknown distribution from
the sample of data points is to use histograms. The accuracy of the estimate depends on
the size of the histogram’s bins. There exist heuristic rules for selecting the bin size. In

this chapter, we show that these rules indeed provide the optimal value of the bin size.

Comment. The contents of this chapter was published in [26].

9.1 Formulation of the Problem

Need to estimate pdfs. One of the most frequent ways to describe a probability distri-
bution is by specifying its probability density function (pdf)

det dp .. Prob(X € [z,2 4 h])
ple) = gp = i h '
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In many practical situations, all we know about a probability distribution is a sample of
data points corresponding to this distribution. How can we estimate the pdf based on this

sample?

Enter histograms. A natural way to estimate the limit when A tends to 0 is to consider

the value of the ratio corresponding to some small h:

o) ~ Prob(X Eh[x,x + h])

To use this expression, we need to approximate the corresponding probabilities Prob(X €
[z, x 4+ h]). By definition, the probability of an event is the limit of this event’s frequency

when the number of data points increases. In particular,

Prob(X € [z, + h]) = lim Ma

n— 00 n

where n is the overall number of data points and n([z, x + h]) denotes the number of data
points within the interval [, 2+ h|. Thus, as an estimate for the corresponding probability,
we can get the frequency f([x,z + h]) of this event, i.e., the ratio

(e )y "D

This idea leads to the following estimate for p(z);

o) ~ f([ﬂs,rz+ h))

This estimate, known as a histogram approximation, was first introduced by Karl Pearson

in [64]; for details, see, e.g., [19, 33, 40].

In a histogram, the range of possible values of the corresponding quantity x is divided into
intervals [z;, z;11] (1 < i < k) called bins. In most practical cases, all the bins have the
same width h; = x;, 1 — x;, i.e., hy = ... = hy = h for some h > 0.

For each bin i, we then estimate (and plot) the frequency f; ef M with which the
n

data points fall into this bin.

92



For values x from the corresponding interval, the probability density

Prob(X € [z,x + h])
dx  h—0 h

is approximated as the ratio

Need to select a bin size. To form a histogram, we need to select the bin size h.

How bin sizes are selected now. In situations when we have an additional information
about the corresponding probability distribution, we can formulate the bin selection prob-
lem as a precise optimization problem, and get the solution; see, e.g., [18, 70|. In many

such cases, the optimal bin size hp; decreases with the number n of data points as

hopt = const - ——
Opt n1/37

where s is the “width” of the distribution — this can be the range of the interval at which
p(x) is positive, or, for distributions like Gaussian for which the pdf is never equal to 0,

the difference between two quantiles.

In many practical situations, however, we do not have any additional information about
the probability distribution — only the sample itself. In such situations, several heuristic

rules have been proposed, most of them using the same dependence h ~ ; see, e.g.,

s
[19, 33, 40]. These heuristic rules are justified by three things:

e first, as we have mentioned, under certain conditions, these rules do provide provably
optimal bin sizes; so it makes sense to assume that they are optimal in more general

situations as well;

e second, the experience of using these rules shows that they, in general, work better

than several previously proposed heuristic rules,
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e third, under these rules, the two components of the pdf estimation error are ap-
proximately equal to each other, and equality of two error components is often an

indication of optimality.

What we do in this chapter. In this chapter, we provide a somewhat stronger justifi-
cation for the existing heuristic methods of selecting the bin size. Specifically, we provide
(informal) arguments that the current heuristic rules indeed provide the optimal bin size —

namely, the bin size for which the pdf approximation error is the smallest possible.

9.2 Which Bin Sizes Are Optimal: Analysis of the Prob-
lem and the Resulting Recommendation

Two reasons why a histogram is different from the pdf. To find the optimal bin
size hopt, we need to describe how the approximation error — i.e., the error with which the
histogram approximates the actual pdf — depends on the bin size h. There are two reasons
why the histogram is different from the pdf — and these reasons lead to two components of

the approximation error:

e first, for each bin, for all the values x from this bin, the histogram provides the same
value while the probability density function p(x) has, in general, different values at

different points x inside this bin;

e second, each estimate p; is based on a finite sample, and it is well known that in

statistics, estimates based on a finite sample are approximate.

Let us therefore estimate both components of the approximation error.

First component of the approximation error: approximation error caused by
the finiteness of the bin size. The first error component is caused by the fact that for

all points x from the i-th bin, we use the same approximating value p;, while the actual
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pdf p(z) is, in general, different for different points within the bin.

We can describe the corresponding approximation error as follows: instead of using the
values p(z) corresponding to different points x from the bin, we select one point xy from

the bin, and use the value p(x() instead of the actual value p(z).

The larger the distance |x — x| between the points x and z, the more the actual value p(x)
is different from our approximation p(zg). The worst case is when the difference |x — x| is
the largest possible. Thus, as xy, we should select the point for which this largest distance

is as small as possible.

One can easily check that this means selecting the midpoint xq = x,;q of the bin. Indeed,
in this case, the worst-case distance is equal to s/2, while if we select the point zq tilted to

the left or to the right, the worst-case distance will be larger.

So, the first component of the approximation error comes from the difference |p(x)—p(2mia)|

between the values of the pdf at the points x and x,;q for which |z — 24| = h/2.

How big is this difference? Most practical distributions are unimodal: the corresponding
pdf starts from 0, increases until it reaches its maximum value, and then decreases back to

0.

On the interval of the distribution width s, the pdf p(x) goes from 0 to its maximum value
Pmax and back. We do not know which part of the interval of size s corresponds to increasing
and which to decreasing. Since there is no reason to believe that the increasing part is longer
than the decreasing one or vice versa, it make sense to assume, in our estimates, that these
two parts has the same width, i.e., that the pdf increases on the interval of width s/2 and

then decrease on the interval of the same width.

On the interval of size s/2, the value of the pdf p(z) increases from 0 to its maximum value

Pmax- LThe change of p(z) on the interval of width h/2 should be proportional to this wirth,
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i.e., we should have

def h/2
80 |p(a) = plamia)| % 215 -

A

Thus, the relative value 2P of the first component of the approximation error is approxi-
p

mately equal to

h/2
Yol (9.2.1)

Second component of the approximation error: approximation error caused by
the finiteness of the sample. The second component of the approximation error is
cased by the fact that each estimate p; is based on the finite sample. It is known (see, e.g.,
[19, 33, 40]) that when we estimate a parameter based on a sample of size m, we get an

estimate with a relative error ——.

LD
On the range of width s we have several bins of size h. Thus, the overall number of bins

is equal to k = s/h. The overall number of data points is n, so in each of the k bins, we

have, on average,

points. Based on these number of points, we get the following formula for the relative value
of the second component of the approximation error:

1 V'S

NV (9.2.2)

Overall approximation error. By adding the two components (9.2.1) and (9.2.2) of the
approximation error, we get the following expression for the overall relative approximation

error F:
poly Vs
S \/n.h

(9.2.3)
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Let us find the optimal bin size. To find the optimal bin size, we differentiate the

expression (9.2.3) with respect to h and equate the resulting derivative to 0. As a result,

l_l. f.h—3/2:0
s 2 n ’
1 S 1
2 \/; s

If we multiply both sides of this equality by h*? - s, we conclude that

we get

hence

$3/2

32 _g. 5
WP =2~

By raising both sides by the power 2/3, we get the formula
hopt = const -

/3"

This is exactly the heuristic rule that we wanted to justify.
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Chapter 10

Conclusions

W are afpuiid o sidbas, off esporimenting, o change. W shsiidt foom Sonkong a
Srrollern rough to o logiial concliasin.

To speed up the quality assessment of the newly built roads, it is desirable to measure
the road’s stiffness in real time, as the road is being built. This is the main idea behind
intelligent compaction, when accelerometers and other measuring instruments are attached
to the roller and to other road-building equipment, and the results of the corresponding
measurements are used to gauge the road’s stiffness. The main challenge in implementing
this idea is that the relation between the measured quantities (such as acceleration) and
the desired quantities (such as elastic modulus that describes the road’s stiffness) is very
complicated, it is described by a complex system of partial differential equations which are
difficult to solve in real time. It is therefore desirable to come up with easier-to-compute

algorithms for estimating the road’s quality based on the real-time measurement results.

The main task of this dissertation was the design of such algorithms. As a solution to this
task, we propose both most-easy-to-compute analytical expressions and somewhat more

complex (but still easy to compute) neural network models.

We also provide a theoretical explanation for the empirical formulas used to describe the
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road dynamics, and a theoretical explanation for the empirical safety factor that related

the simulation results with actual road measurements.

In the process of solving the main task, we have also solved several auxiliary tasks whose
solutions are of potential interest to more general data processing situations. The solutions

to these auxiliary tasks explain:

e how many simulations are needed,

what is the best relation between training and testing sets,

how to take into account that we often need to minimize relative error,

how to best apply neural networks, and

what is the optimal bin size in a histogram.

We hope that both our solution of the main tasks and our solutions to the auxiliary tasks

will be useful to practitioners.
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